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Introduction 


This book is intended for readers who are familiar with the basics of elementary 
complex function theory, i.e. the topics that are usually covered in an intro- 
ductory course on the theory of complex functions. Additionally, it would be 
useful for the reader to be familiar with the theory of elliptic functions and the 
theory of elliptic modular functions. These theories were treated in detail in 
the textbook Complex Analysis by Rolf Busam and the present author ([FB] 
in the reference list of the present book). There will be many cross-references 
to that book. 


The goal of this book is to outline the new epoch of classical complex analy- 
sis, which was shaped decisively by Riemann. More than a half of this volume, 
Chaps. I-IV, is devoted to the theory of Riemann surfaces. 


The theory of Riemann surfaces provides a new foundation for complex 
analysis on a higher level. As in elementary complex analysis, the subject 
matter is analytic functions. But the notion of an analytic function will have 
now a broader meaning. The domains of definition are not exclusively open 
parts of the complex plane or the Riemann sphere, but more general surfaces. 
Such functions automatically come up when one wants to describe an a priori 
multivalued function such as f(z) = Vz++1 completely by a single-valued 
function. The natural domain of definition of this function f will turn out to 
be a twofold covering of the sphere which has the shape of a torus. 


This example shows in outline that, in the theory of Riemann surfaces, we 
have to struggle with topological problems. The notion of “topology” here has 
a double meaning. 


First, in the present-day mathematical world, topology is a universal lin- 
guistic tool for addressing questions of convergence in a context that is as broad 
as possible. This purpose is served by the notion of a topological space and de- 
rived notions such as “open set”, “closed set”, “neighborhood”, “continuity”, 
“convergence”, and “compactness”, just to give a few important examples, 
similarly to set theory, which is also a universally valid linguistic tool in math- 
ematics. Readers of the first volume of our book have probably gained more 
mathematical experience in the meantime, so we can assume that they are fa- 
miliar with the language of topological spaces. For the sake of completeness, 
we nevertheless introduce the fundamental terms of this language in an intro- 
ductory section (I.0). This contains, very briefly, all of what we need. Most of 
the simple proofs will be skipped. 


XII Introduction 


A second aspect of topology is that it is a mathematical discipline for in- 
vestigating nontrivial geometric problems. For example, it is an important 
geometric fact that every compact, orientable surface is homeomorphic to a 
sphere with p handles. The number p is a topological invariant of the sur- 
face which determines its topological type. Topological theorems of significant 
mathematical substance will be derived completely in this book. Besides the 
topological classification of compact oriented surfaces, we shall also give an 
outline of covering theory. In particular, the universal covering and its relation 
to the fundamental group will be treated. 


By the way, the development of topology was related to the fact that it is 
advantageous in the theory of Riemann surfaces, as well as providing a linguistic 
tool and means to attack serious geometric problems in the theory. 


One of the main achievements of the theory of Riemann surfaces was that it 
enabled a proof of the Jacobi inversion theorem and, moreover, opened a deep 
understanding of it. We shall give a complete proof of the inversion theorem 
in this volume. 


In a similar way to that in which meromorphic functions with two indepen- 
dent periods, called elliptic functions, arise in the inversion of elliptic integrals, 
we shall be led to meromorphic functions of several complex variables 21, ... Zp 
with 2p independent periods. Such functions are called abelian functions. 


The inversion theorem is the prelude to a new mathematical development. 
It is necessary now to fix the notion of a meromorphic function of several 
complex variables. So, we are forced to establish a theory of complex functions 
of several variables. We can then introduce the notion of an abelian function 
and develop a theory of them which generalizes the theory of elliptic functions. 
One of the main results of this theory is that the field of abelian functions 
is finitely generated. It is an algebraic function field of transcendental degree 
m <p. Unlike the case p = 1, we can have m = p in the case p > 1 only under 
very restrictive conditions. The Riemann period relations must hold. These 
relations are satisfied for the abelian functions which arise from the inversion 
of abelian integrals. It is not only for this reason that the case m = p is the 
most interesting one. 


By studying the manifold of all lattices L C C, we are led to the elliptic 
modular functions. In the same manner, abelian functions lead us to a theory 
of modular functions of several complex variables. In the last chapter of this 
book, we give an introduction to this theory, which has been kept as simple as 
possible but nevertheless leads to quite deep results. 


Therefore this book is a continuation of [FB] on a higher level. The usual 
Cauchy—Weierstrass theory of complex functions corresponds to the theory of 
Riemann surfaces and to the foundation of some basics of the theory of com- 
plex functions of several complex variables. The theory of elliptic functions is 
replaced by the theory of abelian functions, and the theory of elliptic modular 
functions by the theory of Siegel’s modular functions. 


Introduction XIII 


We have tried to proceed in as elementary a way as possible, to give com- 
plete proofs and to develop all that is needed. Even small excursions into 
algebra to develop the necessary algebraic tools are included. 


It is a great pleasure for me to thank the co-author of the first volume, Rolf 
Busam, for his help with the figures and with the general foundations of the 
theory. 


I. Riemann Surfaces 


The first four chapters are devoted to the theory of Riemann surfaces. It can be 
assumed that readers are already acquainted with several Riemann surfaces even if 
they are not familiar with the notion of a Riemann surface. In the book Complex 
Analysis [FB], the following examples occurred: 


1) The torus C/L, LC C a lattice ([FB], Chap. V). 
2) Modular spaces H/T, I Cc SL(2, Z) a congruence subgroup ([FB], Chap. VI). 


3) Some plane affine or projective algebraic curves ([FB] Appendix to Sect. V.3). 


A central aim of our description of the theory of Riemann surfaces is to treat these 
examples from a higher point of view and to deepen them. We shall be led to new 
insights. For example, we shall obtain dimension formulae for spaces of elliptic mod- 
ular forms, which cannot be obtained by means of the elementary methods of [FB]. 
But the theory of Riemann surfaces is not at all exhausted by these examples. 


In Chap. I, we shall treat the elementary theory of Riemann surfaces. This con- 
tains the basic definitions, i.e. the language of Riemann surfaces will be developed 
and important examples will be treated. 


The second chapter is devoted to central constructive problems. It turns out to 
be useful to consider harmonic functions instead of analytic ones. The real parts of 
analytic functions are harmonic, and each harmonic function is at least locally the 
real part of an analytic function. We have to investigate boundary value problems and 
singularity problems for harmonic functions. Our main tool for their construction will 
be the alternating method of Schwarz. 


The subject of Chap. III is the theory of uniformization. At its center stands 
the uniformization theorem, which states that a simply connected Riemann surface is 
conformally equivalent to the Riemann sphere, the complex plane, or the unit disk. 


The big Chap. IV is devoted the theory of compact Riemann surfaces. It turns 
out that this theory is equivalent to the theory of algebraic functions of one variable. 
Historically, it was a big problem to generalize the theory of elliptic integrals to the 
theory of integrals of arbitrary algebraic functions. Riemann surfaces turned out to 
be a suitable instrument for solving this problem. At the center of the theory there 
are prominent theorems such as the Riemann-Roch theorem, Abel’s theorem, and 
Jacobi’s inversion theorem. 


We shall now give a more detailed description of the present chapter. We start 
(Sect. 0) with a collection of some basic notions in topology. This concerns only topol- 
ogy as a linguistic device, as nowadays it is used in most mathematical disciplines. 
We can assume that the reader is more or less acquainted with these notions. To have 
a safe foundation we have collected together the necessary definitions and properties, 
but the mostly simple proofs have been skipped. 
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2 I. Riemann Surfaces 


In Sect. 1, we introduce as quickly as possible the notion of a Riemann surface 
and the notion of an analytic map between Riemann surfaces. The simplest examples 
of Riemann surfaces are the Riemann sphere and tori. 


In Sect. 2 we introduce an example of great historical significance, the analytisches 
Gebilde. Gebilde means something like “shaped object”. This is a Riemann surface 
which arises in a natural way if an analytic function is analytically continued along 
paths. The point is that the continuation may depend on the choice of the path. 
When one considers all possible analytic continuations one obtains something like a 
multivalued function, such as \/z, which can be considered as a two-valued function. 
For such a multivalued function a Riemann surface can be constructed, which covers 
the complex plane and is such that the originally multivalued function appears as 
a single-valued function on this covering. The analytisches Gebilde is an example 
of an abstract topological construction. The language of topological spaces finds a 
justification here. Nevertheless, one should not overrate this example. We shall make 
no use of it in the following theory and its applications. Hence it can be skipped by 
any reader who wants to proceed as quickly as possible. 


In Sect. 38, an example of fundamental importance occurs, the Riemann surface of 
an algebraic function. More precisely, we shall associate a compact connected Riemann 
surface with an algebraic function of one variable. In Chap. IV we shall see that one 
can obtain all compact connected Riemann surfaces in this way. A priori, algebraic 
functions are multivalued. Hence it is natural to use the analytisches Gebilde for the 
construction of the surface. This is possible, and we describe this approach in Sect. 3. 
Independently, one can use a different approach, where we consider the algebraic 
curve which is associated with the algebraic function. To our mind, this a more 
elegant way. In both cases, in the first instance we obtain a surface which is not yet 
compact. It is more difficult to compactify it. In the literature, the compactification 
usually is managed by adding so-called Puiseux elements. This approach is concrete 
and explicit. But the pure topological background remains hidden. It rests on a pure 
topological proposition, a special case of covering theory: 


Let f : X — E” be a proper and locally topological map of a nonempty connected 
Hausdorff space X into the punctured disk. Then there exist a topological map o : 
X — E’ and a natural number n such that f corresponds to 


B-E, wie", 
ie. f(@) = a(x)”. 


Hence the abstract space X has a hole. It is natural to extend the space X by adding 
an additional point, X= XU{a}, and to extend the maps f and o to maps f: XE 
and @: X > E by f(a) =O and o(a) = 0. One can topologize X in such a way that & 
gets a topological map. The map fi is still proper but is no longer locally topological. 


It seemed worthwhile to us to work out this special case of covering theory in 
connection with the construction of the compact Riemann surface of an algebraic 
function. Covering theory will not be treated in full generality until Chap. HI. 
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0. Basic Topological Notions 


A topology T on a set X is a system of subsets with the following properties: 


1) 0, X ET. 
2) The intersection of finitely many sets from T belongs to T. 
3) The union of arbitrarily many sets from T belongs to T. 


A topological space is a pair (X,7) consisting of a set X and a topology J on 
X. Since it is usually clear from the context which topology is being considered 
on the given set X at any moment, one usually writes X instead of (X,T), 


<=, 7)". 


The elements of J are called the open sets of X. 


We now describe some important construction principles for a topology. 


I Metric Spaces and Their Topology 


A metric d on a set X is a map 
d: X x X —> Rso 


with the properties 

a) d(a,b)=0—a=b; 

b) = d(a,b) = d(b, a); 

c) d(a,c) < d(a,b) + d(b,c) (a,b,c € X). 

We associate the metric space (X,d) with the “usual topology”. A subset 
U Cc X is called open if for every a € U there exists ¢ > 0 such that 


U-(a) CU (Ue(a) := {x € X; d(a,x) <e}). 


Example. The real line, the complex plane C, or, more generally, R” can be 
equipped with the Euclidean metric and henceforth with a structure in the 
form of a topological space. 


II The Induced Topology 


Let Y be a subset of a topological space X = (X,7). Then Y can be equipped 
with a topology T|Y, which is called the induced topology or subspace topology. 
A subset V C Y belongs to T|Y iff there exists a subset U C X, U € T, such 
that 

V=UNY. 


If Y already is an open subset of X, this simply means V € T. 
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open in X = R? 


Y =R x {0} 


III The Quotient Topology 


Let X be a topological space and let f : X — Y be a map onto a set Y. Then 
Y is equipped with the quotient topology. A subset V C Y is called open if its 
preimage U := f~'(V) is open in X. 

Special case. Let “~” be an equivalence relation on X and Y, the set of all 
equivalence classes, and let f : X — Y be the canonical projection. Then Y is 
called the quotient space of X with respect to the given equivalence relation. 


Examples. 

a) The torus X = C/L (Lc C a lattice). 

b) The “modular space” H/SL(2, Z). 

IV The Product Topology 

Let X1,..., Xn be finitely many topological spaces. The Cartesian product 


X= X1,X+:: X Xn 


carries the product topology. 


A subset U Cc X is called open if, for every point a € U, there exist open 
subsets U, C Xj,...,Un C Xn such that ae U, x +--+ x Uy, CU: 
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When R” is equipped with the topology which 
comes from the Euclidean metric, then one gets the 
product topology of n copies of the real line. This 
follows from the well-known fact that the Euclidean 
metric and the maximum metric on R” are equiva- 
lent (see Exercise 1). 


Derived Topological Notions 


a) For subsets of a topological space X, we can say the following: 


1) A subset A C X is called closed if its complement X — A is open. 


2) A subset M Cc X is called a neighborhood of a 
point a € X if there exists an open subset U C X M 
withacUcM. 


3) A point a € X is called a boundary point of M Cc 
X if, in any neighborhood of a, one can find points 
of M and points in the complement X — M. 


Notation. 
OM := set of boundary points, 


M:=MUOM. 
We can show that M is the smallest closed subset of X which contains M, ice. 
M= [() A. 


MCACX, 
A closed 


Furthermore, we have 
M closed => M = M. 
We call M the closure of M. 


b) For mappings f : X — Y between topological spaces, the map f is called 
continuous at a point a € X if the preimage f—'(V(b)) of any neighborhood 
of b := f(a) is a neighborhood of a (in X). We call f continuous when f is 
continuous at all points. 


The following properties are equivalent: 


1) f is continuous, 
2) the preimage of an arbitrary open set in Y is open (in X), 
3) the preimage of an arbitrary closed set in Y is closed (in X). 


The composition of two continuous maps 
c7 47 


is continuous. 
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Universal Properties of the Constructed Topologies 


The Induced Topology 
Let Y be a subset of a topological space X which has been equipped with the 


induced topology. A map f : Z — Y from a third topological space Z into Y 
is continuous iff its composition with the natural inclusion 7, 


The Quotient Topology 


Let f : X — Y be a surjective map of topological spaces where Y carries 
the quotient topology. A map h: Y — Z into a third topological space Z is 
continuous if and only if the composition 


hof:X —Z 


is continuous: 


(In particular, f is continuous.) 
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The Product Topology 


Let X1,..., Xn be topological spaces and let 
fi: Y Xx K Xp 


be a map from another topological space Y into the Cartesian product, which 
has been equipped with the product topology. The map f is continuous iff all 
its components 


fj =pjof iY — X;, 
pj: X14 X+++ xX Xy —> X; jth projection, 


are continuous: 
Pv 
XxX, 
(In particular, the projections p; are continuous.) 


Topological Mappings 


A map f : X — Y of topological spaces is called topological if it is bijective 
and if f and f~! are both continuous. Two topological spaces X,Y are called 
topologically equivalent (or homeomorphic) if there exists a topological map 
fix -Y. 


Examples 
(The following two examples will be treated in more detail in Sect. 1.) 


1) The 2-sphere 
S*={re R®, a? + a3 + 23 = 1} 


and the Riemann sphere are homeomorphic, 
S?~C=CU {ov}. 


This can be shown, for example, by means of the stereographic projection (see 
[FB], Chap. III, in the appendix to Sects. 4 and 5 after Theorem A.8): 
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north pole 


2) When L Cc C is a lattice, the torus C/Z is homeomorphic to the Cartesian 
product of two circles, 


C/L = torus ~ S' x S?. 


Some Properties of Topological Spaces 


1) A topological space X is called a Hausdorff space if for any two distinct 
points a,b € X there exist disjoint neighborhoods U(a) and U(b) (such that 
U(a) NU(b) = 9). 


2) A topological space X is called compact if it is Hausdorff and if it possesses 
the Heine—Borel covering property: when 


X=u; 
jel 
is an arbitrary covering of X by open subsets, there exists a finite subset J C I 


such that 
x= | JU 
jet 


A subset Y of a topological space X is called compact if it is a compact topo- 
logical space after it has equipped with the induced topology. 
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Some Properties of Compact Spaces 


a) Compact subsets are closed. 

b) A closed subset of a compact space is compact. 

c) When f : X — Y is a continuous map between Hausdorff spaces, the image 
f(K) of a compact subset kK C X is compact. 

d) Let X be compact, let Y a Hausdorff space, and let f : X — Y be bijective 
and continuous. Then f is topological. 

e) A Cartesian product X, x --- x X,, of compact spaces is compact. 


Locally Compact Spaces and Proper Mappings 
A topological space X is called locally compact if it is Hausdorff and if each 
point admits a compact neighborhood. 
A continuous map 
f:xX —Y 
of locally compact spaces X and Y is called proper if the preimage f~'(K) of 
a compact set kK C Y is compact. 


We now formulate two important facts for proper maps. 


0.1 Remark. Let f : X — Y be a proper map. Then the image f(A) of a 
closed subset A C X is closed. 


Proof. In a locally compact space, a set is closed iff its intersection with any 
compact subset is compact. So, let A C Y be compact. Obviously, kK M f(A) 
is the image of the compact set AM f~!(K) and hence is compact. o 


0.2 Remark. Let f: X — Y be a proper map. Let K CY be a compact set 
and let U C X be an open subset which contains the preimage of K, 


U5 fk), 
Then there exists an open subset 
Vcy, KCY, 


with the property 
TO yeu. 


Proof. The set X — U is closed. Since f is proper, f(X — U) is closed in Y. 
We can take V = Y — f(X — JU). Oo 
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Convergent Sequences 


A sequence (a@,,) in a Hausdorff space X converges to a € X if for each neigh- 
borhood U(a) there exists a number N € N with 


a, € U forn>N. 


We write, for brevity, 
Qn —> a for n — oo. 


The limit a is uniquely determined (because of the Hausdorff property). 
A map f : X — Y between Hausdorff spaces is called sequence continuous 
if 
dn —> a=> f(an) — fla). 
A subset A C X of a topological Hausdorff space is called sequence closed if 
for every sequence 


[an —- a, ad, €A for alln] = aeA, 


and it is called sequence compact if any sequence in A admits a cumulation 
point in A. (A point a is called a cumulation point of a sequence (a,,) if there 
exists a subsequence, which converges to a.) 


We can show that 


continuous ==> sequence continuous, 
closed => sequence closed, 
compact => sequence compact. 


The inverse direction is true for Hausdorff spaces with a countable basis of the 
topology. 

This means the following. 
There exists a sequence U;, U2, U3,... of open subsets such that every open 
subset U can be written as the union of certain sets U,. Every subset of X 
then has a countable basis of the topology as well. 


Example. The spaces R”. Take Euclidean balls with a rational radius around 
centers which have a rational radius. 


Connectedness 


A topological space X is called arcwise connected if any two points of X can be 
joined by a curve in X. (A curve in X is a continuous map from a real interval 
into X.) 


A topological space X is called connected if one the following two equivalent 
conditions is satisfied: 
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1) Every locally constant map f : X — M into any set M is constant. It is 
sufficient to take for M any fixed set which contains at least two elements. 


2) When X = UUV is the union of two disjoint open subsets U,V, then U or 
V is empty (hence V = X or U= X). 


By the mean value theorem, every real interval is connected. As a consequence, 
every arcwise connected space is connected. Usually, the reverse direction is 
false. But for manifolds, and in particular for surfaces, see below. 


Arc Components 


Two points of a topological space X are called equivalent iff they can be joined 
by a curve. The equivalence classes with respect to this equivalence relation 
are called arc components of X. They are arcwise connected. 


A (topological) manifold X is a Hausdorff space such that every point admits 
an open neighborhood which is homeomorphic to an open subset of some R”. 
A nontrivial result states that n is unique, but we shall not make use of this. 
We obviously have the following result. 


Let X be a manifold. Then the arc components are open in X. 


Hence the arc components are manifolds themselves. The arc components of a 
manifold are called connected components. 


As a special case, we can see that a manifold is connected if and only it is 
arcwise connected. In the theory of manifolds, it is usually sufficient to restrict 
ourselves to connected manifolds. 


Exercises for Sect. 1.0 


1. Two metrics d,d’ on a set X are called (strictly) equivalent if there exist constants 
c,c’ with the property 


cd(x,y) <d'(x,y) <ed(x,y) («,y € X). 
Show that equivalent metrics define the same topology. 


Example. The maximum metric and the Euclidean metric of R” are equivalent; 
more precisely, 


= < 
max |2, —y,| S 


12 
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Let T and T’ be two topologies on a set X. We say that T is finer than T’ or 
T’ is coarser than T if T’ C T, i.e. every open subset with respect to T’ is open 
with respect to TJ. Show that the following statements are true: 


a) Let X = (X,7) be a topological space Y C X which has been equipped with 
the induced topology T|Y, and let 


jx, Yay, 


be the canonical injection. Then T|Y is the coarsest topology on Y such that 
the canonical injection is continuous. 


b) The product topology on a product X = X, x... x X,, of topological spaces 
X, is the coarsest topology on X such that the projections 


Prk Ay yout 


are continuous. 


c) Let f : X — Y be a surjective mapping of a topological space onto a set Y. 
The quotient topology on Y is the finest topology for which f is continuous. 


Show that 


a) every proper injective map R — R is surjective; 


b) every proper analytic map C — C is surjective. 


Let X be a Hausdorff space with a countable basis of the topology and such that 
the projection 

xXxxC—C 
is closed. Show that X is compact. 


Hint. Argue indirectly and assume that there exists a sequence (a,,) without 
a cumulation point. Then the set {(a,,,n); n € N} is closed. By assumption, its 
image in C is closed. 


From the previous exercise, deduce that the following is true. 


Let X,Y be locally compact spaces with a countable basis of the topology. A 
continuous map f : X — Y is proper if and only if it is universally closed. This 
means that the map 


XxXxZ—-YxZ; (2,2) > (f(x), 2), 


is closed for every Hausdorff space Z. 
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1. The Notion of a Riemann Surface 


Riemann surfaces are surfaces in the sense of topology with an additional struc- 
ture. Surfaces are special manifolds (Sect. 0). For the sake of completeness, 
we introduce again the notion of a (topological) surface. In the following, X 
denotes a topological Hausdorff space. 


1.1 Definition. A (two-dimensional topological) chart y on X is a topolog- 
ical map 


p:U —V 
of an open subset U C X onto an open subset V C C of the complex plane. 


Let 


yp:U—-V, w:U'—YV' 


be two charts on X. Then we can consider the maps 


yo: UNU' —> pUNU'), gola)=¢ 
vo: UNU' > pUnw’'), yo(a) = Y(a). 


In contrast to the severe set-theoretic convention, we denote the map Wo ° yo : 


simply by wo y7!: 


poy: eUNU') > wun’). 


Obviously, p(U NU"), w(U NU") are open subsets of the complex plane. The 
map wo! is called the chart transformation. It is only of interest when the 
intersection U MU’ is not empty (but can be considered also in this case, since 
the empty set is very patient). 


By definition, a (topological) surface is a Hausdorff space such that every 
point a € X admits a chart, such that a is contained in its domain of definition. 
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1.2 Definition. A (two-dimensional) atlas A on a topological space X is 
a set of (two-dimensional) charts p : Ug — Vo such that their domains of 


definition cover X: 
X=.) Uy: 


pEeA 


When there exists a two-dimensional atlas on the topological space X, then X 
looks locally like the complex plane C ~ R?. 


So a (topological) surface is a Hausdorff space which admits a (two- 
dimensional) atlas. 


1.3 Definition. Two charts y,w on a surface are called analytically com- 
patible if the chart transformation 


poy *:e(UNU’) > pUnU’) 


is biholomorphic (= conformal). 


1.4 Definition. An atlas A on a surface X is called analytic if any two 
charts from A are analytically compatible. 


Of course, a given topological surface may admit many atlases if there exists 
one. When A and B are analytic atlases on X, then it may happen that AUB 
is also an analytic atlas. This means that every chart of A is analytically 
equivalent to any chart of B. Such atlases will do the same job. Therefore we 
shall call them “essentially equal”. 
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1.5 Definition. Two analytic atlases A, B are called essentially equal if 
AUB is analytic as well. 


Obviously, the relation “essentially equal” is an equivalence relation. We denote 
the class of all atlases which are essentially equal to A by [A]. 


1.6 Definition. A Riemann surface is a pair (X,|A]) which consists of a 
topological surface X and a full class of essentially equal analytic atlases. 


Hence Riemann surfaces are topological surfaces with a distinguished analytic 
atlas. Two analytic atlases define the same Riemann surface if they are essen- 
tially equal. We shall see that on a given topological surface there can exist 
many analytic atlases which are essentially different and hence define different 
structures as a Riemann surface. 


We allow the notation (X, A) instead of (X, [.A]). But we must bear in mind 
that (X,.A) and (X, B) are equal when AA and B are analytically equivalent. As 
a rule, it will be clear from the context which analytic atlas is being considered 
at any moment. In this case we simply write X = (X, [.A]). 


The definition of analytic compatibility has been devised such that notions 
from complex analysis of the complex plane, which are invariant under confor- 
mal transformation, can be transferred to Riemann surfaces. A fundamental 
example of this is the notion of an analytic map, which we shall give our at- 
tention to now. 


Let f : X —= Y be a continuous map between Riemann surfaces X = 
(X,A) and Y = (Y,8). We consider two charts 


p:U,—V, from A, 
w:Uy— Vy from B. 


Using somewhat sloppy notation, we can consider the function 
fom =Pofop™. 
Its domain of definition is an open part of the complex plane, namely 
es “(URINUS) SV. 


It takes values in V,,: 


fow: o(f~'(Uy) NU,) — Vy, fo.u(2) = pio *(z). 
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1.7 Lemma. Let f : X —> Y be a continuous map between topological 
surfaces. Assume that analytic atlases A on X and B on Y have been distin- 
guished. The following two statements are equivalent. 


a) There exists a pair of charts p € A such that a € Uy, andy € B such that 
b € Uy. The function fs, (which is defined on an open neighborhood of 
p(a)) is analytic in an open neighborhood of (a). 


b) Condition a) holds analogously for every pair of charts p € A such that 
a€U, and w € B such that b € Uy. 


Additional remark. Conditions a) and b) carry over from A and B to any 
pair of essentially equivalent atlases A’, B’. 


The proof is an immediate consequence of the definition of analytic compati- 
bility. Oo 


1.8 Definition. A continuous map f : X — Y of Riemann surfaces X = 
(X,A), Y =(Y,B) is called analytic at a point a € X if the conditions a) and 
b) in Lemma 1.7 are satisfied. 


It is obvious that Lemma 1.7 is unavoidable for a meaningful definition of the 
notion of an “analytic map”. The notion of analytic compatibility has been 
devised in such a way that Lemma 1.7 holds: 
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The notion of a Riemann surface has been molded in such a 
way that one can define analytic mappings between Riemann 
surfaces in a meaningful way . 


A map f : X — Y between Riemann surfaces is called analytic (or holomorphic) 
if it is continuous and if it is analytic at any point. 


Some Simple Permanence Properties 


1) The identity map 
idx :X —X 


is analytic. 
2) The composition of analytic maps between Riemann surfaces 
yoy .g 
is analytic. 


1.9 Definition. A map 
f: xX —Y 


between Riemann surfaces is called biholomorphic or conformal if it is topo- 
logical and if f and f~' are both analytic. 


As in the case of open subsets of the complex plane, the map f~! is automat- 
ically analytic when f is bijective and analytic. This is a statement of a local 
nature, and can be reduced to the case of open subsets of C by means of charts 
(see [FB], Sect. IV.4.2). See also Exercise 4 in this section. 


Two Riemann surfaces X,Y are called biholomorphically equivalent or con- 
formally equivalent if there exists a biholomorphic map f : X — Y. They are 
then also topologically equivalent. The reverse statement is false. 


Simple Examples of Riemann Surfaces 


To define a Riemann surface, one has to find an analytic atlas A on a topological 
surface X. 


Let U C X be an open subset of a Riemann surface X = (X,.A) and let 
yp: U, — Vg be a chart on X. We can then consider the restricted chart 


g|U:UNU, —> e(UNU,). 
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Obviously, the set 
AlU :={glU; pe A} 


is an analytic atlas on U and thus provides U with a structure in the form of 
a Riemann surface. Of course, the class [A|U] depends only on the class [A]. 
We shall always equip an open subset with this structure. 


A map f: Y — U is analytic if and only if its composition with the natural 
inclusion i: U  X is analytic. 


We have, furthermore, the following result. Let f : X — Y be a map 
between Riemann surfaces and let 


=|. )c, 
ae] 
be a covering of X by open subsets. Then f is analytic iff all restrictions 
f\U;:U; — Y 
are analytic. 


The Complex Plane as a Riemann Surface 


We can consider the “identical chart” 
idg :C —C. 


This forms an obviously analytic atlas and as such establishes C with a struc- 
ture in the form of a Riemann surface. As a consequence, every open part 
D C C is equipped with such a structure. The identity idp : D — D gives an 
analytic atlas. 


Let X = (X,A) be an arbitrary Riemann surface. An analytic map 
f:X —C 


is called an analytic function. This means that for any chart y € A, the 
function 


fo:=fogt:V,—C 
is analytic in the usual sense. In the special case of an open subset X C C, we 
of course obtain the usual notion of an analytic function. 
We denote by O(X) the set of all analytic functions on X. Obviously, the 
following are true: 
1) f,g€ OVX) = ft+g, f-g € O(X). 
2) The constant functions are in O(X). 


In particular, O(X) is a C-algebra. 
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The Riemann Sphere as Riemann Surface 


Recall ({[FB], Appendix to Sects. III.4 and II.5) that a subset U C C = CU{oo} 
is called open iff UMC is open and if, in the case co € U, there exists a number 
C > 0 with the property 


zeEC, jel >C=— ze. 


Obviously, this defines a topology which equips C with a structure in the form 
of a Hausdorff space. When this topology is induced on the (open) subset C, 
we obtain the usual topology of the complex plane. 


We define two charts on C: 


~{o}=c “Sc. 
— {0} —C. zeel/z (1/00=0). 


1) 
2) 


Qa! @! 


The chart transformation is 
C — {0} —> C — {0}, zro1/z. 


This is a conformal map. Hence the two charts define an analytic atlas. In this 
way, we obtain a structure in the form of a Riemann surface on C. 


Now we can consider holomorphic maps f : X — C from an arbitrary 
Riemann surface into the Riemann sphere. Such maps have already been con- 
sidered in [FB] in the appendices to Sects. III.4 and III.5, where we introduced 
meromorphic functions. We reformulate Definition Al given there. 


1.10 Remark. Let U C C be an open subset of the complex plane. For a 

map f :U > C from U into the Riemann sphere, the following two statements 

are equivalent: 

1) f is a meromorphic function. 

2) f is an analytic map of Riemann surfaces and the set of points f—'({oo}) 
which map to oo is discrete (in U). 


This simple observation leads us to the following definition. 


1.11 Definition. A meromorphic function f on a Riemann surface X is an 
analytic map 


f:X —C 


such that the set of points which map to oo, f—'({oo}), is a discrete subset of 
Xx. 
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Of course, the constant function f(z) = co is an analytic map but not a mero- 
morphic function when X is not empty. 


We denote by M(X) the set of all meromorphic functions on X. If f,g € 
M(X) are two meromorphic functions, then we can define in an obvious way 
(compare [FB], Chap. III, Appendix A) their sum and product 


f+g9, f-g¢M(X). 


In particular, M(X) is a ring. If f is a meromorphic function whose set of 
zeros is discrete, one can define the meromorphic function 1/f. The set of all 
holomorphic functions O(X) can be embedded into M(X): 


O(X) 3 M(X), 


friof (i: C @ C canonical inclusion). 


The image consists of all meromorphic functions which do not have the value 
co. Usually, we identify f and io f. Hence analytic functions are meromorphic 
functions which do not take the value oo. 


We want to show that M(X) is a field when X is connected and nonempty. 
For this, we need a generalization of the identity theorem (see [FB], Proposition 
III.3.1). 


1.12 Lemma. Let 
f,g:X —Y 


be two analytic maps of a connected Riemann surface into another Riemann 
surface Y. Assume that there exists a subset S C X which has a cumulation 
point ) in X and is such that f and g coincide on S. Then f = g. 


Corollary. Let f : X — Y (X connected) be a nonconstant analytic map. 
Then the set f—1(b) is discrete in X for allbEY. 


Corollary. Let f : X — C (X connected) be an analytic map which is not 
constant co. Then f is a meromorphic function. 


Corollary. The set M(X) of all meromorphic functions on a connected 
nonempty Riemann surface is a field. 


For the proof of Lemma 1.12, we consider the set of all cumulation points of 
the set coincidence set {c € X; f(x) = g(x)}. We have to show that this 
set is open and closed. Since this statement is of local nature, we reduce it 
by taking charts to open subsets of the plane. Then we can apply the usual 
identity theorem ({FB], Theorem III.3.2). 


*) This is a point a € X such that every neighborhood of a contains infinitely many 
elements of S. 
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The Torus as a Riemann Surface 
Let L be a lattice in the projective plane C. We equip the torus 
A=C/L:=C/~ (and a—-deE L) 


with the quotient topology to obtain a compact connected topological space: 


An open subset V Cc C is called “small” if two different points from V 
modulo L are never equivalent. For example, V is small when it is contained 
in the interior of a fundamental parallelogram. 


We denote by U C X the image of V under the canonical projection 
p:C — X, ar— [a] (={6beC, b—ae L}). 
The restriction of p defines a bijective map 
VU. 
It is easy to see that this map is topological. Its inverse, 
yy :U — > V, 
is a chart on X. The set of all these charts is an atlas A on X. 


Claim. The atlas A is analytic. 
Proof. Let V and V be two small open subsets of C. We have to show that 
the chart transformation is analytic. For this, we can assume (possibly after 
shrinking V and V) that the images U and U in X are equal. We can also 
assume that V and V are connected. Then the chart transformation y isa 
topological map 

ee ee 
For every a € V, there has to exist an w(a) € L such that 


ya) = a+ w(a). 
Since y is continuous and L is discrete, the function w(a) = y(a) — a has to be 
locally constant. Since V is connected, w must be constant. Hence the chart 
transformation is a translation; in particular, it is analytic. O 


Hence the torus C/L has been equipped with a structure in the form of a 
Riemann surface. 


Obviously, we can make the following statement. 
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1.13 Remark. Let U be an open subset of the torus. A map 
f:Uu—-Y 


into a Riemann surface Y is analytic if and only if the composition with the 
projection 

foper (UU) 7 
is analytic. 


Corollary. (Special case Y = C). The meromorphic functions on the torus 
X are in one-to-one correspondence with the elliptic functions with respect to 
L (by means of Fi f = Fop). 


Any two R-bases can be transformed into each other by means of an R-linear 
map. Hence two tori are always topologically equivalent: 


C/Lx(RxR)/(Zx Z)®R/ZxR/Z (&S' x S?). 
T 
topologically circle 


As a rule, R-linear maps are usually not C-linear. Hence tori need not be 
conformally equivalent. Actually, the following is true. 


1.14 Proposition. Two tori C/L, C/L' are conformally equivalent iff 
L and L' can be transformed into each other by rotation and scaling (i.e. by 
multiplying by a complex number). 


This also shows that topologically equivalent Riemann surfaces need not be 
biholomorphic. On a given topological surface, there may exist essentially 
different structures in the form of a Riemann surface. 


A proof of Proposition 1.14 follows easily from the covering theory of Rie- 
mann surfaces. However, since the tools for a proof are already available at 
this point (even if they are not so easily used), we shall sketch a proof here. 


Proof of Proposition 1.14. Let 
f:C/L—C/L' 
be biholomorphic. Step by step, one shows the following: 


1) There exists a continuous map fF’: C — C such that the diagram 


Cc 


| | 


Cio)" 
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commutes. 
2) F is analytic. 
3) dF/dz is an elliptic function with respect to L and hence is constant. This 
implies 
F(z)=az+b (a #0). 


4) We have 
alb= L. 


It follows inversely that the associated tori are conformally equivalent. 
Only the statement 1) is not obvious. 


Proof of 1). We denote by p: C — C/E and p’: C > C/L’ the natural 
projections. First, we prove the following uniqueness statement. 


Let M Cc C be an arcwise connected subset of C and let ae M, bE C 
be points with the property f(p(a)) = p(b). Then there exists at most one 
continuous map F': M — C with the properties F(a) = b, f(p(z)) = p'(F(z)) 
for all z € M. This is trivial if there exists a small open (with respect to L’) 
subset U Cc C, b € U with the property f(p(M)) C p’(U), since for reasons 
of connectedness F(Z) must be contained in U. For the general proof of the 
uniqueness statement, we can assume that M is the image of a curve. By 
dividing the parameter interval into small pieces, we reduce the statement to 
the first case. We call F a lifting of f. 


Now, the following statement follows from the statement of uniqueness. Let 
M and N be two subsets of C whose intersection is arcwise connected, and let 
F:M—C,G:N-—C be two lifts of f which agree in at least one point of 
the intersection IZ N. Then they agree on the whole intersection and glue to 
a continuous function on the union. 


By the way, if F,G are two lifts, we may choose a lattice element w’ such 
that F(z) and G(z) + w’ agree in a point of the intersection. 


After this preparation, we prove the existence of a (continuous) lift. Because 
of the uniqueness statement, we can restrict ourselves to constructing the lift 
F for a compact rectangle IZ. We decompose the rectangle into four congruent 
subrectangles by halving its edges. Because of the second step, it is enough 
to construct lifts for each of the four subrectangles. We can divide the four 
subrectangles in the same way. We continue this procedure until each rectangle 
R is so small that f(p(R)) is contained in p’(U) for a small open set U C C. 
Now the existence of a lift F : R — C is trivial. A simple compactness 
argument, which we leave to the reader, shows that after finitely many steps 
we obtain a subdivision with the desired property. 


The Maximal Atlas of a Riemann Surface 


Since open subsets (using the induced structure) of Riemann surfaces are Rie- 
mann surfaces as well, the following definition is possible. 
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1.15 Definition. Let (X,A) be a Riemann surface. An analytic chart on 
X is a biholomorphic map py: U — V of an open subset U C X onto an open 
subset V of the plane. 


Of course, elements of the defining atlas A are analytic charts, and the elements 
of an essentially equal atlas are also analytic charts. It is also clear that two 
analytic charts are analytically compatible. This means nothing more than 
that the set of all analytic charts is the biggest atlas which is essentially equal 
to A. For this reason, we denote the set of all analytic charts by Amax. Two 
analytic atlases A and 6 on X are essentially equal iff the associated maximal 
atlases coincide. We can express this also as follows: in any class of essentially 
equal analytic atlases there exists a unique maximal atlas, and this is the set 
of all analytic charts in the sense of Definition 1.15. 

During the introduction of the notion of a Riemann surface, we equipped topolog- 
ical surfaces with an equivalence class of essentially equal analytic atlases. Alterna- 
tively, we could have equipped the surface with a maximal analytic atlas and called 
this a Riemann surface. It is only a question of taste how to start. We feel that the 
notion of a maximal analytic atlas (before it is recognized as the set of all analytic 
charts) is somewhat artificial and unesthetic. 

Usually, the maximal atlas is much bigger than the atlas A with which we started. 
For example, we have equipped C with the tautological atlas {id, }. In this case A,,,, 
consists of all conformal mappings y : U — V between open sets U, V from the plane. 

The defining atlas A should be considered just as a vehicle to define arbitrary 
analytic charts. In the literature, Riemann surfaces are usually introduced as surfaces 
which are equipped with a maximal analytic atlas. But this requires formal effort 
before one can introduce even the simplest examples of Riemann surfaces, such as the 
complex plane. 


Some Elementary Properties of Riemann Surfaces 


We now formulate some results which may be deduced without any effort from 
the usual type of complex analysis, as can be found for example in [FB]. 


1.16 Remark. 


1) A nonconstant analytic map between connected Riemann surfaces is open. 


2) An analytic function on a connected Riemann surface whose absolute values 
attain a maximum is constant. 


3) Let f : X — Y be a continuous map between Riemann surfaces which is 
analytic outside a discrete subset SC X. Then f is analytic everywhere. 


4) Let f : X = Y be an injective analytic map. Then f(X) is open and the 
induced map X — f(X) is biholomorphic. 
We skip the simple proofs (see the Exercises). 


In the usual complex analysis, the local mapping behavior of analytic func- 
tions is described as follows (see the proof of Remark 1.3.3 in [FB]): 
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An analytic function f such that f(0) = 0 is, in a small neighborhood of 0, 
either constant or the composition of a conformal map with an nth power. 
Here n is a natural number. 


We want to formulate this result for Riemann surfaces. First, we notice that 
for every point a € X of a Riemann surface there exists an analytic chart 
yp: U — E, a © U, whose image is the unit disk. We choose an arbitrary 
analytic chart w : U’ > V’, a € U’, and then replace U’ by the inverse image 
of a small disk around w(a). Now y is obtained by restricting ~ to this inverse 
image and composing it with a conformal map from the small disk onto the 
unit disk. This construction gives an arbitrarily small U in the sense that, for 
a given neighborhood W of a, we can find U such that ac U CW. 


1.17 Remark. Let f: X — Y be a nonconstant analytic map of a connected 
Riemann surface X into a Riemann surface Y. Let a € X be a point and let 
b= f(a) be its image. There exist analytic charts 


yp:U—-E,acUcx, w:V—-E, bEV CY, f(U) =V, 


and a natural number n such that the diagram 


(07) 
—> 


iol | 


VY 


3 


commutes (W(f(x)) = p(#)”). 


For the proof, we can assume that X and Y are open subsets of C and that 
a= b=0. Then we can use the local mapping property of the usual type of 
analytic functions. (see [FB], Theorem III.3.3). Oo 


Exercises for Sect. I.1 


1. Let a be a point on a Riemann surface X. Show that any analytic function 
f : X — {a} — E extends to an analytic function X — E. 


2. Let f : X — Y be a nonconstant analytic map of a connected Riemann surface 
into a Riemann surface V. Show that f is open, which means that open sets are 
mapped onto open sets. In particular, f(X) is open. 
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Any nonconstant analytic map f : X — Y of a compact Riemann surface into 
a connected Riemann surface is surjective. As polynomials can be considered as 
holomorphic mappings from the Riemann sphere into itself, show that one can 
obtain a new proof of the “fundamental theorem of algebra” . 


Let f : X — Y be a bijective and analytic map of Riemann surfaces. Show that 
f is biholomorphic. 


Let f : X — Y be an injective analytic map of Riemann surfaces. Show that f 
induces a biholomorphic map from X onto the open (!) subset f(X) CY. 


Show that when y: X — Y is an analytic map of Riemann surfaces, then 
gy: OY) > O(X), fr fo 


defines a ring homomorphism. This is injective when X and Y are connected and 
y is not constant. It is an isomorphism if y is biholomorphic. 


The purpose of the following exercises is to show another way in which Riemann 
surfaces can be introduced. In this approach, the analytic functions themselves 
are introduced in an axiomatic way. The advantage is that we do not need the 
chart transformations. This new approach is important because it admits broad 
generalizations. 


Let X be a topological space. A sheaf of continuous functions is a map which 
assigns to any open subset U C a subring O,(U) of the ring of all continuous 
functions f : U — C such that the following conditions are satisfied: 


a) If f € Ox(U) and V C U is a further open subset, then f|V € Ox (V). 


b) Let U = oF U, be an open covering of an open subset U of X and let f be 
a continuous function on U such that its restrictions to U; are contained in 
Ox(U;). Then f € Ox(U). 

A ringed space is a pair (X,O,) consisting of a topological space X and a sheaf 

Ox of continuous functions. 


Let X be a Riemann surface. Show that the assignment 
Ut O,(U) = set of all analytic functions 


defines a structure of a ringed space. 


A morphism f : (X,O,) — (Y,O,,-) of ringed spaces is a continuous map between 
the underlying topological spaces such that the following condition is satisfied: 


If V CY is an open subset and g € Oy(V), then go f €O,(U),U =f '(V). 
Let X,Y be two Riemann surfaces which have been equipped with the sheafs 


of analytic functions. Show that a map f : X — Y is analytic in the sense of 
Riemann surfaces if and only if it defines a morphism of ringed spaces. 
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9. An isomorphism f : (X,O,) — (Y,O,,) of ringed spaces is a bijective map be- 
tween the underlying topological spaces such that f and f~' are morphisms of 
ringed spaces. 

Let U Cc X be an open subset of U. Then we can define the restricted sheaf 
O,.|U. For open subsets V C U, we can define (Oy |U)(V) := Ox(V). 

Let (X,O,,) be a ringed space, X Haussdorff. Assume that every point a € X 
admits an open neighborhood U C X and an open subset V C C of the complex 
plane such that the ringed spaces (U,O,|U) and (V,O,,) are isomorphic. Here 
O,, means the sheaf of analytic functions in the usual sense. Show that there 
exists a unique structure of a Riemann surface on X such that Oxy is the sheaf of 
analytic functions. 


2. The Analytisches Gebilde 


Important examples of Riemann surfaces can be obtained by use of the analyti- 
sches Gebilde. The analytisches Gebilde of a power series is obtained by gluing 
all of its analytic continuations to a surface. On this surface, all analytic con- 
tinuations appear as a unique single-valued analytic function. The analytisches 
Gebilde is one of the historical motivations for the notion of a Riemann surface. 
An important example is the analytisches Gebilde of an algebraic function. In 
Sect. 3, we shall give another construction of this. Hence we recommend that 
readers who are interested in this basic example should skip the analytische 
Gebilde and proceed directly to Sect. 3. 


One of the simplest examples of a “multivalued function” is the square root. 
By choosing, for example, the principal branch \/z, we can obtain uniqueness, 
but we obtain only an analytic function on the slit plane C_. Other branches 
such as —\/z on C_ have equal validity. We would like to glue all possible 
branches together into a unique function. This is possible, but the domain 
of definition cannot then be a domain in the complex plane, but instead is 
a surface which lies over it. The following construction of the analytisches 
Gebilde leads to this surface. 


2.1 Definition. A function element is a pair (a, P) consisting of a complex 
number a and power series with center a, 


which has a positive radius of convergence. 


In particular, this function element defines an analytic function on a small disk 
around a. 
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2.2 Definition (Weierstrass). Let 
ag:I—-C 


be a curve in the complex plane. A regular allocation of ag is a map which 
assigns to anyt € I a function element 


(ao(t), Pi) 


with center ao(t). The following conditions have to be satisfied. Every to € I 
admits an ¢ = (tg) > 0 with the following property: if 


tel, |t—t| <e, 


then ao(t) is in the interior of the disk of convergence of P;,, and P; can be 
obtained by rearranging P,, according to powers of z — ao(t). 


This means that the function elements arise by successive analytic continuation. 


2.3 Definition. Let (a, P) and (b,Q) be two function elements. We say 
that (b,@Q) can be obtained by analytic continuation from (a,P) when both are 
members of a regular allocation. 


We then call the two function elements equivalent and write (a, P) ~ (b,Q). 
Obviously, this is an equivalence relation. 


2.4 Definition. An analytisches Gebilde in the sense of Weierstrass is a 
full equivalence class of function elements. 


Hence the analytisches Gebilde collects together all function elements which 
can be obtained by analytic continuation from a single function element. 


The essential point of this notion is that equivalent function elements (a, P), 
(b,Q) can be different even if their centers are equal, i.a. a = 6. Take, for 
example, a = b= 1. For P, we take the power series of the principal branch of 
the square root around 1, and for Q we take —P. The function element (1, Q) 
can be obtained from (1, P) by means of analytic continuation along a circle 
around 0. 


In general, the result of an analytic continuation will depend on the choice of 
the path. This simple but fundamental fact can be considered as part of the idea 
of the Riemann surface. 


In the following, 7 denotes a fixed analytisches Gebilde. There is a natural 
projection 
pek-—-C, p((a, P)) =a 


into the complex plane. As we have pointed out, this need not be injective. 
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We now introduce a topology on R . Let (a, P) € R. We want to define, 
for some € > 0, the notion of an “e-neighborhood” 


U-(a,P) CR 


of (a, P) in R. We assume that ¢ is not greater than the radius of convergence 
of P. In this case P defines an analytic function on the usual e-neighborhood 
U-(a) of a. For every 6 € U-(a), we can expand this function into a power 
series P, around b, for example by rearranging it according to powers of z— b. 


Notation. Let (a, P) be a function element and let ¢ > 0 be a number which is 
not greater than the radius of convergence of P. The ¢-neighborhood U-.(a, P) 
of (a, P) in R consists of all function elements (b, P,), b € U-(a), where P, is 
obtained from P by expanding around b. 


Remark. The natural projection 
U-(a, P) — U.(a) 
is bijective. 
When (a, P) is contained in R, then of course U-(a, P) is contained in R. 


2.5 Definition. A subset U C R is called open if any function element 
(a, P) €U admits an e-neighborhood (where < is not greater than the radius of 
convergence of P) such that 


U.(a, P) CU. 


Let (b,Q) € U-(a, P). For small enough 6, we have 
Usb, @) C Ua, P). 
This implies the following statement. 


2.6 Proposition. We obtain a topology on R, by means of Definition 2.5. 
The e-neighborhoods U-(a,P) are open. The natural projection p: R = C 
gives a topological map 

U.(a, P) —> U,(a). 


Corollary. The natural projection 
p:R—C 


is locally topological. 


(A continuous map f : X — Y is called locally topological if any point a € X 
admits an open neighborhood U(a) such that the restriction of f defines a 
topological map from U(a) onto an open neighborhood V(b) of b = f(a).) 
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2.7 Remark (Additional Remark on Proposition 2.6). The space R is 
Hausdorff. 

Proof. Let (a, P), (b,Q) be function elements. 

First case. a # b. We choose ¢ > 0 smaller than |a — b| and smaller than the 
radii of convergence of P and Q. Then, trivially, U-(a, P) ON U-(b, Q) = 9. 
Second case. a = b but P #4 Q. We choose ¢ smaller than the radii of con- 
vergence of P and Q and again obtain disjoint neighborhoods. (Otherwise, we 
would find a point c in an open disk where P and @ converge such that the 
expansions of P and Q around ¢ agree. But then P and Q coincide.) O 


Now we are going to construct an analytic atlas on R. 


The Analytisches Gebilde as a Riemann Surface 


The construction rests on the following general fact. 


2.8 Lemma. Let 

f:x —Y 
be a locally topological map of Hausdorff spaces. Assume that Y carries a 
structure in the form of a Riemann surface. Then X carries a unique structure 
in the form of a Riemann surface such that f becomes locally biholomorphic. 


Proof. An open subset U Cc X is called “small” if f maps U topologically onto 
an open set f(U) and if there exists an analytic chart on Y, 


fU) Vv (c C open). 


The composition 

= La 
is a chart on X. Obviously, these charts are analytically compatible. Hence 
they define a structure in the form Riemann surface on X. 


To prove uniqueness, we describe the elements y : U — V of the maximal 
atlas. We can restrict ourselves to y such that U is small in the sense that 
it is mapped biholomorphically onto the open set f(U). Obviously, y is bi- 
holomorphic (i.e. contained in the maximal atlas) if go f~! : f(U) — V is 
biholomorphic. Oo 


By applying this lemma to p: R — C, we obtain the announced structure 
of a Riemann surface on R. 
Curves on the Analytisches Gebilde 
A curve on a topological space X is a continuous map 
a:Il—xX 


of an interval J C R into X. We are interested mainly in the case where 
I = [a,b] (a < 6) is a compact interval. Then a(a) is called the starting point 
and a(b) the endpoint of a. When both agree, a is said to be closed. 
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2.9 Lemma. Let 
a:I—-R (I CR an interval) 


be a curve in R. The composition with the natural projection p: R — C defines 
a curve 
ag: I —C. 

The family 

a(t) =: (ao(t), Pr) 
is a regular allocation of ap. Conversely, if (ao(t), P:) is a regular allocation 
of a curve ag: I > C, then 

a(t) = (ao(t), Pr) 
is a curve in R. 


In other words: 


Regular allocations in the sense of Weierstrass and curves in R 
are the same. 


Obviously, the definition of the topology on R has been devised in such a way 
that Lemma 2.9 is true. 


2.10 Lemma. Let 
f: xX —Y 


be a locally topological map of topological spaces, let 
ao: [a,b] — Y (a < b) 
be a curve in Y, and let xo € X be a point over ag(a) (i.e. f(xo) = ao(a)). 
There is at most one curve 
a: [a,b] — xX 
with the properties 


a) foa=ay, 
b) a(a) = 20. 


We call a a lifting of apo. 
Proof of Lemma 2.10. Let 3 be a second lift of ao (fo 8 = ao, B(a) = 20). 
We consider 
to = sup{t € [a,b]; a(t) = B(t)} 
and make use of the fact that f maps a neighborhood of the point a(to) topo- 
logically onto a neighborhood of ag(to). Oo 
The next statement follows from this topological fact. 
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2.11 Lemma. Let 
ag : [a,b] —>+ C (a < b) 


be a curve in the complex plane and let (ao(a), P) be a function element whose 
center is the starting point ao(a) of a9. When there exists a regular allocation 


(ao(t), Pr) 
of ag which starts with 
Pu =P, 
then this allocation is uniquely determined. 
In particular, the end P, of the allocation is uniquely determined (by ao and 
P, = P). We can also say that the function element (ao(b), P,) arises by 
analytic continuation of (ag(a), P,) along the path ag. Hence this analytic 


continuation is determined by the curve and the starting element if such a 
continuation exists at all. 


The Analytisches Gebilde of an Analytic Function 


Let 
f:D—C, DCC a domain 


be an analytic function on a (connected) domain. Let 
ag : [a,b] —+ D (a < b) 


be a curve in D. 


We denote the power expansion of f around a point a € D by f,. This 
gives us a regular allocation 


a(t) = (ao(t), faate) 
In particular, all elements (a, f,) are equivalent and hence are contained in one 
analytisches Gebilde R(f). 
We call R(f) the concrete Riemann surface which belongs to f. 


In simple language, this means that R(f) consists of all function elements (a, P) 
which can be obtained somehow (i.e. along a suitable path) from f by analytic 
continuation. 


The map 
D—R(f), ar = (a, fa), 


is then an open embedding, i.e. a biholomorphic map of D into some open part 
of R. 


Recall that there is a natural projection 


p:R(f) 3 C, (a,P)rea. 
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The image of p is a domain in C which contains D. It is called the domain 
of definition of R(f). Besides the projection p, we can consider the obviously 
holomorphic map 


F:R(f) —C, F(a,P) = f(a). 


The diagram 


commutes. We can say that F “includes” the function f, but not only f. It 
includes all possible analytic continuations of f. 


This can be expressed roughly as follows. All analytic continuations of f : 
D — C are multivalued (because of the path dependence). But one can make 
them single-valued if one extends their domain of definition to a surface R(f) 
lying over the plane. 


A Simple Example 


We take for D a plane which is slit along the negative real half-line, and for f(z) 
we take the principal value of the square root of z. We denote the corresponding 
concrete Riemann surface by R(V ). This consists of all function elements 
(a, P) such that a € C’ and P(z)? = z. Every point admits exactly two such 
elements (a, P(z)). Therefore R(V_ ) is a connected Riemann surface together 
with a holomorphic map 


p:R(V )—+C’ (a,P) >a, 


and is such that every point in C’ has two inverse points. The same property 


is shared by the map C’ —> C’, z +> z?. It is not difficult to show the 


following. 


There exists a biholomorphic map 
RV) > C 


such that the diagram 


commutes. 
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By the way, this shows that R(V ) is biholomorphically equivalent to the 
Riemann surface which is obtained when one removes two points from the 
Riemann sphere (0 and oo). In the next section, we shall see that this is a very 
general phenomenon. The Riemann surface of any algebraic function can be 
obtained from a compact Riemann surface by removing a finite set of points. 


We can picture this construction as follows. Consider two copies of the punctured 
plane. One of them is equipped with the principal branch \/z, and the other with its 
negative. To get continuous functions, we slit both planes along their negative real 
half-axes. But we leave an exemplar of the negative real line on both sides of the 
negative real line. We call these two half-lines the upper and the lower side. Now we 
glue the lower side of each of the two planes to the upper side of the other plane. It 
should be clear how the resulting shape can be identified with R(V ). 


Exercises for Sect. I.2 


1. Show that the set of all function elements (a, P), a € C’, exp(P(z)) = z builds an 
analytisches Gebilde. We denote it by R(log) and call it the Riemann surface of 
the logarithm. It can be shown that this surface is biholomorphically equivalent 
to the plane, and that the map 


R(log) — C, (a,P)+— P(a), 
is biholomorphic. 
This can be expressed as follows. Two analytic maps of Riemann surfaces 
X—Y, X’—Y’ 


are called isomorphic if there exist biholomorphic maps X — X‘ and Y — Y’ 
such that the diagram 


xX =» y! 


commutes. In this sense, the maps 
Rilog) — C*, C-—+C, 
(a, P)— a, zt— exp(z), 


are isomorphic. 


2. The observation in Exercise 1 is part of a more general phenomenon. 


Let f : D — D’ be an analytic map from one domain D C C onto another 
D’. Assume that the derivative of f has no zeros in D. Consider the set of all 
function elements (b, P) with the properties 


3. The Riemann Surface of an Algebraic Function 35 
a)beD’; 
b) P(b})€ D, P(f(z)) =z in a neighborhood of P(b). 


Show that the set of all these function elements — we denote it by R(f~') — is an 
analytisches Gebilde. The maps 


f:D— D' and R(f~') — D’ ((a, P) -> P(a)) 


are isomorphic. 


3. A special case of a connectedness theorem, which we shall obtain in the next 
section, states that the set of all function elements (a, P) with the property 


P(z)/ +24 =1 


is an analytisches Gebilde R. Show that this is true. 


3. Show that every analytisches Gebilde has countable basis of its topology. 
Hint. Use the fact that C has a countable dense subset. 


3. The Riemann Surface of an Algebraic Function 


The simplest example of a “multivalued” function is the square root. It is a special 
example of an algebraic function. An analytic function 


f:D—C, DCC a domain, 
is called algebraic if there exists a polynomial of two variables 
- Mw 
P(z,w) = > a2 W 
O<p,vSN 
which is not identically zero and is such that 


P(z, f(z)) =0 (for all z € D). 


Example. Let 
D:=C—{xeR, x <0} and f(z) := Vz (for example, the principal branch) 
(P(z,w) = w? — z). 
In this section, we shall construct a compact Riemann surface from f. This will be 
done in two steps. 


First step. We shall construct a finite subset S C C and a Riemann surface X, 
together with a holomorphic map 


p:X,—C—-S, 
such that the following properties are satisfied: 


a) p is locally biholomorphic; 
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b) pis proper in the topological sense, i.e. the inverse image of an arbitrary compact 
set from C — S is compact. 


For example, we can take the analytisches Gebilde R(f) for X, and take the natural 
projection for p. But it is also possible to obtain X, in a different way, namely as an 
algebraic curve. This is the approach which we prefer here. Hence the analytisches 
Gebilde described in section 2 can be avoided. Nevertheless, we give a sketch of how 
it can be used here. 


Second step. Using the properties a) and b) singly, we construct a compact Riemann 
surface X and a holomorphic map p: X — C such that the following properties are 
satisfied: 
1) X, is an open subset of X, and the complement X — X,j is a finite set. 
2) The diagram 

xX 

| 

C 


This second step rests on a special case of covering theory, which we shall treat 
independently of general covering theory in this context. The statement is: 


If 


Xo Cc 
commutes. 


f:X SE ={qeEC; 0<|q <1} 
is a locally biholomorphic proper map of a connected Riemann surface into the punc- 
tured unit disk, then there exists a biholomorphic map 


o¢:X —> E 
and a natural number e such that the diagram 


X ————— E' 


NAL 


As mentioned, this is a special case of general covering theory, which will be 
developed in full generality in Chap. III. Because of the great importance of algebraic 
functions, we shall treat the special case already here with a proof as simple as 
possible. This will be done in Appendix A of this section. In Appendix B, we shall 
formulate and prove a theorem on implicit functions for analytic functions of two 
variables. 


commutes. 


A polynomial P € C[z,w], P 40, 


P(z,w) = S- Op Zw", 


OSp,VSN 
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of two complex variables is called irreducible if it cannot be written as a product 


of two nonconstant polynomials. Every polynomial can be written as a product 
of finitely many irreducible ones: 


P=Py,-+::- Pm,  P; irreducible. 


If 
f:D—C (Dc C a domain) 


is an analytic function with the property P(z, f(z)) = 0, then 
P;(z, f(z)) = 0 for some j (<7 =m), 


For this reason, we may assume in what follows that P itself is irreducible. 


We associate with P a plane affine algebraic curve 
NHaNP) =teweCxc; Fe,w)=0}. 
3.1 Remark. Let P be an irreducible polynomial which truly depends on w. 


For every point a € C, there exist only finitely many b € C with the property 
(a,b) € N. In other words, the fibers of the natural projection 


p:N—-C, p(z,w)=2, 


are finite. 


Proof. We argue indirectly and assume that there exists a point a € C such that 
the polynomial w ++ P(a,w) has infinitely many zeros b. Then this polynomial 
must vanish. Reordering according to powers of z — a, we see that 


P(z,w) = (2-4) Q(z, w). 


Since P is irreducible, Q has to be constant. But then P would be independent 
of w. Oo 


Our next goal is to show that the map p is locally topological outside a finite 
set of points (called branch points). For this, we need the following proposition. 


3.2 Proposition. Let P € C[z,w] be an irreducible polynomial which truly 
depends on w. There are only finitely many solutions (a,b) of the equations 


P(a,6) =0= oP (0.0). 
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For the proof, we make use of the discriminant dp(z) of the polynomial w +> 
P(z,w) for arbitrary z € C. For the definition of the discriminant and its 
basic properties, we refer to the algebraic appendix at the end of this book 
(Sect. VIII.3.1). 

The discriminant is a polynomial in z which, because of the irreducibility 
of P, does not vanish identically. If (a,b) is a solution of the given equations, 
then the polynomial w +> P(a,w) has a multiple zero. This means that its 
discriminant vanishes, i.e. dp(a) = 0. Since dp has only finitely many zeros, 
there exist only finitely many a. Because of Remark 3.1, there exist only finitely 
many (a, b). Oo 


It is often useful for our purposes to reorder a polynomial P(z, w) according 
to powers of w: 
P(z,w) = an(z)w™ + +++ + ag(z). 
The polynomials a; are called the coefficients of P (with respect to the variable 
w). When P is different from 0, one can achieve a, # 0. Then we call a,(z) 
the highest coefficient of P. The next statement follows immediately from 
Proposition 3.2. 


3.3 Theorem. Let P € C[{z,w] be an irreducible polynomial depending truly 
on w. There exists a finite set S C C with the following properties: 


a) The zeros of the highest coefficient of P are contained in S. 
b) Let (a,b) € C x C be such that 
OP 
P(a,b) = d (a,b) =0; 
(a,b) =0 an Fw ) = 0; 
thenae S. 


In the following, P € C[z,w] always means an irreducible polynomial which 
depends truly on w, and S C C is a finite subset with the properties described 
in Theorem 3.3. 


We define 
X :={(a,b)€e(C-—S)xC; P(a,b) =O}. 
This point set is obtained from the original affine algebraic curve by removing 
finitely many points. We equip X with the topology induced from C x C. 
3.4 Proposition. The projection 
p:X —C-—S, p(a,b) =a, 
is locally topological and proper. 


Corollary. The space X admits a unique structure as its Riemann surface 
such that p is locally biholomorphic (Lemma 2.8). 


Additional remark. The second projection 
q:X —C, q(a, b) = b, 


is analytic as well. 
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Proof, first part. p is locally topological. 
The proof follows immediately from a complex variant of a theorem of implicit 
functions which is well known in real analysis; see Appendix B. A proof of the 
additional remark can be obtained from that theorem too. 
Second Part. p is proper. 
The inverse image A = p-1(B) of a compact subset B C C — S is closed in 
C x C, since B is closed in C. Therefore it is sufficient to show that A is 
bounded. 

For (a,b) € A, we have P(a,b) = 0. By the definition of the exceptional set 
S, the highest coefficient of P has no zeros in C — S. Hence it is bounded from 
below on the compact set B by a positive number. All coefficients are bounded 
from above on the compact set B. Now the claim follows from the following 
simple lemma. 


3.5 Lemma. Let n be a natural number and let C > 0 be a positive real 
number. There exists a positive real number C’! = C'(C,n) with the following 
property: 
Let 

P(z) = ayz" +++ +49 


be a polynomial (in C[z]) whose coefficients satisfy 
la|<C O<tsn), [ay|=>C™ 
Then any zero a of P. satisfies the inequality 


lal = C's 


Proof. From a,a" +-+++ a9 = 0, it follows that 


ee ee ea 


qnr-t 
In the case |a| > 1, we obtain 


anal < nC or |al < nC?. oO 
lana |a| 


Alternative Construction of the Riemann Surface by Means of the Ana- 
lytisches Gebilde (Sketch) 


Let R, be the set (a,Q) of function elements with the property 
a€gS, P(z,Q(z)) =0. 


Remark. R, is an open part of the (disjoint) union of several analytische Gebilde and 
hence is a Riemann surface. 
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The proof follows easily from the fact that, by the principle of analytic continua- 
tion, the equation 


P(z,Q(z)) =0 


carries over to all function elements which are obtained from Q by analytic continu- 
ation. 


On Ro, we have two analytic functions 


Pp! Ry — C-S, Do(a,Q) =a, 
qo: Ro — Cc, do (a, Q)= Q(a). 
For (a,Q) € Ro, the point (a, Q(a)) is contained in the algebraic curve. In this way, 


we get a map 


h:Rg—X, (a,Q)-+ (@,Q(a)). 


The next result follows from the theorem of implicit functions. 
3.6 Proposition. The canonical map 
h:Ry > X 


is biholomorphic. 


Additional remark. The diagrams 


Re = x = xX 
C-—Ss C-Ss 


commute. 


It is our goal to extend the Riemann surface X to a compact Riemann 
surface by adding finitely many points. 


3.7 Proposition. Let X,Y be Riemann surfaces, let S C Y be a finite set of 
points, let 7 
YuaS.Y =, 


and let 
f: xX —Y 


be a locally biholomorphic proper map. Then there exists a Riemann surface X 
which contains X as an open Riemann subsurface, and a holomorphic map 


fF: FF 


with the following properties: 
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1) The complement T = X — X is finite. 
2) The map f is proper. 
3) The diagram 


is commutative. 
We call (X,f) a completion of (X,f,Y CY). If Y is compact, then X is 
compact as well. 


Proof. For each exceptional point s € S', we choose an open neighborhood U(s) 
which is biholomorphically equivalent to the unit disk E and such that 


U(s) NU(t) = for s#t (both contained in S). 


Obviously, the restriction f~'(U(s) — {s}) + U(s) —{s} is proper, as is f. For 
any s € S, the set f~1(U(s) — {s}) decays into its connected components. Let 
ZC f-*(U(s) — {s}) be such a connected component. It is open and closed in 
f-1(U(s) — {s}). Since it is closed, the restriction Z — U(s) — {s} is proper 
as well. Hence it is surjective. From this and the fact that f is proper, we now 
obtain the result that there are only finitely many connected components. 


From Proposition 3.17, we obtain a commutative diagram with biholomor- 


phic rows: 
q 
1 | | 


U(s) — {s} —+ f° 7c (n = n(Z)). 


For any Z, we choose a symbol a(Z) which is not contained in X and is such 
that 


Z F Z' a(Z) F wz’), 


Now we consider the set - 
Z:=ZU{a(Z)}. 


We extend the map yz to a bijective map 


pz: Z4Z—-E 


by means of 

9z(a(Z)) = 0. 
The topology of E can be carried over to Z (such that yz becomes topological). 
Now we set 


X := X U{a(Z), Z conncted component of f~'(U(s) — {s}), s € S} 
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and define a topology on X. A subset U C X is said to be open if 
a) UM X is open; 
b) UN Z is open for every Z. 


Obviously, X becomes a Hausdorff space and X becomes an open subspace 
(such that its topology agrees with the induced topology of X). 


Next we extend the analytic atlas A of X to an analytic atlas A of X: 
Ai= AU {Gz} 


(Obviously, the charts Gz are analytically compatible with the analytic charts 
of X.) 


Hence X = (X, A) is a Riemann surface. By use of 


f(Z)=s (Zc f(s), 


we obtain an extension 
fexX = ¥, 


which is obviously analytic. It is easy to see that it is proper. (We use the fact 
that f itself and E — E, q+ q” are proper.) O 


We are particularly interested in the case where Y is compact. Then X 
is a compactification of X by finitely many points. Now we show that such 
compactifications are unique. 


3.8 Lemma. Let X be a surface, let S C X a finite subset, let Xp = X — S, 
and let 


XD Xo 


be a compact space which contains Xo as an open subspace. Assume also that 
the complement X — Xo is finite. Then there exists a continuous continuation 


f:X —xX 


of the identity idx,. 


Corollary. Let Xo be a Riemann surface and let x,X be two compact Rie- 
mann surfaces which contain Xo as an open Riemann subsurface. The comple- 
ments X — Xo, Tes Xo are assumed to be finite. Then there exists a biholo- 
morphic map 
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Proof. We denote by 
by,..-50n (b; A b; for i Fj) 


the points of the complement X — Xo. Then, for each i € {1,...,n}, we choose 
an open neighborhood 


such that 
U(b;) M U(b;) =) fori Fae 


Now, let a be a point in X — Xp. We want to construct its image point b in X. 


Claim. There exists a neighborhood U(a) C X of a which, besides a, does not 
contain another point of S, and is such that 


U(a) — {a} C U(by) U--- UU (bp). 


Proof of the claim. We argue indirectly: if the claim is false, then there exists 
a sequence 
an € X90, An — a, 


such that a, is not contained in any U(b;). Since X is compact, we can assume 
(taking a subsequence) that (a,) converges in X. The limit must necessarily 
be one of the b;, since (a) does not converge in Xo. But then almost all ay, 
would lie in U(b;). This proves the claim. 


We may assume that U(a) is open and connected. Since X is a surface, 
U(a) — {a} is connected as well and hence is contained in precisely one U(b;): 


U(a) — {a} C U(b;) for one j. 


Since the neighborhoods U(b;) can be taken arbitrarily small, the extension of 
the identity defined by 


is continuous at a. 

The proof of the corollary is a consequence of the Riemann extension theo- 
rem: a continuous map between Riemann surfaces which is analytic outside a 
finite set of points is analytic everywhere. O 


3.9 Theorem. Let P € C[z,w} be an irreducible polynomial which truly 
depends onw. There exists a compact Riemann surface X which contains the 
Riemann surface 


X = {(a,b) € (C —S) x C, P(a,b) = 0} 
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as an open Riemann subsurface. The complement X — X is finite. Both of the 
projections 
p:X —C,  p(a,b) =a, 


gq: A — = C, q (a, b) = b, 
admit (uniquely determined, of course) holomorphic extensions 


p:X —+C_ (Riemann sphere), 
Xx 


The triple (X, p,q) is essentially unique. 


Proof. Allthat remains to be proved is that g can be extended. (For this, we can 
assume that P truly depends on z. Otherwise, we would have P(z) = C(z—a) 
and q would be constant.) Now we can interchange the roles of p and gq. 


There exists a finite subset TC C such that the canonical projection 
q:Xo9 — C-T, Xo := {(a,b) € C x (C —T), P(a,b) = 0}, 


is locally topological and proper. 

One can choose T large enough such that Xo is a subset of X. The comple- 
ment X — Xo is a finite set. Because of the uniqueness of the compactification 
(Lemma 3.8, Corollary), it is sufficient to extend g to some compactification 
of Xo. Such a compactification is given by Proposition 3.7 (with q instead of 
p): o 


3.10 Proposition. The compact Riemann surface which is associated (by 
Theorem 3.9) with an irreducible polynomial is connected. 


Proof. The degree n of the polynomial w +> P(z,w), for z € C — S, is inde- 
pendent of z. We denote the zeros of this polynomial, in an arbitrary ordering, 
by t1(z),...,tn(z). We have 


P(z,w) = an(z) [J (w — t.(2)). 


= 
Il 
ua 


The highest coefficient a,,(z) is a polynomial in z. The points x := (z,t,(z)) lie 
on the curve X. They are precisely those points which are mapped to z under 
p. Because q(x) = t,(z), we can write 


P(z,w)=ar(z)= JT (waa). 
rEX, p(x)=z 


We now give an indirect argument, where we assume that X is the union 
of two open nonempty subsurfaces, i.e. X = X ,U Xo. Correspondingly, we 
decompose P as a product: 


P(z,w) = Pi(z,w)Po(z,w), Pi(z,w) = II (w-—q(z)), zEC-S. 
vEXy, p(x)=z 
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For fixed w, the functions P,(z,w) are analytic on C — S, since p admits 
holomorphic local inversions here. 


We want to show that the singularities s € SU {oo} are inessential for 
any fixed w. Then P,(z,w) is, for any fixed w, a meromorphic function on 
C and hence a rational function. Now we obtain the result that the P, € 
C(z)[w] are polynomials in w over the field of rational functions in z. This 
gives a contradiction to the irreducibility of P, since “Gauss’s Lemma” states 
that if P € C[z,w] is an irreducible polynomial in two variables, then P is 
also irreducible as a polynomial in the variable w over the field of rational 
functions C(z). (A proof will be given in the algebraic appendix of the book, 
Sect. VIII.2.8.) 


It remains to prove that the singularities are inessential. This follows from 
the next statement. 


3.11 Remark. Letp: Y — E be a proper analytic map of a Riemann 
surface Y onto the unit disk which is locally biholomorphic outside p~'(0). 
Furthermore, let q: Y — C be a meromorphic function whose values outside 
p +(0) are different from oo. Then the function 


2 Q(z,w)= T] (waa) (240), 


vEX, p(x)=2 


for every w € C, has an inessential singularity at the origin. 


Proof. If we decompose Y into its connected components, then @ decomposes 
into a product. Hence we can assume that X is connected. Hence we can 
assume that X = E and q(z) = 2". Now the statement is trivial. O 


Proposition 3.10 has a corollary, which is of elementary nature: 


3.12 Corollary. Let (a,Q) and (4, Q) be two function elements with the 
property 


P(z,Q(z))=0 P(z,Q(z))=0 (a4,a¢€58). 


Then there exists a curve which connects a and & such that Q is obtained from 
Q by analytic continuation of Q along this curve. 
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Appendix A. A Special Case of Covering Theory 


3.13 Lemma. Let f : X — Y a locally topological and proper map of 
Hausdorff spaces. Each point b€ Y has only finitely many preimages 


foM(b) ={a1,-..,an} (ai Fay fori Fj). 
There are open neighborhoods 
bEV CY anda; €U; CX (l<i<n) 


with the following property: 
1) f-l(V) =U,U--- UU, (disjoint union, i.e. U; NU; = for iF j). 
2) The restriction of f gives a topological map 


Proof. Since f is locally topological, f~1(b) is a discrete subset. Since f is 
proper, it is also compact. These two facts together show the finiteness. 


Now we choose pairwise disjoint open neighborhoods a; € Uj Cc X. After a 
possible diminishment, we have the result that the restriction of f to Uj gives a 
topological map from U/ onto an open subset V’. Since f is proper, there exists 
an open neighborhood a € V C V’ with the property f~'(V) C Uj U--»UU), 
(see Remark 0.2). We define U; = U/N f~1(V). (Then U; U---UU,, is the full 
inverse image of V.) O 


The following definition arises from Lemma 3.13. 


3.14 Definition. A continuous map 
f: x —Y 


of topological spaces is called a covering *) if every point b € Y admits an open 
neighborhood V, b€ V CY, and any preimage a € X (f(a) = b) admits an 
open neighborhood U(a), such that the followings conditions are satisfied: 


f= U U(a) (disjoint union). 
f(a)=b 
2) The restriction of f induces, for each a € f—+(b), a topological map 


U(a) — V. 


*) In the literature, the term “covering” is not always used in this strict sense. 
Our notion of a covering agrees with what sometimes is called an “unlimited and 
unramified covering” . 
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Proper and locally topological maps are examples of coverings. An example of 
a nonproper covering is given by 


The key to the study of coverings is the so-called path lifting, as described 
below. 


3.15 Proposition. Let f: X — Y be a covering. For each point ro © X and 
for each curve 


a: [a,b] — Y, a(a)= f(x) (a < b), 


which starts at f(xo), there exists a unique curve 


B:{a,b] — Xx 
with the properties 
a) foB=a; 
b) B(0) = ao. 


The curve (3 is called the lifting of a with starting point xo (over a(a)). 


Proof. The uniqueness of the lifting was proved in Lemma 2.10. 
Existence of a lifting. A simple compactness argument shows that there exists 
a finite partition 

a=aj <a, <+++< Gy =0D 


and, for each i, 0 <i <m, an open neighborhood 
a(a;)E Vi CY 


such that: 
1) V; has the property mentioned in Definition 3.14 (p~!(V;) decomposes into 
pairwise disjoint sets, which are mapped topologically onto V; under /f). 
2) ala;, ai+1] Cc Vj. 
Now we can lift 
a; := allai, ai+1] 


inductively in such a way that the starting point of the lift 6;,1 equals the 
endpoint of 3;. The composition of the curves (3; gives the desired lift (. 
oO 


The same proof shows a little more, namely the following. 
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3.16 Theorem. Let f: X — Y be a covering, let 
Q=IxJ, I,J CR intervals, 
be a (not necessarily compact) rectangle, let 
H:Q—Y 


be a continuous map, and let qo € Q, x € X be points with the property 
H (qo) = f(ao). Then there exists a continuous map 


H:Q—xX 


with the properties 
a) foH=H, 


b) (qo) = XQ. 


For the proof we can assume that Q is compact, since every rectangle can 
be written as the union of an ascending chain of compact rectangles. After 
division into four pieces, we can assume that qo is a vertex of Q. Now the proof 
is similar to that in the case of curve lifting. Instead of a partition, we use a 
decomposition into small subrectangles. 


3.17 Proposition. Let X be a connected Riemann surface and let 


f:X —E ={qEC; 0<|q/<1} 


be a locally biholomorphic and proper map of X into the punctured disk. Then 
there exists a natural number n and a biholomorphic map 


Nw 


yp: X > E 


such that the diagram 


Co 
Q 


NAL 


commutes. 
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Proof. We consider the upper half-plane H and the map 


ex: H —E’, zero gi em, 


It is clear that this map is a (nonproper) covering. By Theorem 3.16, there 
exists a continuous lift 


Ex: H — xX (foEx=ex). 


In fact, this lift is analytic, since both of the maps ex : H — E’ and f : X — E” 
are locally biholomorphic. From the fact that both are coverings, we can easily 
deduce the following: 


The map 


Ex: H — E’ 


1S Q covering. 


The point now is that we have to know when two points a,b € H have the 
same image in X (i.e. Ex(a) = Ex(b)). A necessary condition for this is 


ex(a) =ex(b), icc a=b+n, ne Z. 
3.18 Claim. Let n be an integer. The set of all points z € H for which 
Ex(z) = Ex(z +n) 


is open in H. 
Corollary. Since this set is also closed, for trivial reasons, the equation 
Ex(z) = Ex(z+ 7) holds either for all z € H or for none of them. 


Proof of the claim. Assume Ex(a) = Ex(a+n). We consider open neighbor- 
hoods U(a) of a and U(a+7n) of a+n, which are mapped topologically under 
Ex onto an open neighborhood V of Ex(a) and are such that V is mapped topo- 
logically under f : X — E’ onto an open neighborhood W of ex(a). Consider 
z € U(a) and z+n€U(a+n). Because of the periodicity of the exponential 
function, we have ex(z) = ex(z+n) € W. The points Ex(z) and Ex(z +1) are 
contained in the neighborhood V, which is mapped injectively under f. Since 
their images under f agree, we obtain Ex(z) = Ex(z +n). Hence there exists 
a full neighborhood of a in which we have Ex(z) = Ex(z +n). Oo 


Now we consider the set L C Z of all integers with the following property: 
there exists a € H such that 


Ex(a) = Ex(a +n). 
Because of the remark above, we then have 


Ex(z) = Ex(z+n) for all z € H. 
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Hence L is a subgroup of Z. Every subgroup of Z is cyclic: 
L=nZ, n>0,neZ. 


Hence we obtain the following result. 


There exists an integer n > 0 such that two points a,b from H have the same 
image iff 
a = bmodn (ie. a— bE nZ). 


Clearly, n 4 0. (Otherwise the map H “4 E” would be proper, as f : X > E.) 


Using the natural number n, we consider the surjective map 


e2miz/n ; 


g:H—E Ze 


We know that 


such that the diagram 


x 


. P 


oc PA 
KR” 


xX 


4 
wy 
q 


commutes. 


Both of the maps f and fo y (q+ q”) are proper and locally topological. 
From this, we obtain the result that y is proper and locally topological as well. 
Obviously, 


y proper => ¢(E’ ) closed, 


¢y locally topological => y open => ¢y(E’) open. 


Since X by assumption is connected, we obtain y(E°) = X. Hence the map 
yp is bijective. Since it is continuous and open, it is topological. Since f and 
f °¥y are locally biholomorphic, it is biholomorphic. This proves Proposition 
3.17. 7 
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Appendix B. A Theorem of Implicit Functions 


Let D Cc C x C be an open subset. A function 
f:D—C 


is called analytic if it satisfies the following two conditions: 


1) f is continuously differentiable in the sense of real analysis. (Here, one has 
to identify C with R* and C? with R*.) 
2) f is analytic in both variables, fixing the other variable. 
We can then take the complex partial derivatives 
of 


zZe> — and wr — 


Oz Ow 


in an obvious way. (We denote the coordinates of C x C by (z,w).) 
The theorem of implicit functions can be stated as follows: 


Let (a,b) € D be a point with the properties 


_o, of 
f(a, 6) =9, Fw ) #0. 


There exist open neighborhoods 
aeUct,bEeVcCc 


with the following properties: 


1)UxVCD. 
2) For each point z € U, there exists a unique point yp(z) € V such that 
f(z, 9(2)) = 0. 
3) The function 
p:V—3C 


is analytic. 
As in the proof of the theorem of invertible functions ([FB], Theorem I.5.7), 
we reduce the proof to the analogous real case. 

First of all, we have to verify that the assumptions of the real theorem of 
implicit functions are satisfied. This means that we have to show that the rank 
of the real Jacobi matrix (this is a real 4 x 2 matrix) is 2. But this is clear 
because this matrix contains the 2 x 2 matrix 
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ORef ORef 
Ox Oy = . 
OImf OlImf (z= 2+ iy) 
Ox Oy (a,b) 


as a submatrix and the determinant of this submatrix |Of /0z|? is different from 
zero by our assumption. 


Now the claims 1) and 2) follow immediately from the real theorem of 
implicit functions. Instead of 3), so far we know only that y is differentiable in 
the sense of real analysis. But from the formulae for the partial derivatives of 
y (they follow from f(z, y(z)) = 0 by means of the chain rule), we obtain the 
Cauchy-Riemann equations for y. O 


Exercises for Sect. 1.3 


1. Let be P(z) = V1 + 24 the branch of the fifth root in a disk around z = 0 which is 
defined by the principal branch of the logarithm. Construct a closed curve starting 
and ending at 0 such that analytic continuation along this curve transforms the 
function element (0, P) into (0,¢P), with ¢ = e?7/°. 


2. Show that the compact Riemann surface belonging to P(z,w) = w? — z is biholo- 
morphically equivalent to the Riemann sphere. 


3. Show that the set of zeros of an irreducible polynomial P € C[z,w] in C x C is 
connected. 


4. Let Q be a polynomial of degree 3 or 4 without multiple zeros and let X be the 
Riemann surface which is associated with P(z,w) = w? — Q(z), together with 
the projection p : X — C. Then p has precisely four branch points, i.e. there 
are exactly four points with one preimage. The other points have two preimages. 
Compare this behavior with the mapping behavior of the Weierstrass o-function. 


(This gives a hint that X might be biholomorphically equivalent to a torus.) 


5. Consider the Riemann surface associated with the polynomial 
P(z,w) = w* —2w?4+1-z 


together with the projection p : X — C. Show that all points z € C besides 
0,1, and oo have four preimages in X. Describe the mapping behavior for the 
exceptional points. 
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6. In [FB], in the appendix to Sect. V.3, we introduced the projective space P”(C) 
as the quotient space of C"** — {0}. Show that this is a compact space (equipped 
with the quotient topology). We also introduced there the projective closure N 
of an affine algebraic curve NV’. Show that there exists a natural continuous map 


of the associated Riemann surface onto NV. 
7. Let LC C bea lattice. Show that the projection C — C/L is a covering. 
8. Show that Proposition 3.17 remains true if E is replaced by C. 
9. Give an example of a locally topological map which is not a covering. 


10. Is sin: C — C a covering? 


II. Harmonic Functions on Riemann Surfaces 


In contrast to a domain D C C, where rational functions already provide a big class of 
meromorphic functions, on a Riemann surface it is not possible without further effort 
to construct meromorphic functions, for example with a given finite set of poles. 
Constructive problems of this kind are central problems in the theory of Riemann 
surfaces. It turns out that it is easier to construct harmonic instead of analytic 
functions. So we are led to pick up a thread which we dropped very early on in the 
first volume [FB] (Chap. 1, Sect. 5). Our treatment is very much based on that in 
the classic book by Nevanlinna [Ne]. 


We recall some basic facts about harmonic functions: 
1) The real part of an analytic function is harmonic. 


2) An analytic function on a domain D C C is determined up to an additive (pure 
imaginary) constant by its real part. 


3) On an elementary domain (= simply connected domain), every harmonic function 
is the real part of some analytic function. As a consequence, harmonic functions 
locally are real parts of analytic functions. 


4) The function 
C’:=C-{0} —C, zt log|zl, 
is harmonic. But on the whole C’, it is not the real part of an analytic function. 


In the first six sections, we shall deal with the Dirichlet boundary value problem. The 
question is whether, on a relatively compact domain U C X of a Riemann surface, one 
can construct a harmonic function which takes given boundary values f : OU — R 
when one approaches the boundary. In the case where X is the complex plane and U 
the unit disk, such a solution can be written down explicitly by means of the Poisson 
integral. The solution for other domains U in the plane or, even more generally, on 
a Riemann surface is more involved. It is not necessary for the theory of Riemann 
surfaces to solve the boundary value problem for arbitrary U. We need only a big 
enough class of such domains. What we need is the following: 


Every Riemann surface X with a countable basis of the topology admits a sequence 
of open relatively compact open subsets U, C Uy C ---, for which the boundary value 
problem is solvable and such that X =(JU,,. 


There are several methods for solving this problem. Probably the most powerful 
method is the Dirichlet principle. Here, the function in question is provided as the 
solution of an extremal problem. The Dirichlet principle is a powerful tool in other 
branches of analysis also. Hence it is treated in its own right textbooks about Riemann 
surfaces, [Fol, Pf]. Techniques from functional analysis are needed for its use. 


Another approach is that due to Perron. Perron’s method uses families of “subhar- 
monic functions” which are associated with a boundary value problem. The solution 
is obtained as the supremum of such a family. 


Maybe the most elementary approach is given by the Schwarz alternating method, 
which we shall use in our approach. By this method, we obtain the result that the 
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boundary value problem is solvable for the union of two domains if it is solvable for 
both of them and if the two domains have only finitely many boundary points in 
common. Every Riemann surface is the union of countably many “disks”. Thus it is 
very easy to construct an exhaustion of the Riemann surface in the above sense. 


The alternating method makes it necessary to admit boundary value distributions 
which are not continuous at a finite set of points. Thanks to a generalization of 
the maximum principle, which is treated in Nevanlinna’s important book [Nel, it is 
sufficient to admit a finite set of exceptional points at which, besides a boundedness 
condition, nothing has to be demanded. When one takes the union of two domains, 
one usually gets kinks at the intersection points of the two boundaries of the original 
domains. These intersection points can be included in the set of exceptional points. So 
we only have to take care that they are finitely many. This means that no problems of 
topological nature will arise during the exhaustion of the surface . So the alternating 
method is very simple in this regard also. 


This relatively simple solution of the boundary value problem is not the end of 
construction problems for harmonic functions, since we need harmonic functions on 
the whole domain and not only on open relatively compact subdomains. Even more 
importantly, on a compact connected Riemann surface every harmonic function turns 
out to be constant. Hence we have to modify our original task and admit singulari- 
ties. So, we have to construct harmonic functions with prescribed singularities. The 
following problem arises. 


Let U C X be an open relatively compact subset of a Riemann surface, let S C U be 
a finite subset, and let uy: U— S — R be a harmonic function. Does there exist a 
harmonic function u: X — S — R such that u—u, can be extended to a harmonic 
function on the whole X and such that u remains bounded in the complement of U ? 


The function u would then have the same singular behavior as ug but be harmonic 
on the whole of X — S. The function u, should be considered as a description of 
the desired singularity behavior of u. Hence we call u a solution of the singularity 
problem. Usually this function will not be unique; the boundedness condition only 
restricts the class of solutions if there is one. The singularity problem is not always 
solvable. For example, we shall derive from the residue theorem that for compact 
Riemann surfaces and for subsets U which are biholomorphically equivalent to a disk, 
a solution can exist only if wg is the real part of an analytic function. On the other 
hand, the singularity problem is trivially solvable for domains in the plane. For this 
reason, we divide the class of all Riemann surfaces into two subclasses: 


A Riemann surface is called positively bounded if the singularity problem is always 
solvable. Otherwise, it is called zero-bounded. 


Our central existence theorem states that a residue condition is sufficient even in the 
zero-bounded case to solve the singularity problem. 


The solution of the singularity problem by means of the Schwarz alternating 
method is given in Sects. 8-11. 


The various methods for the solution of singularity problems should not be valued 
differently. Each of them has its advantages and justifications. We shall come back 
to this in connection with the proof of the uniformization theorem in Chap. III. 


For the solution of the singularity problem in the zero-bounded case, we need 
a quite general version of Stokes’s theorem for rather general differentiable oriented 
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surfaces. In the appendix to this chapter (Sect. 13), we shall introduce the necessary 
calculus of differential forms and include a proof of the Stokes formula. 

A by-product of the alternating method is a proof of the nontrivial fact, due to 
T.Rad6 (1925), that connected Riemann surfaces always have a countable basis of 
their topology. Despite the fact that the practical use of the theorem is not very high 
— one simply could assume the countability —, we give a sketch of this result in an 
appendix to Sect. 6. 


1. The Poisson Integral Formula 


A function 
u:D—+R, DCC open, 


is called harmonic if it is two times continuously differentiable (in the sense of 
real analysis) and if 


holds. 


We shall derive from Cauchy’s integral formula for analytic functions the 
Poisson integral formula for harmonic functions and perform some simple ma- 
nipulations of Cauchy’s integral formula. 


Let D be an open subset of the complex plane which contains the closed 
unit disk 


E={zeC; |z| <1}. 


Cauchy’s integral formula states, for an analytic function f : D— C, that 


he=s § Fae Gen). 
\¢|=1 
In particular, for z = 0 it follows that 
1 27 
fo) =5- [ HC) dt, c(t) =e" 
0 


FO==— $ FO/Odl. 


271 
[¢/=1 
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This gives 
2) + FO = 53 [fe Q) ac 
[¢|=1 
1 fO+IO z £(Q) 
mm f —Z dt a f C(¢ — 2) ; 
Claim. 


{ doa u=o 
C(¢ - 2) 

Proof. The function f(z) admits, in E, an expansion into a uniformly conver- 
gent power series. The claim hence has to be proved for 


f(Z)—2" 5 m0. 


On the integration path, we have 


f(Q)=¢-" (since ¢¢ = 1). 


Hence we have to show, for R = 1, that 


d 


By Cauchy’s theorem, the integral does not change if R is enlarged. The claim 
follows from taking the limit R — oo. O 


We have obtained the modified Cauchy integral formula. 


1.1 Lemma. Assume that the function f is analytic in an open neighborhood 
of the closed unit disk. Then 


— 2 R 
12)+7H= = f SMa. 
I¢|=1 


Variant. In the special case z = 0, we get 


efi ¢ Re FO) ge, 


and hence 


[. aus 
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= 


The modified Cauchy integral formula states that the values of f(z), z € E, 
can be computed up to an imaginary constant from the values of the real part 
of f on the boundary of the unit disk. This formula is due to H. A. Schwarz 
(1870) and is called the Schwarz integral formula. 


By assumption, D is an open set which contains the closed unit disk. Hence 
there exists R > 1 such that 


Up(0) cD. 


Every harmonic function on UpR(0) is the real part of an analytic function f. 
Taking the real part in the last formula of Lemma 1.1, we obtain the Poisson 
integral formula. 


Poisson Integral Formula 


1.2 Proposition (S. Poisson, 1810). Let 


u:D—R, DCC open, ECD, 


be a harmonic function on an open neighborhood of the closed unit disk. Then, 
for z€ E, we have 


ula) = = | ul) Kt), 2) 
10) 
where 
C(t) = 
and 
K(w,z) = Re (===) : 


In the special case z = 0, we get the so-called midpoint property of harmonic 
functions, 


20 
1 
— t)) dt 
uo) = = [ wc) 
0 
We call 
wt z |w|? — lz|? 
K(w, z) = Re = 5 > 0 
WZ lw — 2| 


the Poisson kernel of the unit disk. 


The Poisson integral formula for harmonic functions is a similar tool to the 
Cauchy integral formula for analytic functions. An example of this is provided 
by the maximum principle. 
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1.3 Lemma. A harmonic function u on a domain D which attains a mazi- 
mum, i.e. there exists a point 


a € D such that u(z) < u(a) for all z € D, 


is constant. 


Proof. Let a € D be a point at which wu attains its maximum (u(z) < u(a) for 
z € D). The function 


U(z) =u(a+rz), 1 sufficiently small, 


is harmonic in an open neighborhood of the closed unit disk. It follows from 
the midpoint property that 


u(a) = U(0) = = ic + r¢(t)) dt < =f ua) dt. 
0 0 


Since equality must hold, we get u(a+ re’) = u(a). Hence the function is 
constant in a full neighborhood of a. The set of all points z € D in which u 
has the maximal value u(a), is open. Since it is closed for trivial reasons, we 
get u(z) = u(a) for z € D. Oo 


Exercises for Sect. II.1 


1. Show that the product of two harmonic functions on an open subset of the plane is 
harmonic iff their gradients are orthogonal at any point of the domain of definition. 


2. Let y: D— D’ beaconformal map between open subsets of the plane. Show that 
the harmonic functions on D’ are in one-to-one correspondence with the harmonic 
functions on D (with respect to ut uo y). 


3. Show that every harmonic function on the whole plane C which is bounded from 
above (or from below) is constant. 
One can reduce this to Liouville’s theorem or prove it directly by means of the 
Poisson integral formula. 


4. Show that ; 
l+re? _ 1—r? 
l—reivy 1 — 2rcosp +r?. 


Re 
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The Poisson integral formula can be written in the form 
20 ‘ 
; 1 : = 
u(re'”) = — | u(e'’) c dt. 
20 1 — 2rcos(t — y) + r? 
0 


5. Assume that wu: D — R is a nonconstant harmonic function on a domain D C C. 
Show that the image u(D) is open in R. Use this for a proof of the maximum 
principle. 


2. Stability of Harmonic Functions on Taking Limits 


Harmonic functions have very good stability properties under limits. These 
properties rest on the Poisson integral formula (Sect. 1). 


2.1 Remark. The Poisson kernel 


K(w,2)=Re2*2 (jw) =1, [el <1) 
w— 2 
is harmonic for every fixed w. 
The proof is trivial since (w + z)/(w — z) is analytic. Oo 


2.2 Corollary. Let 
f:[a,b] —R (a<b) 


be a continuous function on a compact interval. The function 


is harmonic (on the unit disk E ). 

The proof follows immediately from Remark 2.1 and the Leibniz criterion. 

oO 
Since proper integrals are stable with respect to locally uniform convergence, 


we obtain the following theorem from Corollary 2.2 and the Poisson integral 
formula. 


2.3 Theorem. Let (uy) be a sequence of harmonic functions 
Un: D—R, DCC open, 


which converges uniformly. Then the limit function is harmonic as well. 
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The Harnack Inequality (A. Harnack, 1887) 


2.4 Proposition. Let wu be a harmonic function on an open neighborhood of 
the compact disk Up(a). Assume that 


u(z) > 0 for |z—al < RB. 


For any number r such that 0 <r < R and for all z such that |z —a| =r, the 
Harnack equality 
R-r R+r 
< < 
Ryo Sule) = RT 


u(a). 
holds. 


The proof follows from the Poisson formula applied to 
U(z) = u(a+ Rz), 


together with the trivial inequality 


|| = |2| < K(w,z) 


ila (l2| < |w)). O 
Jw] + |2| 


< twl+ 
fol — le 


2.5 Corollary. Let u be a harmonic function on an open neighborhood of the 
compact disk Up(a) such that 

a) u(a) =0; 

b) m<u(z) <M for z€ Up(a) (where m, M are real constants). 

Then 


2r 2r 
< < M——— 
Mars R+r 


Rr 


for |z—al=r < R. 


Proof. We apply Harnack’s inequality (Proposition 2.4) to the functions u(z)— 
m and M — u(z). Oo 

By the way, because of the maximum principle, it is enough to know that 
the inequality b) holds on the boundary of the disk. The most important 
application of Harnack’s inequality is the following statement. 


Harnack’s Principle 


2.6 Proposition. Let (un) be a monotonically increasing sequence of har- 
monic functions 

Un: D—R, DCC open, 

u1(z) < ue(z) <-:+ forze D. 


The set of all points z € D for which the sequence (un(z)) remains bounded is 
open and closed in D. 
Corollary. Let D be a (connected) domain. When the sequence (un(Zo)) con- 


verges for some z © D, then it converges for all z € D and the convergence 
is locally uniform. In particular, the limit function is harmonic. 
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Proof. Since u,,(z) can be replaced by u,,(z) — ui(z), we may assume that 
Un(z) > 0 for all z € D. 
Now let a € D be a point such that (u,,(a)) is bounded, i.e. 
Un(a) <C. 
It follows from Harnack’s inequality that 


R+r 


= 
Un(z) SCE 


(r = |z—al) 


for all z in a full neighborhood of a. Hence the set of all z € D on which (u,) 
remains bounded is open in D. By means of an estimation of u(z) from below 
using Proposition 2.4, it can be shown analogously that the set of all points 
z € D on which (u,) is unbounded is open as well. 


It remains to prove the locally uniform convergence as stated in the corollary. 
Again this follows from Harnack’s inequality, applied to the functions 


Um(Z) —Un(z), m>n. 
Namely, let a € D be a given point; it then follows from Harnack’s inequality 
that there exists a neighborhood U (say U = U1,(a)) such that each € > 0 
admits an NV € N with 


0 < Um(z) — Un(z) < ¢ form >n>N and z €U. 


Hence the sequence (t,,) is a locally convergent Cauchy sequence. O 


Exercises for Sect. II.2 


1. Show from Harnack’s inequality that any harmonic function on the whole of C 
which is bounded from above or below is constant. 


2. Let H be a nonempty set of harmonic functions on a domain D C C. Assume 
that for two functions u,,u, € H there exists a function u € H with the property 


u > max(t,, Uy). 


Assume also that there exists at least one point a € D such that the function 
values u(a), u € H, remain bounded from above. Show that there exists a unique 
harmonic function &% with the property 


u(z) = sup{u(z); u € H}. 
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Hint. First, construct a sequence u,, € H such that u,,(a) converges increas- 
ingly to sup{u(a); wu € H}. The limit function of this sequence is harmonic, by 
Harnack’s principle. One can deduce from the maximum principle that the limit 
function has the desired properties. 


3. Let M > 0 and € > 0 be positive numbers. Show that there exists a positive 
number 6 > 0 such that for any harmonic function 


u:E—+R_ with |u(z)| < M for all z, 
one has 


|u(z,) — u(Zy)| < € for |z,|,|Z.| < 1/2 and |z, — z,| < 6. 


4. Prove the following variant of Montel’s theorem: 


Any bounded sequence of harmonic functions has a locally uniform convergent 
subsequence. 


3. The Boundary Value Problem for Disks 
Let 


f:(a,b) —~R, a<b, 


be a bounded and continuous function on an open bounded interval. Then the 


improper integral 
b 
[sea 


converges absolutely, since there exists a constant C' > 0 with the property 


d 
[l@laesctora<e<dcs. 


Since the Poisson kernel K(e’*, z) is bounded for z € E as a function of t, the 
integral 


exists. 


We choose sequences 


a<dn<b,<6b, lima, =a, limb, = b. 
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Obviously, the sequence 


an 


converges uniformly to u(z). Because of Corollary 2.2 and Theorem 2.3, the 
function u(z) is harmonic. 


More generally, let 
f: (a,b) -R 


be a bounded function which is continuous with finitely many exceptions 
A=a, <++:+<ad,=6. 


We then define 


The function 
b 
ule) = f OK(e,2) dt 


is harmonic in the unit disk. Now we assume that the length of the integration 
interval is 27. We are interested in the behavior of u when we approach a 
boundary point 

zy =e, ty € (a,a4+ 2r). 


3.1 Lemma. Let 
f:(a,a+27)—R 


be a bounded function which is continuous outside a finite set of points. Then 


the function 
a+2r 


is harmonic in the unit disk. Let to € (a,a+ 27m) be a point at which f is 
continuous, and let zo = e!°. Then 


u(z) = f(to). 


zz, |z|<1 
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Proof. The Poisson integral formula states, for u = 1, that 


a+2r 20 
K(e",2)dt= [xe z) dt = 27 
a 0 


Hence, for constant f, the statement in Lemma 3.1 is true. For this reason, we 
may assume that f(to) = 0. We then have to show, for given ¢ > 0, that 


|u(z)| <e€ 
in a full neighborhood of zg. To prove this, we choose a small 6 > 0 such that 
|f()| < e/2 for |t—to| <6, t€ (a,a+ 20). 


We can assume that 
(to — 6, to + 6) C (a,a + 2m). 


When t is not contained in (to — 6, tg + 6), we have 


lim K(e*,z) =0, 


Z— 2 
where the convergence is uniform in t. It follows that 


tot+d 
E 1 i 
ZS Racal i 
als S+5- f I@iK(e,2)at 
to—6 


toto 


E 1 ‘ 

~{1+— K(e**, z) dt 

5( 7a. i (e". 2) ) 
to—d 


IA 


if z is sufficiently close to zo. Now we have 


toto totam Qr 


| Kl 2ars J Ket2ae= f K(e.2 a= 28. 
to—d to-—T 10) 


So we obtain 
|u(z)|<e, z close enough to 29, 


as desired. Oo 


The solution of the boundary value problem for disks follows from Lemma 
3.1. 
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3.2 Proposition (H.A. Schwarz, 1872). Let 


f:0E-R 


be a bounded function on the boundary of the unit disk which is continuous 
outside a finite set of points. Then the Poisson integral 


u(2) = us(2) = / f(e*)K(el*, 2) dt 


On 


defines a harmonic function with the following property: if zo € OE is a bound- 
ary point at which f is continuous, then 


lim — u(z) = f(%o). 


Z—20,z€E 


Additional remark. 
1) In the case f =1, we have u=1. 
2) It follows from f <g that uf < ug. 


In particular, an estimate 


implies a corresponding estimate for u, 
m<u<WM. 


As a consequence, the harmonic functions constructed in Proposition 3.2 are 
bounded. 


Let D Cc C be a bounded open subset and let f : 0D — R be a continuous 
function on its boundary. The Diérichlet boundary value problem is to find 
a continuous function on the closure D which is harmonic in D and agrees 
with f on the boundary. Proposition 3.2 provides a solution to this boundary 
problem in case of the unit disk. In the following sections, we shall formulate 
the boundary value problem more generally on Riemann surfaces and prove 
several general existence and uniqueness results. 


Exercises for Sect. II.3 


1. The Poisson integral formula has been proved for functions which are harmonic in 
an open neighborhood of the closed unit disk. Show that it is true more generally 
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for functions which are continuous on the closed unit disk and harmonic in the 
interior. 


2. Let DC C be adomain. Assume that there exists a conformal map from D onto 
the unit disk which extends to a topological map D — E. Show that the Dirichlet 
boundary value problem for D is solvable. 


3. Let u be a continuous function on the closure of the upper half-plane H in the 
Riemann sphere which is in harmonic in H. Prove the following “Poisson integral 
formula” for the upper half-plane: 


ue) =4 f 0 a (z=a+iyeH). 


4. Let gy: R —R be a bounded continuous function. Show that 


ee ie p(t) 
uly) T 7 (a —t)? + y? a 


defines a harmonic function on H which converges to y as one approaches the real 
axis. 


5. Solve the boundary value problem for the unit disk and the boundary values 


fei = 1 if |z] =1 and Imz>0, 
~ ) 0° if jz] =1 and Imz <0. 


Result: 


1 Llz=1 
u(z) =1 ~ Arg (>=). 


6. Let D be an open bounded subset of the plane C, and let u, v be two continuous 
functions on the closure D which are harmonic in D and which agree on the 
boundary OD. Show that they agree on D. 


7. Let DC C bean open subset. A continuous function h : D — R has the midpoint 
property if, for any closed disk U,.(a) C D, the equation 


20 


h(a) = = / h(a + re)dt 
f) 
is satisfied. So, harmonic functions have the midpoint property. Show the con- 
verse: continuous functions with the midpoint property are harmonic. 
Hint. First show that functions with the midpoint property obey the maximum 
principle (Lemma 1.3). Then solve the boundary value problem for a disk U,.(a) 


whose closure is contained in D and where the boundary values are given by h. 
Then show that this solution and h coincide in U, (a). 
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4. The Formulation of the Boundary Value Problem on 
Riemann Surfaces and the Uniqueness of the Solution 


Let 
u:U—>R (U CC open) 


be a harmonic function and let 
yp: DTU (D Cc C open) 


be an analytic function. Then the function 


is harmonic too. 


This is a statement of local nature. Hence we may assume, for the proof, 
that u is the real part of an analytic function f. Then 


u(z) = Re(f(y(z)))- 


This simple observation allows us to extend the notion of a harmonic function 
to arbitrary Riemann surfaces. 


4.1 Definition. A functionu: X — R ona Riemann surface is called 
harmonic at a pointa € X if there exists an analytic chart 


gp:U—-V, ae, 
q q 
xX C 


such that the function 
Up=uop ':V—>R 
is harmonic in an open neighborhood of ~(a). 
The initial remark in this section then shows that this is true for all analytic 


charts y. Examples of harmonic functions are provided by the real parts of 
analytic functions. 


4.2 Remark. Let u be a harmonic function on a connected Riemann surface 
which vanishes in a nonempty open subset of X. Then u vanishes everywhere. 


The simple proof of the identity theorem is left to the reader. We note only 
that the zero set of a harmonic function is usually not discrete, as the example 
log |z| shows. 
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Formulation of the Boundary Value Problem 


A subset U of a topological space is called relatively compact if its closure is 
compact. A subset of R” is relatively compact iff it is bounded. 


4.3 Definition. LetU C X be an open relatively compact subset of a Riemann 
surface. We assume that each connected component of U has infinitely many 
boundary points. Let 

f:0U —R 


be a bounded function on the boundary of U which is continuous outside a finite 
set of points. 
A solution of the boundary value problem “(U, f)” is a bounded harmonic 
function 
u:U—-R 


such that 
lim u(x) = f(a) 


r—a,x€U 
for alla € OU outside a finite set of points. 
Remark. There then exists a finite set MM C OU such that the extension 
u:U—-M—R, 
ii ee for x € U, 
f(x) for®edU-—-M 
of wu is continuous. 


We want to show that the solution, if it exists, is uniquely determined. For 
this, we need certain generalizations of the maximum principle (Lemma 1.3). 
An obvious generalization states the following. 


4.4 Lemma. A harmonic function u: X — R on a connected Riemann 
surface which attains its maximum is constant. 


This implies the following statement. 


Variant of the Maximum Principle 


4.5 Lemma. Let 
u:U—->R 


be a harmonic function on an open relatively compact subset U of a Riemann 
surface X. We assume that no connected component of U is compact. We also 
assume that every boundary point a € OU admits a neighborhood U(a) Cc X 
with the property 

u(x) > 0 for allz € U(a) NU. 


Then 
u> 0. 
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Proof. We may assume that U is connected and nonempty, since the assump- 
tions of Lemma 4.5 carry over to each connected component. Let 


m= inf u(z) >-—oo (—oo is allowed). 
LE 


Since U is compact, there exists a sequence 

In EU, wul(r,) — m for n — c 
that converges in U. We can assume that u is not constant. Here we make use 
of the assumption that OU is not empty. The maximum principle shows that 


the limit a = lim x, is contained in the boundary of U. But then 


u(%,) > 0 for almost all n, 


and hence m > 0. Oo 
The following variant of the maximum principle allows finitely many excep- 
tional points on the boundary. As a consequence, we do not have to take care 
of finitely many “bad points” such as vertices and isolated boundary points. 
Hence we shall never be confronted with difficulties of topological nature. 


4.6 Proposition. Let 
u:U—->R 


be a harmonic function on an open relatively compact subset of a Riemann 
surface which is bounded from below. Assume that each boundary component of 
U has infinitely many boundary points. Furthermore, assume that each point 
a € OU up to finitely many exceptions admits a neighborhood U(a) C X with 
the property 

u(x) > 0 for all x € U(a) NU. 


Then 
u> 0. 


Corollary 1. The solution of the boundary value problem, if it exists, is 
uniquely determined. 


Corollary 2. Let “(U, f)” and “U,g)” be two boundary value problems on the 
same U. Then 


In particular, an estimate 


m<f<M (on dU) (m,M ER) 
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carries over to an estimate for wu: 
m <ug <M (on VU). 


Proof of Proposition 4.6. We can assume that U is connected and that wu is 
not constant, since OU contains infinitely many boundary points. Since w is 
bounded from below, we have 


m := inf u(x) > —oo. 
xEU 


We want to give an indirect argument, and hence assume 
m <0. 


Since U is compact, there exists a convergent sequence (ap), Zn € U, with the 


property 
lim u(t) =m. 


n— co 


The maximum principle shows that 


a= lim z, € OU 


n—Cco 


(and a is one of the finitely many exceptional points which are allowed by 
Proposition 4.6). 


Now we choose an open neighborhood U(a) such that there are no exceptional 
points in U(a)M OU besides a. We can achieve the result that there exists an 
analytic chart 


p:U(a)—E, p(a)=0. 


To improve the boundary, we diminish U(a): 
U'(a) = {w€U(a), |p(e)| < 1/2}. 


We now modify u on U’(a)NU in such a way that the assumptions of Proposition 
4.6 are fulfilled for all boundary points (including a). We consider 


ue(x) = u(x) — clog |y(z)|, x €U'(a) NU. 
This function is harmonic. We are interested in its boundary behavior. 
1) Obviously, for arbitrary ¢ > 0, 


lim u,(@) = ++0o. 


ra 
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2) Let be O(UNU'(a)), b# a. A simple topological consideration shows that 


either 
a) beU(a)NdU, ba, 
or 

b) be K :=UNAU"(a)). 


In the case a) we have, for positive ¢, 


ue(x) > u(x) > 0 


in a sufficiently small neighborhood of b. Now we consider 


= inf —u(a). 
xzEUndu (a) 


Claim. fs >m. 


Proof of the claim. In the case where yu is not negative, we are already done 
because m < 0. Hence we assume ps < 0. Then u has a minimum in UNOU'(a). 
The claim now follows from the maximum principle, since by assumption w is 
not constant. 


We can choose ¢ > 0 such that 
ue(x) > M for x € UNOU'(a), 0>M >m suitable. 
Now we can apply Lemma 4.5 to the function 
ue(x) — M on U'(a) NU 


and obtain 
ue(x) > M for x € U'(a) NU. 


This inequality can be applied to the sequence (z,,). Taking the limit, we 
obtain 
m>M, 


which contradicts the choice of M. oO 


Proof of the corollaries. Let u and v be two solutions of the boundary value 
problem. Then, for each ¢ > 0, the functions u— v+e and v—u-+e satisfy the 
assumptions of Proposition 4.6. Hence both are nonnegative on U. Since this 
is true for arbitrary « > 0, we obtain u = v. The second corollary is proved 
similarly. 


The assumption that any connected component of U has infinitely many 
boundary points is harmless, because of the following fact. 
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4.7 Remark. Let X be a connected Riemann surface and let U be an 
open nonempty relatively compact subset which has only finitely many boundary 
points. Then X is compact and X —U is a finite set. 


Proof. Let S be the set of boundary points of U. The set U is open and closed 
in X — S. By assumption, S$ is finite. Hence X — S remains connected. We 
obtain U = X —SandU=X. Oo 


Exercises for Sect. IT.4 
1. Prove the identity theorem (Theorem 4.2) for harmonic functions. 


2. Prove the following variant of Riemann’s extension theorem: 


Let D C C be an open subset, let a € D be a given point, and letu: D—{a}—> R 
be a bounded harmonic function. Then the singularity a is removable, i.e. u is the 
restriction of a harmonic function on the whole of D. 

Hint. It can be assumed that D is the unit disk and that u extends as a 
continuous function to the closed disk. Consider u as the solution of a boundary 
problem, where a can be considered as an exceptional boundary point. 


A further proof of the Riemann extension theorem for harmonic functions 
comes from the following exercise. 


3. Show that any harmonic function u in the punctured disk E” has the form 
u(z) = Alog |z| + Re f(z) 
with a constant A and an analytic function in E’. 


Hint. Take the residue of the analytic function (0, — i0,)(u) for A. 


4. Prove the following variant of the Schwarz reflection principle. 


Let D be the intersection of the unit disk with the upper half-plane and let u 
be a harmonic function on D which tends to 0 when the real axis is approached. 
Show that the function 


0 for Imz = 0, 


u(z) for Imz > 0, 
—u(Z) for Imz <0 


is harmonic in the full unit disk. 


Hint. It can be assumed that wu has a continuous extension to the closure of 
D. We know what U has to look like at the boundary of the unit disk. Define 
U as the solution of the corresponding boundary problem. Show that U vanishes 
on the real axis, and make use of the uniqueness of the solution of the boundary 
problem for D to show that U and u agree in D. 
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5. Solution of the Boundary Value Problem by Means 
of the Schwarz Alternating Method 


Since it is tedious to repeatedly point out the finitely many exceptional points of 
a solution of a boundary value problem and the boundedness property included 
in it, we shall adopt the following convention from this point onwards. 


5.1 Notation. Let U C X be an open subset of a Riemann surface, let 
u:U—-R 
be a harmonic function, let A C OU be a subset of the boundary (usually the 
whole boundary), and let f be a function which is defined on A. 
The notation 
u>fondA 
means the following. Let < be a positive number. Every point a € A admits an 
open neighborhood U(a) with the following two properties: 
a) u is bounded from below on UN U(a). 
b) With the exception of finitely many a, we have 
u(x) > f(a) —e forx EeUNU(a). 
In the casesu>f andu< f (i.e. -u>—f) on A, we write 


u=f ond. 


If we are familiar with the notion of a limit superior, we can formulate a) and 
b) as follows: 
a’) limsup,_,, u(x) > —oo for all a € A; 
b’) limsup,_,, u(x) > f(a) for almost all a € A. 

The condition “u = f on A” means the following. If we approach an 
arbitrary boundary point, then wu remains bounded. For almost all a on the 
boundary, the following holds: 


lim u(x) = f(a). 


When U Cc X is an open relatively compact subset and 
f:0U —R 


is a bounded function on the boundary which is continuous outside a finite set, 
then the solution of the boundary value problem “(U, f)” means a harmonic 
function u: U — R such that 


u= f on OU. 


We say that the boundary value problem on U is solvable if a solution exists 
for every f. 
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5.2 Theorem. Let U,V be two open relatively compact subsets of a Riemann 
surface X. Assume that every connected component of U UV has infinitely 
many boundary points. 


Assumption. 


a) OUN OV is a finite set. 
b) The boundary value problems for U and V are solvable. 


Claim. Then the boundary value problem for U UV is solvable. 
Proof. It follows from Remark 4.7 that each of the sets U, V, UM V has 
infinitely many boundary points. We may assume that UM V is not empty. 


We decompose the boundaries 


67 = FU UD, 
0"U =dUNV, WU =dU —-d"U 


and, analogously, 


OV =AVUA"Y, 
O"V =OVNU, AV=OdV—-<OA'V. 


We have 
AUUV) =DUVUOA'V. 


This decomposition is nearly disjoint, i.e. 0'U and 0’V have only finitely many 
points (from the set OUN OV) in common. We also have the fact that the sets 
OU NV) and 0”’U UO"V are equal up to finitely many points (also from the 
set OU NM OV): 


o'U OV. 


Now we construct, for a given boundary value distribution 
f:0UUV) —R, 


two sequences of harmonic functions 


Un: U —R, 
Un: V—-R (7 = 0/1; 25 2.2); 
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The construction is done inductively in the order 


U0, VO, U1, U1,--- 


(always alternating in U and V). We start with 


up = 0 


and then define vo, u1,... as solutions of the following boundary conditions: 


oe Fi on O'V, 
"lun ond”’V, n>0, 


ro Pi on O'U,~ 
rl un-1 on VU, n>O0. 


Now we show, step by step, the following: 


1) 


Ww bw 
wa 


The limits 
u=limun, v=limvy, 


exist and are harmonic. 
uUNV =vlUNV. 
The harmonic function 
(u,v) :U —R, 


which arises from gluing u and v, gives the solution of the boundary value 


problem “(U UV, f)”. 


By assumption, the function f is bounded. Since f can be modified by an 
additive constant, we may assume that 


On faG (CER). 
The corollary of Proposition 4.6 shows inductively that 


O<up Sup <---' <C, 
O<u <u <-:- <C. 


By Harnack’s principle, the limits 
u=limu,, v=limuny, 


exist and are harmonic. 


This proves 1). 
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2) Again using Proposition 4.6, we show that on UM V the inequality 


Un > Un—1 (n > 1) 


holds. Here we have to use the fact that the boundary of UM V coincides 
with 0’U U 0”V up to finitely many points. It follows from the above 
inequality that 

u>v onUuUnv 


by taking limits, and then u = v by symmetry. 


3) We show (using Notation 5.1) that 
u=f ondU 
and analogously, 
v=f onW#V 


and hence 
(u,v) =f ondUUY). 
For the proof, we consider the harmonic function 
w:U—-C 
which solves the boundary value problem 
= { 0 on O'U~7 
Con O"U. 
From Proposition 4.6 we get 


u<u<sutw onU 


and hence 
“=u =f on OU. Oo 


Some simple examples for which the boundary value problem can be solved 
are described below. 


5.3 Remark. Let U Cc X be an open relatively compact subset of a Riemann 
surface. Assume that there exists a biholomorphic map onto the unit disk 


f:UuU—E 


which, outside a finite set of points, extends to a topological map of the bound- 
ary. 


(This means that there exist finite subsets M C OU, N C OE and a topological 
extension 


U-M—-+E-N 
of f). Then the boundary value problem is solvable on U. 


The proof is trivial. oO 
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5.4 Corollary. The boundary value problem is solvable on a disk two-gon, 


(A disk two-gon is the intersection of the interior of a disk with the interior or 
exterior of another disk such that neither of the disks is inside the other one.) 


For the proof, we construct a conformal map from the disk two-gon onto 
the unit disk such that this map extends topologically to the closures. This is 
done in three steps; the details are left to the reader. 


First step. Let a be a vertex of the two-gon. By means of the conformal map 


1 


a ’ 
z—a 


the two-gon is mapped onto an angle area: 


Second step. We can assume that the negative real axis is not contained in the 
angle area. We can then use 


a a log z ( 


Zz Se log = principal branch of the logarithm) 


for a suitable a to get a conformal map onto a half-plane. 


Third step . We can assume that the half-plane is the upper half-plane and then 
use the standard map z — (z — i)/(z +i) from the upper half-plane onto the 
unit disk. It is easy to see how these maps behave on the boundaries. O 


Now we prove a proposition by means of the alternating method (Theorem 
5.2). 


5.5 Proposition. The boundary value problem is solvable for annuli 


r= |3| 8 (=F = hoa), 


Proof. Obviously, the annulus can be covered by annuli in such a way that 
Theorem 5.2 can be applied iteratively. 
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Covering of a part of an 
annulus by three disk two- 
gons and two disks. The 
boundaries of any two of 
them have only finitely 
many points in common. 


The Exceptional Points of the Boundary Value Problem 


Let U Cc X be an open relatively compact subset of a Riemann surface for 
which the boundary value problem is solvable. 


A boundary point a € OU is called an exceptional point (with respect to the 
boundary value problem) if there is a boundary value problem “(U, f)” such 
that f is continuous at a, but the equality 


lim u(z) = f(a) (wu is the solution of the boundary value problem) 


wa 


is not true. 


The proof of Theorem 5.2 immediately shows the following. 


5.6 Remark. We use the same notation as in Theorem 5.2. Let a be an 
exceptional point of U UV. Then 


either a is an exceptional point of U, 
or a is an exceptional point of V, 
or aecdaqunov. 


It is in the nature of the alternating method that points from OU NM OV can 
produce new exceptional points. 


The boundary value problem for U is called strictly solvable if U has no 
exceptional points. Then the solution extends continuously to the whole closure 
U. The next statement follows from Proposition 3.2. 


The boundary value problem is strictly solvable for the unit disk. 


We have shown that the boundary value problem is solvable for disk two- 
gons. It is clear that the only possible exceptional points are the vertices. 
(Looking a little closely, we shall see that they are not exceptional points, but 
we shall not need this.) 


The solution of the boundary value problem for an annulus was obtained 
by covering the annulus with disks and disk two-gons and application of the 
alternating method (Proposition 5.5). Since the disks and two-gons can be 
changed a little, we can obtain an improvement using Remark 5.6. 
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5.7 Remark. Improvement of Remark 5.5. The boundary value problem 
is strictly solvable (without exceptional points) for annuli. 


Exercises for Sect. II.5 


1. Let D be an open square and let K be a compact square contained in D with 
edges parallel to the axes. Show that the boundary value problem for (D— K,C) 
is solvable. 


2. Show that the boundary value problem is solvable for (C — [—1, 1], C). 


3. Show that any conformal map of a disk two-gon onto the unit disk extends con- 
tinuously to the closures. 


4. Show that there is a nonconstant continuous function on the Riemann sphere 
which is harmonic in the complement of the unit circle. 


6. The Normalized Solution of the External Space Prob- 
lem 


In the following constructions, we make use of an exhaustion of the Riemann 
surface. For this we need the following assumption. 


6.1 Assumption. The Riemann surface X considered below has a countable 
basis of the topology. 

Actually, we shall see in the appendix to this section that every connected 
Riemann surface has a countable basis of the topology. 

6.2 Definition. A disk on a Riemann surface X is an analytic chart whose 


domain of values is the unit disk: 


nw 


p:U — E. 


We shall use the notation 


U(r) ={x EU; |y(x)| <r} (0<r< 1), 
A(r) =AU(r)) ={x EU; |p(x)| =r}. 
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Let 
f: 01/2) —R 


be a continuous function. A solution of the external space problem is a 
function 


u:X —U(1/2) —R 
with the properties 


1) u is continuous; 


2) ul0(1/2) = fi 
3) u is harmonic in the interior (X — U(1/2)). 


Usually, the solution u of the external space problem is not unique. Clearly, 
O(1/2) is the boundary of X — U(1/2), but this set needs not to be compact. 
So, at the moment, we know neither existence nor uniqueness. 


In the following, we shall construct a distinguished, so-called normalized 
solution of the external space problem. 


6.3 Proposition. Let X be a Riemann surface with a countable basis of the 
topology and let p: U — E be a disk on X. There exists a unique map which 
assigns to each continuous function f : O(1/2) — R a normalized solution 
of the external space problem which has the following minimality property: 


Assume f > 0 and let u be an arbitrary solution of the external space 
problem defined by f such that u > 0. Then u(f) <u. 


Moreover: 
1) The assignment f > u(f) is R-linear. 
2) f<g= uf) < uly). 


Special case. In the case f = 1, the normalized solution has a special meaning. 
This solution is denoted by w. We have 


w=1 0n O(1/2) and0<w <1. 


The uniqueness of the map is obvious. For the proof of its existence, we con- 
struct an exhaustion. Since X has a a countable basis of the topology and 
since it is locally compact, it is countable at infinity. This means that X can 
be written as a countable union of compact sets, 


X=K,UK2U..., Ky, compact. 


We use this for the construction of the exhaustion of X. (Actually, the solution 
is independent of the choice of the exhaustion because of its uniqueness. ) 
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6.4 Proposition. Let X be a Riemann surface with a countable basis of the 
topology, and let 


p:U —-E 


be a disk on X. There exists a sequence 


U(3/4) C Ay C Ap C ABC... 


of relatively compact open subsets with the following properties: 
1) X= Awe 
2) The boundary value problem for 


A, -UG/2), n=1,2,..., 


is solvable. 


6.5 Remark. We have 


(An — U(1/2)) = O(An) U A(1/2). 


We call O(A,,) the exterior boundary and 0(1/2) the interior boundary of 
A, — U(1/2). The two are disjoint because of the assumption U(3/4) C Ap. 


Proof. Let 


X' := X —U(1/2). 


Like X, X’ also has a countable basis of the topology. For each point a’ € X’, 
we choose a disk 


y’:U'—-E; UCX’, y'(a’)=0. 


Each compact subset can be covered by finitely many of the U’(1/2). 


Hence there exists a sequence 


Yn:U,—E 


of disks in X’ with the property 


CO 


x = |) 0,02). 


n=1 


With a suitable choice of a sequence of numbers 


1/2<1r,<1 
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that will be fixed later, we define 
A, := U(3/4) U Uy(r1) Waa eU Un(tn). 


These sets are relatively compact and they exhaust X. We have to investigate 
whether the boundary value problem is solvable for A,, — U(1/2). We have 


A, — U(1/2) = RUU,(r1) UU... UU (rn), 
where R denotes the annulus 
R={xEU; 1/2 < |y(x)| < 3/4}. 


Since the boundary value problem has been solved for disks and annuli, it is 
sufficient — by the alternating method — to choose the numbers r,, € (1/2, 1) in 
such a way that 


Un+1(%n41) and RU Ui(11) U...U Un(Tn) 


share only finitely many boundary points. The following lemma gives an in- 
ductive construction for a sequence r,, with these properties. 


6.6 Lemma. Let 


p:U—E, »w:V—E 


be two disks on the Riemann surface X. If the two domains U(r) and V(r) 
have infinitely many boundary points in common, then their boundaries agree 
(OU(r) = OV(r)). 

Proof. We assume that there are infinitely many boundary points, and show 


that 
OV(r) C OU(r). 


(Equality then follows from symmetry.) Since OV(r) is compact, the intersec- 
tion OV(r) MN OU(r) contains an accumulation point in OV(r). We denote by 
M Cc OV(r) the set of all such accumulation points. This set is closed, for 
trivial reasons. If we can show that M is also open in OV(r) we are done, 
because then, for reasons of connectedness, we have 


OV(r)=M (Cc dU(r)NOV(r)). 


It follows directly from the following simple remark that M is open. 
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6.7 Remark. Let f be an analytic function on an open neighborhood of 
1¢€C. Assume that there exists a sequence (an) of complex numbers with the 
following properties: 


a) a, #1, lima, =1; 

b) — |a,| = 1; 

c)  |f(an)| = 1. 

Then there exists a neighborhood U of 1 such that 


eeu, jal= l= |f(e)|=1. 


For the proof, we consider the analytic function 


g(z) = F(2), 


and 

h(y) = fle?)g(e"?) — 1. 
This function is analytic in a small (complex!) disk around y = 0. For real y, 
we have 


h(y) = |f(el*)? = 1. 


By assumption, the zeros of h have 0 as an accumulation point. From the 
identity theorem for holomorphic functions, we get 


> 
Ill 
o 


This proves the remark and hence Lemma 6.6. O 


Construction of the Solution of the Normalized External Space Prob- 
lem 
We now come to the proof of 6.3. 


Proof of Proposition 6.3. We construct, for a given continuous boundary allo- 
cation 


f:a(U(1/2)) — R 
| 
“lz —= 1/2”, 
a solution of the external space problem, i.e. a harmonic function 
u=u(f): X —U(1/2) —R 
with boundary values f. 
First of all, we consider the (uniquely determined) harmonic function 


Un : A,, — U(1/2) —> R 
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with boundary values 


Un = f on the interior boundary (0U(1/2)), 


Un = 0 on the exteriour boundary (0A,). 


We notice that by Remarks 5.6 and 5.7, there will be no exceptional points 
on the interior boundary 0(1/2). Since f, by assumption, is continuous every- 
where, we have 

lim u,(x) = f(a) for all a € O(1/2). 


«ra 


6.8 Lemma. The sequence of solutions 


Un = Un(f): An — U(1/2) — R 
of the boundary value problem 


Un = f on the interior boundary (OU(1/2)), 


Un = 0 on the exteriour boundary (OA,) 


converges *) locally uniformly to a bounded harmonic function 


wu: X —U(1/2) —R. 


We have 
u=f on OU(1/2). 


Proof. First, assume f > 0. By the maximum principle, all wu, are nonnegative, 
since this is true on the boundary. In particular, u,,41 is greater or equal to 
Un on the open set A, — U(1/2) since this true on the boundary. Hence the 
sequence of functions u, is increasing. Now the statement about convergence 
in Lemma 6.8 follows from Harnack’s principle. In the general case, we use the 
decomposition 


1 1 
f= 5(f+If) - 5Ufl-D). 


It remains to study the behavior of u = u(f) at the boundary. (The obvious 
argument 


lim u(x) = lim lim u,(x) = lim lim u,(x) = f(a) 


@w—a La N00 No wa 


*) Actually, we have never introduced the notion of a convergent sequence of func- 
tions f : U, — C for a varying sequence of domains of definition U,,. In our case, 
this sequence is increasing. Hence, for an arbitrary point a of the union of the U,,, 
we have a € U,, for almost all n. Thus it is clear what the limit means. 
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is not correct, since it is usually not allowed to interchange limits.) In the first 
step, we consider the special case 


SY 
Ill 
= 


In this case we write 
Wy = Un(1), w := limw,. 


We have 
0 <wp(r) < w(x) <1. 


The claim about the behavior at the boundary of w becomes clear if we take 
for fixed n (for example n = 1) the limit x — a, where a is a boundary point. 
Since w1(x) then converges to 1, we get the same result for w(x). 


General case. It is sufficient to prove that 
u(f) > f on OU(1/2). 


Equality is then obtained by replacing f by —f. 
For the proof of the inequality, we choose a constant C' > 0 with the property 


f+C20. 

In this case (u,) is an increasing sequence, and from 

in(f+tC)=f+C on a(U(1/2)) 
we obtain at least 

uf+C)>f+C on od(U(1/2)). 
On the other hand, we have 

u(f +C) = u(f) + Cw. 
Both of these together give 
u(f)2f on A(U(1/2)), 


as stated. The properties 1) and 2) in Proposition 6.3 are clearly satisfied. 
oO 


Examples. 
1) Let X =C, y=ide:E-—E, boundary value distribution f = 1. 


6. The Normalized Solution of the External Space Problem 87 


We choose the exhaustion 
A,={z;. |2| <7} 


and obtain 
log |z/n| log |z| — logn 
log(1/2n) — log(2n) 


Taking the limit n — co, we obtain 


u=l. 


2) X={zEC; |z|<2}, yv=idg: E - E, boundary value distribution 
f=l. 
We take the exhaustion 


Ag={s. |2\e2—lyn} 


Lb 


and obtain in this case 
log |z/(2 — 1/n)| 
log(1/(2(2 — 1/n))) ° 


Un(Z) = 

Taking the limit n — oo, we get 
] 2 
w= Sel 
log(1/4) 


The normalized solution of the boundary value problem with respect to a con- 
stant boundary value distribution can, but need not, be constant. 


Exercises for Sect. II.6 


1. Let D be a bounded domain of the plane. Show that the normalized solution of 
the external space problem with respect to a boundary value distribution equal 
to constant 1 is not constant. 


2. Let X be a compact Riemann surface and let S' be a finite subset. Show that the 
normalized solution of the external space problem for a constant boundary value 
distribution is constant. 


3. Choose a concrete disk in the upper half-plane and determine the explicit solution 
of the external space problem for the boundary value distribution f = 1. 


4. Show that the normalized solution of the external space problem for the boundary 
value distribution f = 1 on the slit plane C — {x € R; x < 0} is not constant. 
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Appendix to 6. Countability of Riemann Surfaces 


6.9 Theorem. Every connected Riemann surface has a countable basis of the 
topology. As a consequence, it is countable at infinity, i.e. it can be written as 
the union of an ascending chain of a sequence of compact sets. 


In the usual constructions of Riemann surfaces, the countability is immediately 
clear. Hence, in practise, this relatively deep result is not necessary. We shall 
be brief with the proof. First of all, we recall the definition of countability: 


A topological space X has a countable basis of the topology if there exists a se- 
quence of open subsets U,, Uz, U3,... such that each open subset can be written 
as a union of members of this sequence. 


Example. A metric space (X,d) which admits a countable dense subset S CX 
has a countable basis of the topology. For the proof, we consider the (countable) 
system of balls around points from S with rational radii. 


First of all, we assume that on the connected Riemann surface X there 
exists a nonconstant analytic function f. Then we prove that X is metrizable. 
Metrization of X 


Let 
a: [0,1] — X 


be a piecewise smooth curve. We denote the Euclidean length of its image 
under f by 
L(a) :=1(f 0a) (= Euclidean length). 


Now, let a,b be from X. We define 


d(a, b) := inf L(a), 


where a runs over all curves with starting point a and endpoint b. It is not dif- 
ficult to show that this defines a metric on X which induces the given topology 
on X. 


Construction of a Countable Dense Subset 


For this purpose, we can remove a discrete subset from X, for example the set 
of all points where f is not locally topological. Hence we assume that 


f:xX —C 


is locally topological. We choose some point a € X and can assume that 


f(a) =0. 
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6.10 Definition. A point b € X is called rational if there exists a curve 
a: [0,1] —> X, a(0) =a, a(1) =8, 


whose image curve f oa ts a piecewise linear function with rational vertices. 


The set of all of these piecewise linear curves is countable. Because of the 
uniqueness of the curve lifting, we obtain the result that the set of all curves 
a and hence the set of all rational points b € X is countable. We can also see 
easily that the set of rational points is dense in X. This proves the countability 
of (the topology of) X (if the function f exists). 

We want to weaken this condition. So, we now assume only that on the 
connected Riemann surface there exists a nonconstant harmonic function 


u:X —R. 
Then we construct a holomorphic map 
p: xX 
of a connected Riemann surface X onto X such that 
U:=uop 


is the real part of an analytic function. (Then = and, as a consequence, X are 
countable.) It is possible to take the universal covering for X (see the appendix 
to Chap. III). If we want to avoid using its existence, we can use the following 
construction. 

Fix a point a € X. In a small open neighborhood U(a) the function wu is 
the real part of an analytic function. It is easy to show the following. 

If a: [0,1] — X is a curve with starting point a = a(0), then f admits 
an analytic continuation along a. (It should be clear what this means.) In 
analogy to the analytisches Gebilde, we construct from all these continuations 
a “covering” X — X, on which f becomes single-valued. 

The essential point of the proof of the countability turns out to be the 
existence of a harmonic function. 


Existence of a Harmonic Function 


We choose a disk 


yp:U > E 


on our connected Riemann surface, and claim the following: 


There exists a nonconstant harmonic function 


wu: X —U(1/2) —R. 
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Then X — U(1/2) and, as a consequence, also X have a countable basis of the 
topology. For the construction of u, we choose some continuous boundary value 
distribution 

f:0U(1/2) —R, O0<f<1, 


which is different from 0. We want to construct wu such that 
u= f on OU(1/2). 


The problem is that we do not know that X has a countable basis of the 
topology. Therefore we consider open connected subsurfaces Y C X such that 
U cY CX with a countable basis of the topology. We call them “countable 
subsurfaces” for short. Clearly, X is the union of all the countable Y: 


X= LJ. © 


UCYCX 
y “countable” 


For each Y (and the given disk y), we denote by 
uy :Y —U(1/2) — R 

the normalized solution of the external space problem 

uy|O(1/2) = f. 
It is easy to see that 

YcyY = wy<ay fon ¥). 
All uy are bounded by 1. Hence the function 
Uwi= Sup uy 

is well defined on the whole of X — U(1/2). 


Claim. u is continuous on X — U(1/2). 


Proof. First we show that, for any a € X — U(1/2), there exists a countable 
Y with u(a) = uy(a). Since the supremum of a set of real numbers can be 
obtained as the limit of a sequence of real numbers in this set, there exists for 
each a € S' a sequence of countable surfaces a € Yj C Yo C ... such that 


u(a) =limun(a), Un := uy,. 


The union Y = Yj UY U-::: is countable too. Because un, < uy < u, we have 
u(a) = uy(a) for this Y. 
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Now let S be a countable subset of X. For each a € S, there exists a 
countable Y(a) such that wy (q)(a) = u(a). We now denote the union of these 
Y(a) by Y. Then we have a countable Y such that u(a) = uy(a) for alla e€ S. 


This shows that the restriction of u|S to any countable subset is continuous 
on S. As a consequence, u is sequence continuous. Continuity is a local prop- 
erty and, locally, X looks like an open subset of the plane. Hence sequence 
continuity implies continuity. 

Claim. u is harmonic on X — U(1/2). 

Proof of the claim. We consider open subsets U Cc X —(U(1/2)) which admit a 
countable dense subset S. We know that there exists a countable Y 5 S' such 
that u= uy on S. Since u is continuous, we get u = uy on U. This shows that 
u is harmonic on U. Since the sets U cover X — (U(1/2)), we obtain the result 
that wis harmonic there. This completes the proof of the countability. O 


7. Construction of Harmonic Functions with Prescribed 
Singularities: The Bordered Case 


Let X be a Riemann surface and let A C X be an open relatively compact 
subset. We assume that each boundary component of A has infinitely many 
boundary points. (For example, this excludes the case where X is compact and 
X =A.) 

We assume that a disk y is given in A. Recall that this is an analytic chart 
which maps an open subset U C A onto the unit disk: 


p:U-E. 

For a number r € (0,1), we introduce the notation 
U(r) ={« EU; |p(a)| <r}, 
U(r) ={z EU; |y(2)| <r}. 


We then consider the “annulus” 
R = U(3/4) — U(1/2) (1/2 < |z| < 3/4), 
R=UG/H-U(1/2) (1/2 < lal < 3/4) 


and, finally, make the following assumption. 


7.1 Assumption. The boundary value problem is solvable for the domain 


A=TD. 


Under this assumption (and the assumption that each boundary component of 
A has infinitely many boundary points), we prove the following proposition. 
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7.2 Proposition. Let - 

uo : RoR 
be a continuous function on the closed annulus R which is harmonic in the 
interior R. There exists a unique bounded harmonic function 


u: A—U(1/2) -R 


with the following properties: 


a) The harmonic function u—wuo (a priori defined on R) extends to U(3/4) as 
a harmonic function. 


b) u=0 on OA. 


Condition a) can be expressed roughly as follows: the harmonic function u has 
the same singular behavior in the “hole” U(1/2) as uo. 


Proof. The uniqueness of the solution is clear, since the difference of two 
solutions is harmonic on A and vanishes along OA. 


Existence. (Compare with the proof of Proposition 3.2.) We construct a se- 
quence of harmonic functions which are defined alternatingly on the two do- 
mains 


A —U(1/2) and U(3/4). 
We define 
a:=O0A 
and 
Ar) :={2eU; |y(x)| =r}. 
We then have 


O(A — U(1/2)) = aU (1/2), 
O(U(3/4)) = 0(3/4). 
We now define sequences of harmonic functions 


U,: A-—U(1/2) —~R, n2>1, 
vn: U(3/4) RR, n2>O0, 


in the ordering 
U0, U1, U1, U2, U2,-++;5 


by the conditions 


vo = 0, 
a +ug on O(1/2), 
tiny, = 
0 on a, 
Un = Un — Ug on O(3/4) (n > 1). 
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We have to show that both sequences converge. For this, we estimate the 
difference un+1— Un on the line 0(3/4). We claim the following: 


There exist constants 
C>0and0<q<l 


with the property 
\Unti—Un| <Cq” on 0(3/4) (n > 0). 


Proof. The function uw; — uo is continuous on 0(3/4). Hence we find C > 0 
such that 
Jur —uo] < Con O(3/4). 


To construct g, we consider the harmonic function w on A — U(1/2) which 
solves the boundary value problem 


_f0 ona=dA, 
Y= 1 on A(1/2). 


7.3 Claim. There exists a constant q <1 such that 


w(z)<q forxz € 0(3/4). 


Because of the maximum principle (and the compactness of 0(3/4)), we have 
to show that w is not constant 1 on the connected component of A — U(1/2) 
which contains 0(3/4). This follows from the boundary behavior (w = 0 on 
OA) and the assumption that each connected component has infinitely many 
boundary points. 


The numbers C' and q having been defined, we prove the inequality 
|Un+1 — Un| < Cq” on 0(3/4) 
by induction on n. By construction of the sequences (un), (vn), we have 
Un — Un—1 = Un — Un—1 on O(3/4). 


This shows that 
\Un —Un—1|<Cq™* on A(3/4). 


Since the functions v, are harmonic on the whole of U(3/4), this inequality 
must be true on the whole of U(3/4), and, in particular, on 0(1/2). From the 
construction of the two sequences, it again follows that 


Until — Un =VUn—Un—1 on O(1/2) 
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and hence 
caw) < Ug?" on 0/2). 


Hence the inequality 
iad = te) Sg 


is true on the boundary of A — U(1/2). By the maximum principle, it is true 
in the interior too. We obtain 


Juni — Un| < Cq”*q=Cq” on A(3/4), 


as has been stated. 


It now follows from the maximum principle that 
\Unti —Un| (= |Unti—Un| on 0(3/4))  < Cg” on the whole of U(3/4). 


Since v,, extends continuously to the boundary of U(3/4), the inequality holds 
on U(3/4). We apply this inequality on 0(1/2) and obtain 


|Un+1 —Un| < Cg"? on (1/2). 


Again we apply the maximum principle, and obtain the result that the last 
inequality is true on A — U(1/2). Since u, has a continuous extension to 
the boundary 0(1/2), it is true on the set A — U(1/2). It follows from the 
Weierstrass majorization theorem that the series 


u:= So (unz1—Un) (on A—U(1/2)), 
v:= S (tn41—n) (on U(3/4)) 


converge uniformly and the limit functions 
u—Up=limu,, v=limv, 


are continuous and harmonic in the interiors. 


To prove Proposition 7.2, it remains to show that u— up and v coincide in 
the intersection R of the two domains, i.e. 


lim uy, = lim vp. 

n— co n—-oo 
As we have seen, the two limits are uniform on the closure R. Hence they rep- 
resent continuous functions there. It is sufficient to show that u and v coincide 
on the boundary of R, and hence on 0(1/2) and 0(3/4). This immediately 
follows from the boundary behavior of the uy, and Up. 


It remains to show that wu vanishes on the exterior boundary a. For this, 
we consider the harmonic function w on A—U/(1/2) which solves the boundary 
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value problem w = 1 on O(1/2) and w = 0 on a. If we take an upper bound of 
ug for C, then it follows from the maximum principle that 


—Cw < Un Un < Cw. 


This inequality carries over to the limits and shows that they are 0 on a. 


Exercises for Sect. II.7 


1. Consider the disk 
A= {z; |z) <2} CC. 
Determine a harmonic function u on A— {0} which extends continuously to zero 
at the boundary of A and is such that u(z) +log|z| extends harmonically to zero. 
Interpret this as a solution in the sense Proposition 7.2. 


2. Consider an arbitrary finite subset S of the upper half-plane and construct a 
harmonic function u on H — S which cannot be extended continuously to any 
point of S and is such that wu can be extended as a continuous function to the 
closure of H in the Riemann sphere. 


3. In the proof of Proposition 7.2, we showed that 


lim u, = lim v,. 


n—oco n—- oo 


Another proof runs as follows. It is enough to treat the case u, > 0. But then 


Ug SU LV, LS Ug, Sg <... 


This gives 0 < v, —u, <u, 
this proof. 


417 Un and hence the claim. Provide the details of 


8. Construction of Harmonic Functions with a 
Logarithmic singularity: The Green’s Function 


A harmonic function on a connected compact Riemann surface is constant. Hence we 
are led to allow singularities for harmonic functions. In Sect. 7 we performed such 
a construction for relatively open subsets U C X with a true boundary. We are led 
to exhaust X by a sequence of such domains and to take a limit. In this section, we 
describe such an exhaustion and apply it to the simplest case where the limit works. 
By definition, this case is the hyperbolic case. The function which we shall obtain, is 
called the Green’s function. 
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It is our goal to construct, on a punctured Riemann surface (X,a), a har- 
monic function u: X — {a} — R with a singularity at a that is as simple as 
possible. We describe what may be simplest the type of singularity. 


8.1 Definition. A harmonic function 
u:U' =U-—{0}—R, O€UCC open, 
is called logarithmically singular (at 0) if 
u(2) + Jog [2 
extends as a harmonic function to U. 
We want to extend this notion to Riemann surfaces. For this, we have to check 
its conformal invariance. 
8.2 Remark. Let 
yp:U—-V, U,V CC open, 
0+— 0, 


be a biholomorphic map between open neighborhoods of the origin in the complex 
plane. The harmonic function 


log |z|—log|p(z)| (2 € U — {0}) 
has a removable singularity at 0 (i.e. it extends to a harmonic function on U). 


Proof. We use the formula 


log |y(z)| — log |z| = Relog atom 
z& 


(The function y(z)/z has a removable singularity at z = 0 and is different from 
0 there. Hence it admits a holomorphic logarithm in a small neighborhood of 
0.) Oo 


8.3 Definition. Let X be a Riemann surface and let a € X be a point. A 
harmonic function 
u:X—{a}—R 


is called logarithmically singular at a if there exists an analytic chart 
eo: —+V 
WU W 


at 0 


such that the transported function u, on V is logarithmically singular at 0 in 
the sense of Definition 8.1. 


Because of Remark 8.2, this condition is independent of the choice of y. 
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Green’s Function 


For the rest of this section, we make the following assumption. 


8.4 Assumption. The Riemann surface X is connected but not compact. 
From Remark 4.7, we know that each open relatively compact subset of X has 
infinitely many boundary points. 


For a given point a € X, we consider an exhaustion 
ae A, CAgc::: 


as described in Proposition 6.4. By Proposition 7.2, there exist harmonic func- 
tions 
Un: An —{a}— R 
with the following properties: 
a) Un is logarithmically singular at a; 
b) Un =0 on OAy. 
We want to try to take the limit n — oo, and for this purpose we point out the 
following: 


1) The function wu, is positive in a small neighborhood of a. Since it is zero on 
the “exterior” boundary 0A,,, we get 


Un > 0 on the whole of A,, — {a}. 


2) For m > n, the function u,, — up, is harmonic in the whole of A,, (and also 
in a) and not negative on the boundary 0A,, (because of 1)). It follows that 


Um > Un form >n. 


3) Now we assume that the sequence u,,(x) remains bounded at at least one 
point x € X (it is defined at the given point for almost all n). By Harnack’s 
principle, the limit 

u(z)= lim up, (2) 


(n2n(«)) 


then exists for all x € X — {a} and defines a harmonic function 
u:X—{a}—R 


with the following properties: 
a) ud 0; 
b) wis logarithmically singular at a. 


The property b) results if we apply Harnack’s principle to u, —u, in the domain 
Aj. 
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8.5 Notation. The set 
Ma = Ma(X) 
consists of all harmonic functions v : X — {a} —> R with the following prop- 
erties: 
a) v 2 0; 
b) v is logarithmically singular at a. 


If the above limit works, the set M, is not empty. The converse statement is 
also true! For if v € Ma, then 


VU—Un >O0 on dA, 


and, by the maximum principle, on the whole of A,. Hence the sequence 
(Un(X))n>n(x) remains bounded for each x € X. 


We also obtain 
u:=limu, < v. 


This is true for arbitrary v € M,. Hence the function wu is minimal in Mg. 


So, we obtain the following result. 


8.6 Proposition. If the set M, (as defined in Notation 8.5) is not empty, 
then it contains a unique minimal element u, 1.e. 


u<v for allue Mg. 


8.7 Definition. The minimal element of Mag — in the case where Mg, is not 
empty — is called the Green’s function of X with respect to a. We denote the 
Green’s function (when it exists) by 


G,:X —{o} — R. 


Example. The Green’s function on the unit disk E with respect to a = 0 exists, 
since the function — log |z| is contained in Mg. 


The minimality property of the Green’s function admits a refinement. 


8.8 Remark. Let S be a discrete subset of X which contains a. Let u be a 
nowhere negative harmonic function on X —S which is logarithmically singular 
at a. Then 

Ga <u. 


The same proof as in Proposition 8.6 works if one takes into consideration the 
fact that the maximum principle admits finitely many exceptional points. 
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8.9 Definition. The Riemann surface X is called hyperbolic, if the Green’s 
function exists for every pointa Ee X. 


For example, the unit disk is hyperbolic, since the Green’s function exists 
for one point and the group of biholomorphic transformations E — E acts 
transitively. 


The plane C is not hyperbolic, as the example 2) at the end of Sect. 6 shows. 


Exercises for Sect. II.8 


1. Show that the function —log|z| is the Green’s function of the unit disk with 
respect to the origin. 


2. Let SC C bea finite set. Show that the Riemann surface C — S is not hyperbolic. 
3. Show that every bounded domain of the plane is hyperbolic. 


4. Show that the slit plane C_ is hyperbolic. 


9. Construction of Harmonic Functions with a Prescribed 
Singularity: The Case of a Positive Boundary 


Again we assume that X is a connected Riemann surface with a countable basis 
of the topology and that 


p:U—-E (U Cc X open), 


at— 0, 


is a disk. 
In this section, we shall use the normalized solution 
u=u(f): X —U(1/2) —R 


of an external space problem (see Proposition 6.3) 


f :0(1/2) —R. 
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The case 


Ss 
Ill 
= 


is of special importance. In this case, the solution is denoted by 
Ww (O<w<1). 


9.1 Definition. The Riemann surface X has a zero boundary with respect 
to the disk p : U — E if the normalized solution w of the boundary value 
problem f =1 on O(1/2) is constant: 


€ 
Ill 
=n 


Otherwise, we say that X has a positive boundary (with respect to yp). 


It is clear that compact surfaces have a zero boundary. Later (Proposition 
11.5) we shall see that the notions of a zero boundary and a positive boundary 
are independent of the choice of the disk y. 


Motivation for the Notion of a “Zero Boundary” 


The function w was constructed as the limit of a sequence of functions w,, which 
have value 1 on an interior boundary 0(1/2) and vanish on an exterior boundary 
O(A,,). When the sequence w,, converges to 1, we may imagine that the exterior 
boundary O(A,,) loses its power with increasing n. So w becomes constant 1. 
We may imagine that the sequence 0(A,,) tends to an “ideal boundary” which 
has no ability to influence w. (The ideal boundary is often spoken about in the 
old literature. The function 1 —w is sometimes called the “harmonic measure”. 
There is no need for us to make these notions precise. ) 


As in Sect. 7, we consider a continuous function 
ui R={eEU; 1/2<|pla)| <3/4} 


on aclosed annulus R which is harmonic in the interior. We look for a harmonic 
function 


uw: X —U(1/2) — R 


such that wu — uo extends to a harmonic function on U(3/4). There are two 
obvious ways to do this: 
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1) We exhaust X by domains A,, and try to obtain wu as the limit wu, of the 


solution in the bounded case (see Sect. 7, u, = 0 on the exterior boundary 


O(A,)-) 
This way leads us to the construction of the Green’s function. 


2) We try to apply directly the alternating method which we used for the proof 
of Proposition 7.2. We just replace the functions u, by the normalized 
solutions of the exterior boundary problem. 


This is the way in which we shall now go. Let 


Un, : X —U(1/2) —R, n>], 
Un 1 U(3/4) — R, n=O, 


be the following inductively defined sequences of functions: 


a) Ug =0; 


b) Un, Un are the solutions of the boundary value problems 


Un =Un—-1+Ug on O(1/2) (external space problem; see Proposition 6.3), 
Un =Un —Uo on O(3/4). 


Now we assume that X has a positive boundary with respect to the given disk. 
Then 


w(x)<1 on X —U(1/2). 
Hence there exists a number 0 < q < 1 with the property 
w(%) <q for x € 0(3/4). 
This inequality is precisely what we need to transfer the proof of Proposition 7.2 


to the present case. It replaces Lemma 7.3, which we had to use there. 


This gives the following statement. 
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9.2 Proposition. Assume that the Riemann surface X has a positive bound- 
ary. Then, for every continous function that is harmonic in the interior, 


ug: R —R, 


there exists a harmonic function 


u: X —U(1/2) —R 


with the following properties: 


a) u— uo extends to a harmonic function on U(3/4); 


b) wu is bounded on X — U(3/4). 


The construction also shows that in the case up > 0, we can obtain u > 0. 


Corollary. When the Riemann surface has a positive boundary, the Green’s 
function Gq exists. 


In the case of a zero boundary (w = 1), this proof of convergence fails. However, 
under suitable assumptions, it may be possible that the sequence converges 
nevertheless. We shall see later, by means of a more subtle proof of convergence, 
that the sequence converges if uo is the real part of an analytic function in the 
annulus (Proposition 11.9). Under this additional assumption, the analogue of 
Proposition 9.2 is true in the case of a zero boundary also. Moreover, we shall 
see that in the case of a zero boundary, this condition is necessary. 


Exercises for Sect. II.9 


1. Show that every compact Riemann surface has a zero boundary (with respect to 
any disk). 


2. Let be S C X be a finite subset of a Riemann surface. Show that X — S has a 
zero boundary (with respect to any disk). 


3. Let S be a countable and closed subset of a compact Riemann surface. Show that 
X — Shas a zero boundary. 


4. Give an example of an infinite S in Exercise 3. 
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10. A Lemma of Nevanlinna 


Let 
u:D—R, DCC open, 


be a harmonic function. It follows from the Cauchy-Riemann differential equa- 
tions that the function 


is analytic. The following two conditions are equivalent: 
1) wis the real part of an analytic function F. 
2) f admits a primitive. 
The simple proof is left to the reader (see Exercises 1-3). (The relation between 
f and F is given by F’ = f.) 
Now, let 
D={zEC; r<|z|< R} (r < R) 


be an annulus. An analytic function f on D admits a primitive if the (—1)th 
coefficient of the Laurent expansion is zero. (The primitive is then obtained by 
differentiating the Laurent series term by term.) This condition is equivalent 
to 


¢ Hoya =0, 
\¢l=e 


where g is a number between r and R. (It is sufficient that this condition is 
true for one g; it is then true for all 9.) We obtain the following result. 


10.1 Remark. Let 
u:D—C, D={zeEC; r<|z|< R} (P< By), 


be a harmonic function on an annulus. The following conditions are equivalent: 


a) u is the real part of an analytic function F. 


b) The analytic function 
_ Ou du 


c= 


admits a primitive. 
c) For one (all) o € (r, R), we have 


¢ Hoag =o. 
\¢l=e 
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Supplement. /f the conditions a)-c) are satisfied, then the integral 


27 
[uloc*)dp  (r<e <P) 
0 

is independent of o. 


It remains to prove the supplement. The integral in the supplement equals the 
real part of the line integral 


t F(¢) de 
i c 
ICl=e 
and this independent of @ by Cauchy’s theorem. O 


Recall that a disk on a Riemann surface X is a biholomorphic map 


p:U — E (unit disk) 


of an open subset U C X onto the unit disk. We define 


E(r) ={@€ EB; lal <r}, 
U(r) =~ (E(r))  (0<r <1). 


10.2 Proposition. Let X be a compact Riemann surface and let 


yp:U —E 


be a disk in X. Furthermore, let 


u:X —U(1/2) —R 
be a harmonic function. 


Claim. The restriction of u to the “annulus” U —U(1/2) (“1/2 < |z| <1”) is 
the real part of an analytic function. 


Corollary. Consider 
Up(z) = u(p"(z)) (1/2 < |z| <1). 


The integral 


[uslel)ae  a/2<e<t) 
0 


is independent of o. 
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As a special case, we obtain the following result. 


There is no harmonic function 
u:X—{a}—R_ (X compact!) 


with a logarithmic singularity at a. 


Proof of Proposition 10.2. We need Stokes’s theorem, as formulated and proved 
in the appendix to this chapter. There, we also introduce the differential calcu- 
lus that we use below. The important fact is that a differential form (a 1-form) 
can be associated with a harmonic function u: X — R on a Riemann surface 
in the following way. Since, locally, every harmonic function can be written as 
the real part of an analytic function, there exists an open covering 


Xo= U Uj 
and holomorphic functions 
F;,: U; —> C such that ulU; = Re(F;). 
The difference F; — Fj is locally constant in the intersection U;U,;. Therefore 


the differentials 
WS dF; (on U;) 


agree in the intersections. For this reason, there exists a differential w on the 
whole X which coincides with w; in U;. Because do d = 0, we obtain 


dw = 0. 
It is easy to describe w in local coordinates. Let 
p:U Vv 


be an analytic chart; then 
we = (S* - Ge) (dz = dr + idy). 


Because of the importance of this construction, we fix it as follows. 


10.3 Remark. Letu: X — R be a harmonic function on a Riemann surface. 
There exists a differential w which, on charts, p is given by 


We have dw = 0. 
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After this preparation, we come to the proof of Proposition 10.2. 


Proof of Proposition 10.2. We consider the differential w which belongs to uw. 
By the definition of a line integral (Remark 13.4), we have 


pe = $ He)ac (notation as in Remark 10.1). 


Hence Proposition 10.2 states that 


pu =o, 


where the integral is taken along the inverse image (with respect to w) of the 
circle 
oe’? (0 << 2z) 


for some g € (1/2,1). This circle is the boundary of the domain 


M =X — U(o), 


and the integral in question equals the negative of the boundary integral (Re- 


mark 13.20), 
iste 


aM “(¢l=0” 


By assumption, X is compact. Hence M is open and relatively compact. 
Stokes’s theorem (Theorem 13.19) applies and we obtain 


— [wu = 0, 
OM M 
since dw = 0. oO 


For the proof of the uniformization theorem, we need a variant of Proposi- 
tion 10.2 for certain noncompact Riemann surfaces. 


Readers who are interested mainly in the theory of compact Riemann sur- 
faces can skip the rest of this section, since we shall not use uniformization 
theory for the theory of compact Riemann surfaces. 


10.4 Lemma (Nevanlinna’s Lemma)”*). Let X be a (not necessarily 
compact) Riemann surface and let Y C X be an open relatively compact subset 
of X. Furthermore, a disk Y such that 


y:U —>+ E, UCY open, 


*) This lemma is implicitly contained in [Ne], Chap. VI, in the proof of Lemma 6.22. 
The application of Stokes’s theorem to the function u,, there is problematic, since 
in the solution of the boundary value problem a finite number of exceptional points 
are allowed. It is difficult to control the derivatives of u,, there. Hence the proof of 
Nevanlinna’s lemma becomes somewhat longer in our presentation. 
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and a harmonic function 


u:Y—U(1/2) —R 


with the following properties are given: 
a) u>O0; 
b) u=0o0n OY. 


Claim. If we set F . 
u 
oe 
then 
i ¢ f(¢)d¢ > 0 (1/2 < 9 <1). 
Icl=e@ 
(In particular, this expression is real.) 


Note. Proposition 10.2 is a special case of Nevanlinna’s lemma: We can apply Lemma 
10.4 to Y = X (compact), and the assumption b) is then trivially true. We can also 
assume that wu is bounded, since the inner annulus can be enlarged a little. Since the 
integral does not change if u is replaced by u+C (C' € R), we can also assume a). 
Now we get 


Since we can replace u by —u, equality must hold, and we can apply Remark 10.1. 


The rest of this section will be taken up by the proof of Lemma 10.4. 


Proof of Lemma 10.4. We may assume that u does not vanish identically in 
the annulus “1/2 < |z| < 1”. 


Again we consider the associated differential w (see Remark 10.3). The 
claim states that 


First of all, we show that the integral is real. For this we use 
w’ := —i(w — du). 


In local coordinates, this is computed as 


Ou Ou 
‘= —-Ydr4 ? dy. 
ey OPT Bg OY 
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Obviously, the integral of w’ is real. The integral of du along a closed curve 
vanishes (Theorem 13.18). Hence we have 


ipu=— pul ER. 


We want to apply Stokes’s Theorem to the Riemann surface Yo := Y — U(1/2). 
For this, we need suitable open and relatively compact subsets B C Yo. Since 
Yo is relatively compact, we have only to take care that the boundary of B 
(taken in X) is disjoint with the boundary of Yo The boundary of Yo is the 
union of the interior boundary 0(1/2) and the exterior boundary OY. 


To avoid the interior boundary, we choose a fixed g@ and consider 


Y’=Y-U(o). 


By assumption, u vanishes on the exterior boundary OY. We choose ¢ > 0 and 
consider 
Be 41e#eVy ue) oeb 


We would like to have that the boundary B(e) is relatively compact in Yo. 
This would be the case if u were continuous (and hence identically zero) on the 
whole exterior boundary OY. But our convention (Notation 5.1) allows finitely 
many exceptional points on the boundary. This fact requires a modification 
similar to that we used in the proof of the maximum principle (Lemma 4.5). 
By Propositions 6.3 and 9.2, there exists for a given point a € Y an open 
neighborhood 7 
YeAe a 
T 
open 
and a harmonic function hg : A — {a} > R, ho < 0, which is logarithmically 
singular at a. Summing up, we obtain for each finite set M C Y a harmonic 
function 7 
h:A-M—R (Y CAC X open) 
with the properties 
a) h(x) <0 forte A-M; 
b) lim,+_ h(x) = —oo for ae M. 
We apply this to the finite set of exceptional points on the boundary of Y (into 
which u cannot be extended continuously). 


Now we consider instead of B(¢) the modified domain 
Bee,h):={eeY’; ule)+Al(a) >e}. 


The domain B(<,h) is relatively compact in Yo. The boundary points satisfy 
\y(x)| = @ or u(x) + h(x) = ¢. We want to keep these two sets disjoint. By 
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the maximum principle, wu has no zeros on the circular line |y(z)| = 0. We 
can choose € so small that u(x) > € on the circular line. The function h can 
be multiplied by an arbitrary positive number. Hence we can arrange that 
u(x) + h(x) > € on the circular line. Now it is clear that the boundary of 
B(e,h) is the union of two distinct parts, the “interior” and the “exterior”: 


a) \y(x)| = @ (interior boundary); 
E 


(exterior boundary). 


We want to apply Stokes’s theorem on B(c,h). For this, we require that the 
exterior boundary of B(e,h) is smooth. 


The theorem of implicit functions of real analysis shows the following. 
10.5 Remark. Let 
f:U—R, O€UCC open, 


be a C™ function with the properties 
prop 


9) 4)= 0: 
» (Fo. 5o) 40.9) 


Then the origin is a smooth boundary point of 


Us {eeU; fir) >}. 


We also have the following fact. 
10.6 Remark. Let 
f:U—R, UCC a domain, 


be a nonconstant harmonic function. The set of all points in which both 
derivatives of f vanish is discrete in U. 


This is clearly true, since 


Of . OF 


eee 
Ox Oy 

is an analytic function. The two remarks above show that the boundary of 

B(e,h) is smooth outside a countable set of ¢. We can avoid such ¢ and such 

find domains to which Stokes’s theorem applies. We want to apply it to the 

differential 


» _ Auth) 


Wh 


_ Auth) 
Oy ale Ox 


dy. 
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Recall that our claim in Lemma 10.4 means that 


Ou Ou 
/ Pe peed 
gu >0 (w' = 5y tt ag WY): 


Obviously, the differentials wj, are closed, dw}, = 0. It follows from Stokes’s 
theorem that 


o= f det = / wv, = / wi, + / Ww, 


Y(e) OY (e) exterior boundary interior boundary 


10.7 Claim. We have 


w, > 0. 


exterior boundary 


It follows from this that 


— Ts Mas 1 


interior boundary 


The interior boundary is parametrized by a. The boundary integral is the 
negative of the curve integral (see Remark 13.20). Replacing h by h/n and 
taking the limit n — oo, we obtain 


[ozo 


That is precisely what we have to prove. 
Proof of Claim 10.7 (and hence of Nevanlinna’s lemma, Lemma 10.4). 


We use the following notation. 


10.8 Notation. Let U C X be an open subset, let a be a smooth boundary 
point of U, and let w be a differential which is defined in an open neighborhood 
ofa. The differential w is called nonnegative along the boundary at a if 
there exists an oriented differentiable chart 
yp :U(a) — V 
WU WU 


ar 0 


with the property 
p(U(a)NU) =VOH, 
p(dU(a)NU)=VOR, 
such that the following condition is satisfied: 


f(0)>0 for w,=fdr+gdy. 
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This condition is independent of the choice of vy: if y is replaced by another 
chart, then f(0) is multiplied by a nonnegative number. Now we assume that 
the conditions for integrability are fulfilled, i.e. that Support(w)MOU is compact 
and is contained in the smooth part of the boundary. 

We obtain the following result immediately from the definition of the bound- 
ary integral. 


10.9 Remark. When w is nonnegative along the boundary (i.e. at each 
smooth point of the boundary), then 


fuze. 


OU 


Hence our claim is proved, if w), is not negative along the exterior boundary. 
This statement follows from the following simple local criterion. 


10.10 Criterion. Let U CC be an open subset, let a be a smooth boundary 
point of U, and let u be a C® function, defined in an open neighborhood of 
U(a). 

Assumption. 

a) u=C (= constant) on (OU) NU(a); 

b) uw>C onUnNu(a). 

Then the differential 


is nonnegative along the boundary of U. 


Proof. After shrinking of U(a), we can choose an orientation-preserving diffeo- 
morphism 
yp :U(a) —+V CC open 
WU WU 


atr—>0 


with the property 
p(U(a)NU) =VOH, 
p(U(a) NOU) = VOR. 
We would like to have that the Jacobi map 


J(y,a):R? —+R? (=C) 


is a similarity transformation, i.e. multiplication by a complex number. To 
enforce this, we may replace y by its composition with an R-linear map of the 
form 

(x,y) > (ax + By, yy) = Bla,y), a>0, 7>0. 
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Such maps transform the upper half-plane into itself. Now we use the following 
simple fact: 


If 
A: R? — R? 


is any linear map with a positive determinant, then there exist real numbers 
a>0,8,y such that B- A is a similarity transformation. 


Now a simple computation shows that taking the differential 
Ur Ww = w(u) 
is compatible with similarity transformations 


m,:C—-+C (bEC), 


zr bz, 


w(uomp) = mw). 


Therefore we can assume that the Jacobi matrix J(y,a) is the unit matrix. 
Now the differential 


can be transformed into V very easily. Let 
~ = -1 
t=uy (=uog") 


and 


Now the function @ is constant C on the real axis (close to 0) but not greater 
than C’ in the upper half-plane. Taking the differential quotient, we see that 


Ou 


— < > 
By (0) <0 andhence f(0)>0, 


which was to be proved. O 
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Exercises for Sect. II.10 


1. Let u be a harmonic function on an open subset of the plane. Show that f(z) = 
Ou/Ox — idu/Oy is an analytic function. 


2. Let u be the real part of an analytic function F on an open subset of the plane. 
Show that 


3. Let wu be a harmonic function on an open subset of the plane such that f = 
Ou/Ox — idu/Oy has a primitive F’. Show that, up to an additive constant, wu is 
the real part of F. 


4. Let u be a harmonic function on a Riemann surface. Check directly the compat- 
ibility of the family 


and prove in this way that it defines a differential. 


11. Construction of Harmonic Functions with a 
Prescribed Singularity: The Case of a Zero Boundary 


Again we assume that X is a connected Riemann surface and that 


p:U—-E (U C X open), 


ar— 0, 


is a disk. In this section, we assume that (X,y) is has a zero boundary, which 
means that the normalized solution 


w:X —U(1/2) —R 


of the boundary problem 
w=1 on 0(1/2) 


with respect to this disk is constant 1. For example, this is the case if X is 
compact. 
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The Extended Maximum Principle for Surfaces with a Zero Bound- 
ary 


11.1 Lemma. Assume that X has a zero boundary (with respect to vy). 
Furthermore, let 


u:X —U(1/2) —R 
be a harmonic function bounded from below which extends continuously to the 
boundary OU(1/2) and is such that 

u>O0O on OU(1/2). 

Then 

u > 0 everywhere. 
Proof. We consider an exhaustion 

U(3/4) C Ar C Ag Cc... 
as in Sect. 6. By definition, w is the limit of a sequence w,. By assumption, 
u>—C 

for a suitable constant C' > 0. The inequality 

u>—C(1— wy) 
holds on the boundary of A,,—U(1/2) and hence also in the interior. The claim 
follows from the assumption that w, — 1 by taking the limit n — oo. O 


11.2 Corollary. If u is bounded, then wu is the normalized solution of a 
boundary value on OU(1/2). 


We now generalize Proposition 10.2 from the compact to the zero-bounded 
case, 


11.3 Lemma. Assume that X has a zero boundary and that u = u(f) is the 
normalized solution of a (continuous) boundary value problem f on OU(1/2). 
Then u is the real part of an analytic function in the annulus R (“1/2 < |z| < 


3/4”). 
Proof. Consider the differential w which is associated with u 


(locally, w = ou dz — is dy). 


The statement in Lemma 11.3 is equivalent to 


i wat CPecesH. 
oU(e) 


Nevanlinna’s lemma (Sect. 10) and the construction of the normalized solution 
u show that 


i / w > 0. 
OU(Q) 
Equality must hold, since we can replace u by —u. O 
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11.4 Proposition. The Riemann surface X has a positive boundary (with 
respect to y) if and only if the Green’s function Ga (p(a) = 0) exists. 


Proof. We already know that the Green’s function exists in the case of a positive 
boundary. So assume that X has a zero boundary. We argue indirectly and 
assume that the Green’s function exists. We have 


Ga(x) > 6 >0 for x € U(1/2) — {a}. 
This equality follows everywhere from the extended maximum principle. Now 
consider the sequence of functions (u,,) which approximate G, via the exhaus- 
tion (A,,). We know that G,(a) — 6 — un > 0, first on the boundary of A, and 
then on A,,. Taking the limit n — oo, we get —d > 0, in contradiction to the 
construction of 06. Oo 


For the construction of the Green’s function, it is not necessary to take the 
center of the given disk for a. Any other point can be taken as the center. 
It follows from Proposition 11.4 that the set of all points in X that admit a 
Green’s function is open. The same argument shows that the set of all points 
which do not admit a Green’s function is open as well. This shows the following 
fact. 


11.5 Proposition. If a Riemann surface has a positive boundary with respect 
to one disk py, then this is the case for all disks. In particular, a Green’s function 
exists for all points if it exists for one. 


So we see that the properties “zero-bounded” and “positive bounded” are in- 
trinsic properties of the Riemann surface and we can omit the “with respect 
to”. Even more, from Proposition 11.4 we obtain the following result. 


11.6 Proposition. For a connected Riemann surface, the following two 
conditions are equivalent: 


1) The surface has a positive boundary. 
2) The surface is hyperbolic. 


Riemann surfaces a with zero boundary admit the following variant of Liou- 
ville’s theorem. 

11.7 Proposition. Any bounded harmonic function on a Riemann surface 
with a zero boundary is constant. 


Proof. Let u be bounded and harmonic on X. We can assume that u(a) = 0. 
In a small disk around a, we have 


-—exu<e (< > 0 given). 
The extended maximum principle shows that 


—E<U<e. oO 


11.8 Corollary. Any bounded analytic function on a Riemann surface with 
a zero boundary is constant. 
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We have now collected together the means to extend the decisive existence 
theorem, under more restrictive conditions, to the case of surfaces with a zero 
boundary. In general, we have the following statement. 


11.9 Proposition. Let X be a connected Riemann surface with a distin- 
guished disk. Assume that in a closed annulus (defined by 1/2 < |z| < 3/4), a 
continuous function uo, which is harmonic in the interior, is given. 


Assumption. ug is, in R, the real part of an analytic function. 
Claim. There exists a harmonic function 


u:X —U(1/2) —R 
with the following properties: 


a) u— uo extends to a harmonic function on U(3/4). 
b) u is bounded in X — U(1/2). 


Proof. If X has a positive boundary, this already has been proved (Proposition 
9.2). So we assume that X has a zero boundary. As in the proof of Proposition 
9.2, we consider the functions 


Un: X —U(1/2) — R n>, 
Un : U(3/4) —R, n>=0, 


that are defined by v9 = 0 and the boundary value conditions 
Un =Un-1+Uo on O(1/2) (normalized solution), 
Un =Un—to on O(3/4), 


inductively (alternating). Since we do not have the number g (0 < q < 1) which 
arises from w in the case of a positive boundary, we now need a completely 
different proof for the convergence. This is based on the following fact: 


Un+1(0) = Up (0). 
Proof. For simplicity, we denote the function 


1 


: E(3/4) — R 


voy. 


by v again. The difference will be made clear by the notation for the variables: 
In X we use a,x,..., and in E we use ¢,z,.... 


The midpoint property of harmonic functions states that 
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(we first shrink R and then take a limit). It follows from the boundary behavior 


Un = Un — Ug on O(3/4) 


that Ps a 
Un41(0) = fmnGe) dt [0Ge") dt. 
0 0 


We have assumed that uo is the real part of an analytic function on R . From 
Nevanlinna’s lemma (Lemma 10.4), we obtain the same property for un44. 
Hence we obtain 


Now, from the boundary behavior 


Un+1 =Un +g on O(1/2), 


we get 
20 
Un+1(0) = Jv (5") dt = v,(0) (midpoint property). 
0 
This finishes the proof of the fact. O 


We also have to use the following simple fact. 


11.10 Fact. There is a constant 0 < q <1 such that every harmonic function 


v: E(3/4) — R 


with the properties 

a) (0) =, 

b) loz) se, 
satisfies the inequality 


|u(z)| < qC for |z| = 1/2. 


The proof follows from Harnack’s inequality (Proposition 2.4). 


Now we choose a constant C with the property 


|w2—wi|<C on O(1/2). 


118 II. Harmonic Functions on Riemann Surfaces 


By the maximum principle, this inequality remains true everywhere, in partic- 
ular on 0(3/4). We get 


Jug -—u|<C on 0(3/4) 
and hence in U(3/4). Fact 11.10 shows that 
|u3 — Ug| = jug —vi] <Cq on O(1/2). 
By induction on n, we get 


|Un+1 —Un| <q”C on X —U(1/2)), 
lUn —Un-il<@q"C on U(3/4). 
Now we have proved the decisive inequality, which allows us to imitate the 


proof of Proposition 7.2 that un,vn converge locally uniformly to harmonic 
functions u and v, such that u— ug and v agree on R. O 


Exercises for Sect. ITI.11 


1. Let U be a nonempty open relatively compact subset of a Riemann surface X. 
Show that X — U is hyperbolic. 


2. Show that any open and connected subset of a hyperbolic Riemann surface is 
hyperbolic. 


3. Let f: X — Y bea nonconstant analytic map between Riemann surfaces. Show 
that if Y is hyperbolic, then so is X. 


12. The Most Important Cases of the Existence Theo- 
rems 


In this section, we collect together the existence theorems for harmonic func- 
tions which will be used in the following treatment. 

The function (z — 1)/(z +1) takes values on the negative real axis only if z 
is contained in [—1,1]. Hence the principal branch of the logarithm 


z—1 
C —[-1,1] —C, ena 
is an analytic function. Both its real and its imaginary part are interesting 
harmonic functions. Taking the real part, we obtain the following result. 
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12.1 Remark. The function 
Log |z — 1| — Log |z + 1| 
is the real part of an analytic function in C — [-1, 1]. 


Using this function, we are lead to the following fundamental existence theorem 
for harmonic functions with logarithmic singularities. 


12.2 Theorem. Let a,b be two distinct points on a connected Riemann 
surface. There exists a harmonic function 


U i= Uap: X — {a,b} — C 
with the following properties: 
a) u is logarithmically singular at a; 
b) —u is logarithmically singular at b; 
c) u is bounded “at infinity”, i.e. bounded in X — [U(a) UU(b)], where U(a) 
and U(b) are neighborhoods of a, b. 


Proof. When the two points a, b are sufficiently close (such that they correspond 
to the points +1 with respect to a suitable disk “|z| < 2”), then the claim 
follows from the fundamental existence theorem (Proposition 11.9). But the 
assumption that “a and b are close” is not necessary. By joining a and b with a 
curve, we obtain by means of a simple compactness argument a chain of points 


G= a0, 41,---,4n = b, 


where any two consecutive points are close. We then define 


n 
Ua,b(2) im S- Waj_1,04 
i=l 


and obtain a function with the properties a)-—c). o 


A different existence theorem is obtained if we take instead of the real part of 
Log ((z — 1)/(z + 1)) its imaginary part (the real part of the analytic function 
—iLog((z—1)/(¢+1)). The imaginary part of the principal branch of the 
logarithm is the principal branch of the argument. This makes a jump of 27 
when the negative real axis is crossed. Analogously, Arg((z+1)/(z—1)) makes 
a jump by 27 when (—1,1) is crossed (see Exercise 1). Hence we have the 
following result. 


12.3 Remark. The function 


Arg (: Es =) (principal value of the argument) 
ee 


is the real part of an analytic function in C — [—1,1]. It cannot be extended 
continuously to any point of [—1,1]. 


From the fundamental existence theorem (Proposition 11.9) we obtain the fol- 
lowing result. 
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12.4 Theorem. Let X be a connected Riemann surface and let p: U — 
{z; |z| < 2} be a “disk of radius 2”. We denote by C the inverse image of 
(—1,1] in X. There exists a bounded harmonic function u: X —C — R such 
that 


u?(z) ~ Arg(=* -) 


z—1 
extends to the whole disk as a harmonic function. The function u cannot be 
extended as a continuous function to any point of C. 


Exercises for Sect. II.12 


1. Give a mathematically rigorous formulation of the statement that Arg((z+1)/(z—- 
1)) makes a jump of 27 when (—1, 1) is passed through, and prove this statement. 


2. Let S C X be a finite subset of a Riemann surface which contains at least two 
elements. Show that there exists a harmonic function won X — S' such that 
for suitable constants C’,, the functions C’,u have logarithmic singularities at the 
points of S. 


3. Is there a harmonic function on C which is logarithmically singular at oo? 


13. Appendix to Chapter II. Stokes’s Theorem 


Stokes’s theorem was an important tool in the proof of the central existence 
theorems in the case of a Riemann surface with a zero boundary. We shall also 
use this theorem in the following treatment. The Cauchy integral theorem can 
be considered as special case of Stokes’s theorem. For this reason, it seems to 
be appropriate to include a complete proof, even though it needs some technical 
effort even in the two-dimensional case. 


I Local Theory of Differential Forms 


We start with the notion of a differential in the complex plane. 


13.1 Definition. Let D be an open subset of the complex plane. 
1) A 0-form is a continuous function f :D— C. 

2) A 1-form is a pair of continuous functions f,g: DC. 

3) A 2-form is a continuous function f :D— C. 
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(Hence 0- and 2-forms are the same in the local theory. The situation is different 
on surfaces. ) 


“y-forms” are also called “differential forms of degree v”. Sometimes 1-forms 
are simply called differentials. 


We can add v-forms in an obvious way (componentwise) and multiply them 
by complex-valued functions. 


Let 1p and Op be the functions “constant 1” and “constant 0”, respectively 
on D. We define 


a) the 1-forms 
dx := (1p, 0p), dy := (Op, 1p) 


b) and the 2-form 
dx \ dy :=1p, 


and obtain in this way the usual notation for differential forms 


(f.9) = fdx+gdy for 1-forms, 
f=fdxrAdy for 2-forms. 


The symbol dz A dy can be generalized to the alternating product of two diffe- 
rentials as follows. 


13.2 Definition. The alternating product of two differentials is defined by 


(fidax + gidy) A (fadx + gody) := (fige — fagi)dx A dy. 


We can also define 
dz := dx +idy 


and obtain 


(f,if) = f(z) dz. 


A v-form is called differentiable if it is continuously partially differentiable 
infinitely often in the sense of real analysis. 


Notation. 
A” (D) = set of all differentiable v-forms on D. 
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The Exterior Derivative, Local Case 


We define 
d2 AD) — > AND), 
Jf OF OF) - OF 4... 07 
A) & a) ~ Ox arn Oy dy 
and 
d: Al(D) — A?(D), 
O 0 
d(f dx + gdy) = & — +) dx \ dy. 


Then, obviously, 


d(df) = 0 for f € A°(D). 
For an analytic function f, we obtain from the Cauchy—Riemann equations 
a) d(f) = f'- de; 
b) d(f-dz)=0. 
Transformation of Differential Forms: The Local Case 


Let 
y:D— D', D,D' CC open, 


be an (infinitely often) differentiable map. We want to define the pulled-back 
differential form y*w on D’ for a differential form w on D. This should be a 


map 
y* : A’(D') — A” (D). 


We denote the coordinates of D by z = «+iy and those of D’ by w = u+iv. 
1) 0-forms. Let f be a 0-form (= function) on D’. We define 


g(f)=fog (and hence y*(f)(z) = f(y(z)))- 


2) 1-forms. Let w = f du+gdv be a 1-form on D’. We define 


pw=p'(f)y* (du) + y*(g)p" (dv), 
where 
y*(du)=dpi, g*(dv)=dyo2 (p= 1+ ips). 


Using the notation - 
p(w) = fdx + gdy, 


this means 
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Here J is the real Jacobi matrix and J* its transpose, i.e. 


Ir Opa 

b Ox Ox 
TOD =| apr apr 
Oy Oy 


Special case. Assume that the map ¢ is analytic. It follows from the Cauchy— 
Riemann differential equations that 
y* (dw) = y'dz 
or, in general, 
9g" (f dw) = y"(f) g'dz. 
3) 2-forms. Let w = f du A dv be a 2-form on D’. We define 


p(w) = v*(f) p* (du A dv) 
and 
yp (du A dv) := y* (du) A y* (dv). 


A simple calculation shows that 
p* (du A dv) = det J(y, -)dx A dy. 


(Here det J(y, -) denotes the function z+> det J(y, z)). By means of the chain 
rule, it is easy to prove the following statement. 


13.3 Remark (The pullback is natural). 
1) We have 


e(wrw') =" (w) Ag w'). 
2) Let 


v 


D> D' —> D", D,D',D" CC open, 


be differentiable maps and let w be a differential form on D”. Then 


(boy)"w =p" (yw). 


Evaluation of Differential Forms: Local Case 


1) A 0-form f is evaluated at a point a € D. The result is the function value 
f(a). 


2) A 1-form f dx + gdy has to be evaluated on a piecewise smooth curve 


a: [a,b] —> D (a < b) 
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The result is the line integral 


b 
[6.9 = [irlacyarts) + g(ap)aa(o) at 


Here 
a; =Rea, ag=Ima 


are the components of a. 


(To be precise, the integrand is not defined at points where a is not smooth. 
We get around this difficulty by cutting the curve into pieces or by using the 
more general notion of an integral from Sect. 3, where finitely many points are 
allowed at which the integrand is not continuous.) 


13.4 Remark. For differentials of the special form w = fdz = f(dx +idy), 


we have 
fox [roae= f necane 


This is the usual line integral in complex analysis, as described for example in 
[FB], Chap. I. 


By means of the chain rule, we can easily prove the following statement. 
13.5 Remark. Let 
y: DD (D, D’ c C open) 
be a differentiable map, let 
a: [a,b] —+ D (a < b) 
be a piecewise smooth curve, and let w be a 1-form on D’. Using the notation 


w= fdut+gdv, 
gw = fdr + gdy, 
a& = yoa (= image of a in D’), 


we obtain the relation 


f(a(t))ar(t) + G(a(t) )da(t) = f(A(t))aa(t) + g(A(t))aa(t). 
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coe 


a you 


Corollary. 


For the proof, we one simply express the derivative of y(a(t)) by means of 
the chain rule in terms of the derivative of a and then partial derivatives of 
~: Oo 

We can formulate this simple remark in a somewhat sloppy way as follows: 


The pullback of 1-forms is compatible with taking the line integral. 


3) A 2-form f is evaluated on an open subset U C D as a surface integral. For 
the existence of the surface integral, we assume that 


K =U A support(f) 


is compact. Here 


support(f) = {ae D, f(a) £0}. 


(The topological closure has to be taken in D.) Under this assumption, the 
integral 


[re dz \ dy (= [Rene diedy +i f (lm f)(2) andy ) 
U U U 


exists as Lebesgue integral. (If we prefer to work with the Riemann integral, 
which is sufficient for our purposes, we need sharper assumptions, for example 
that K is Jordan measurable.) From the transformation formula for surface 
integrals, we obtain the following result. 


13.6 Remark. Let 
er Dp —> DY (D,D' cC) 


be an orientation-preserving diffeomorphism (i.e. a bijective map which is dif- 
ferentiable in both directions and whose functional determinant is positive ev- 


erywhere). Then 
/ p(w) = : wW 


U y(U) 


for any 2-form w on D' and any open subset U C D such that the condition 
for integrability is fulfilled. 


Hence the pullback of a 2-form is compatible with the surface integral in the 
case of an orientation-preserving diffeomorphism. 
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13.7 Example. A biholomorphic map ~ is orientation-preserving, since it 
follows from the Cauchy-Riemann differential equation that 


lp'(2)|’ = det J(y, 2). 


Here J denotes the real functional determinant. 


II Differential Forms on Differentiable Surfaces 


Let X be a topological surface and let D be an atlas on X. We call D differ- 
entiable if the chart transformation 


pop *:—(UyNUy) — WU, Uy) 
a a 
C C 


is a diffeomorphism (in the sense of real analysis) for any two charts y, w from 
D. Two differentiable atlases are said to be differentiably compatible if their 
union is a differentiable atlas too. A differentiable surface is a pair consisting 
of a topological surface X and a full class of equivalent differentiable atlases. 
Hence each differentiable atlas D on X defines a differentiable surface, which we 
denote by (X,D) for simplicity. Any Riemann surface can also be considered 
to be a differentiable surface. 


Some basic notions about differentiable surfaces are analogous to the case 
of Riemann surfaces. For example: 


1) IfU C X is an open subset of a differentiable surface X = (X,D), then U — 
equipped with the restricted structure D|U — is a differentiable surface too. 
A map f : (X,Dx) — (Y,Dy) between differentiable surfaces is called 
differentiable if, for each of two charts y € Dx and w € Dy, the function 


2 


N= 


pofop ':e(UeNf '(Uy)) —C 


is continuously differentiable infinitely often in the sense of real analysis. 
(Of course, this depends only on the equivalence classes of the atlases.) 

If f is bijective and f and f~! are both differentiable, then f is called a 
diffeomorphism. 

A differentiable chart y on a differentiable manifold (X,D) is a diffeomor- 
phism 


w 
we 


iN 
a 


yp Uy, — Ve 
ial al 
xX C 


from an open subset of X onto an open subset of C. The set of all differ- 
entiable charts is a differentiable atlas which contains D. It is the largest 
atlas which is equivalent to D. 
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The Notion of a Differential Form on a Differentiable Surface 


13.8 Definition. A differential form of degree (v € {0,1,2}) on a differen- 
tiable atlas D is a family w = (wy) yep of v-forms 


wp nV, (~ Up — Vo 
ial MN 
x C) 


such that for any two charts y,w € D, the compatibility condition 
(w ° yp ')*wy = Wy 


is satisfied. 


It is possible to extend differential forms to the maximal atlas in a unique way. 


13.9 Remark. Any differential form on a differentiable atlas extends uniquely 
to the maximal atlas (= atlas of all differentiable charts). 


Proof. The proof follows from the transitivity formula (Remark 13.3). We shall 
merely sketch the proof. Let (w,) be a differential form on D and let yw : U — V 
be an arbitrary differentiable chart. We have to define a function fy, on V. Let a 
be an arbitrary point from U and let b = y(a). We choose a chart y : U, — Vz 
in D whose domain of definition contains a. The compatibility formula dictates 
how fy has to be defined on the part ~(U NV). This defines f,(b). It follows 
from Remark 13.3 that this value is independent of the choice of y. So fy is 
defined. The rest is simple. O 


13.10 Definition. A differential form of degree v on a differentiable surface 
is a differential form on the atlas of all differentiable charts. 


Because of Remark 13.9, it is enough to define the differential form on a sub- 
atlas. 


We also have the notion of a differential form on an open subset of a differ- 
entiable surface, since it carries the natural structure of a differentiable surface. 


A v-form (w,) is called differentiable if all components w, are differentiable 
(y € D is enough). 
Notation. 
A” (X) = set of all differentiable v-forms on X. 
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Pullback of Differential Forms: The Global Case 


Let 
f:(X,Dx) — (Y, Dy) 


be a differentiable map of differentiable surfaces. For a v-form w on Y, we want 
to define the pulled-back v-form f*w on X. In this way, we get maps 


f* : A’(X) — A’ (Y) (v = 0,1, 2). 
To do this, we consider 
yp: U, — V, achart from Dx. 
We assume that this chart is “small” in the sense that there exists a chart 
py: Uy — Vy from Dy 


such that V, C Uy. This is sufficient for our purpose, since the small charts 
define an atlas. We can then consider the differentiable map 


fog t:Vye— Vy 


and obtain a differential form on V, by pulling back. The compatibility condi- 
tion can easily be verified. O 


In the case of a diffeomorphism f, the map w +> f*w defines an isomorphism 
f*: A’(Y) — A”(X). 


The naturalness of the alternating product allows us to generalize it to surfaces, 
as follows. 


13.11 Definition and Remark. By 
(WAW')y = Wy Aw, 


a map 
Al(X) x Al(X) — A?(X), (ww) ows’, 


is defined. It is compatible with a pullback, 
PwrAw)=fw)af Ww’), 


for differentiable maps f : X — Y and differentials w,w' € Al(Y). 
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Evaluation of Differential Forms: The Global Case 


1) Let (fy)yep be a 0-form. We assign a function 
f:X —C. 
The value of this function at a € X is defined by 
f(@) = feel), 
where y is a chart in D whose domain of definition contains a. The compatibil- 


ity relation states that this definition is independent of the choice of the chart 
y. The assignment 


(fe)ped > f 


gives a bijection between the set of 0-forms and the set of continuous functions 
on X. 


In the following, we shall identify a 0-form with the corresponding function. 


In particular, we have 


A(X) wm C™*(X) 
: = set of differentiable maps f : X —> C. 


2) Line integrals. Let 
W=(Wy), Wy = fede + Gp dy, 
be a 1-form on X and let 
a: [a,b] — xX (a < b) 


be a piecewise smooth curve. (It is clear how this notion has to be defined “via 
charts.”) We define the function 


h: [a,b] —> C. 


Let to € [a,b]. We choose a differentiable chart y : U, — V, from D such that 
its domain of definition contains a(to). We transport a into Vy, i.e. 


B(t) = v(a(t)) (t varies in a small neighborhood of to), 
and then we define 


h(to) = fip(8(t)) Ar (4) + go(B(t)) a(t). 
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It follows from Remark 13.5 that this definition is independent of the choice of 
the chart y. Now the line integral 


fox [row 


is well defined. 


3) Surface integrals. Surface integrals can be defined only on oriented differen- 
tiable surfaces. 


A differentiable atlas D is called oriented if the chart transformation 
pop *: (Uy NUy) — (Up NUy) 


is orientation-preserving for any two charts w,y € D, which means that it has 
a positive functional determinant. Two oriented atlases are called orientation- 
equivalent if their union is oriented. An oriented differentiable surface is a 
topological surface together with a full class of orientation-equivalent atlases. 


For an analytic function, the real functional determinant is the square of the 
modulus of its complex derivative. Hence analytic atlases are oriented. Hence 
Riemann surfaces can be considered as oriented differentiable surfaces. 


Riemann surfaces are oriented differentiable surfaces! 


Any open subset of an oriented differentiable surface (X,D) is oriented as well 
(by means of the restricted atlas). 


A diffeomorphism 
f:(X, Dx) — (Y, Dy) 


between oriented differentiable surfaces is called orientation-preserving if, for 
each of two charts py € Dx and w € Dy, 


pofop 


is orientation-preserving (i.e. has a positive functional determinant). 


By an orientation-preserving differentiable chart y on an oriented differen- 
tiable surface (X,D), we understand an orientation-preserving diffeomorphism 


p:U —V 
from an open subset U C X onto an open subset V of the plane C. The set 


of all orientation-preserving differentiable charts is the largest atlas which is 
orientation-equivalent to D. 
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III Surface Integrals on Differentiable Surfaces 


Let w be a differential form on a differentiable surface. We say that w vanishes 
at a point a € X if, for some differentiable chart 


p:U—-3V, ae, 
q q 
xX C, 


W, vanishes at y(a). Clearly, this condition is independent of the choice of the 
chart. Hence the support of w, 


support(w) = {a € X , w does not vanish at a}, 


is well defined. 


Now we assume that X is oriented and that w is a 2-form (on the whole of 
X). We want to define the surface integral 


fe 


U 


of w along an open subset U C X. For this, we need a condition for integrability: 
the intersection 


K :=U “support(w) 
is compact. 


First we treat a special case, in which there exists an orientation-preserving 
chart 


py: Ug — Vo 
a) a) 
xX C 


such that the compact set K is contained in U,. In this case it seems natural 


to define 
oie 
U Ve 


We have to show that this definition is independent of the choice of y. This 
follows immediately from the transformation formula (Remark 13.6) for surface 
integrals and the compatibility condition (Definition 13.8) for the family (w,). 


In general, we have to break U into pieces which are contained in charts 
and then to piece together the integral of w over U. The easiest way to manage 
this is to use the technique of partition of unity. 


132 II. Harmonic Functions on Riemann Surfaces 


13.12 Definition. Let K be a compact subset of the differentiable surface X 
and let 
KCULN+::NU, CX 


be a covering of K by finitely many open subsets of X. A partition of unity (of 
K with respect to the given covering) is an n-tuple of differentiable functions 


Yi X—>C (<<) 


with the following properties: 
a) O<y <1. 
b) The support of y, is compact and contained in U,. 


c) S> yv(a) =1 for alae K. 
v=1 


We shall now prove the existence of partitions of unity for suitable coverings. 


By a (differentiable) disk on an oriented surface X, we understand an 
orientation-preserving diffeomorphism 


p:U, — E (unit disk) 


of an open relatively compact subset U, C X onto the unit disk E. We use 
the notation 


U,2=1{06U, l(a) < 1/2}. 


A simple compactness argument shows the following. 


13.13 Remark. For any compact subset kK C X of a differentiable surface, 
there exist finitely many disks 


yp, : U,—E 


with the property 
KcCU,U::-UU), (Cc U, U-:+UU,). 


If X is oriented, one can achieve the result that all yp, are orientation- 
preserving. 


Now we shall prove the following proposition. 
13.14 Proposition. The covering (by disks) 
KCU,U---UUh, 


as described in Remark 13.18, admits a partition of unity. 
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Proof. For the construction, we still need a covering of the boundary of Uj U 
---UU/!. For this, we choose disks 


py: U,— E, v=n+1,...,N, 


with the following properties: 
a) U,NK=60 (n<v<WN); 
b) UL, U---UUl CULU---UUK. 


Now we use, without proof, the existence of a differentiable function 
h:R—R 


with the properties 


a) A(t) =0 for t > 3/2, 
b) A(t) =1 fort < 1/2, 
c) O<AK<1. 


(For our purpose, a twice continuously differentiable function is sufficient.) 
We then define the differentiable function 


H,:X—C (l<v<N),  H,(a)= om a _ 


and, for v € {1,...,n}, 


H, (a) ; 
if H,(a 0, 
hi(a) = 4 Ay(a)+---+ Hy(a) (a) # 
0 else. 
By the construction of U,41,...,UnN, the support of H, is contained in the 


interior of the support of H, +---+ Hy. Hence the functions hj,...,hn are 
differentiable. We also have, for a € K, 


since H,,41,..., Hy vanish on K by the construction of Uj41,...,UnN. Oo 


Now we are close to the announced definition of the integral of a 2-form w 
on an oriented surface X over an open subset U C X. We assume that the 
integrability condition is satisfied, i.e. the set 


K = support(w) NU 


is assumed to be compact. 
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We choose a partition of unity h,,...,h, on K, where the support of h, 
is contained in the domain of definition U, of a chart. Then the integral h,w 
over U is well defined. So, we can try the definition 


fond fiw. 
U val iy 


All that we have to show is that the right-hand side is independent of the choice 


of the partition of 1. So let has ...,, be another partition. It is enough to 


show that 
D fe =D fur 
Vv [LV 


since the right-hand side is symmetric in te and h,. Actually, we have, for 
each individual v, 


Sf iat = f inate = ftw a 
MU u OF 


U 


IV Boundary Integrals (A Variant of Line Integrals) 


Let U be an open relatively compact subset of an oriented surface X. If U is 
a reasonable domain, then its boundary is the union of the images of finitely 
many smooth curves without double points 


a,: [0,1] — X, 1l<v<n, 


which can be oriented in such a way that U is “to the left”: 


If w is a 1-form on X, we would like to define 


O41 


Actually, this concept of a boundary integral is technically complicated. But 
there is another approach to the boundary integral which is easier. 
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So, let X be an oriented differentiable surface and let U C X be an open 
subset. A boundary point a € OU is called smooth if there exists an orientation- 
preserving chart 


p:U,—V, 
WU UW 
atr—-0 
with the following properties: 
a) pUU, NU) =V,N4#, 
b) p((OU,) VU) =VuNR 4 


By the way, b) follows from a). 
The set of all smooth boundary points of U is denoted by 


O°U c OU. 
It is an open subset of the whole boundary. 
Now let w be a 1-form on X. We assume that 
K := 0U NM support(w) 
is compact and contained in the smooth part of the boundary, i.e. 
eau. 
Under these assumptions, we want to define 
/ w. 
oU 


1) Special case. w = f dx + g dy is a 1-form with compact support on X = C 
and U is the upper half-plane H. In this case, we define 


[oa f teoyac. 
oH R 


(Actually, the integral on the right-hand size is a proper integral. It can be 
understood as the line integral of w along the segment from —C to C, C > 0 
sufficiently large). 

This “prototype” of a boundary integral has an important invariance prop- 
erty. 
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13.15 Lemma. Let w,w be two 1-forms on C with compact support and let 
U,U CC be open subsets with the property 


support(w) C U, support(w) C ie 


Finally, let p : U — U be an orientation-preserving diffeomorphism with the 


property 7 _ 
yp(UNH) =UNH, yp(UUNR)=UNR, 


and with - 
ep (@|U) = w|U. 
Claim. 


oH oH 


fon f teoae w= far+gay), 
OH UNR 
fea f feoae (@ = fdx+Gdy). 
oH UnR 


By restricting y, we obtain a diffeomorphism 
yo: UNR—UNR. 


The formula y*w = w shows that 


f(x,0) = f(po(x), 0) 96 (2). 


Hence the claimed identity follows from the transformation formula for one- 
dimensional integrals if we know that yo is strictly increasing (yp(x) > 0). 


All that we need is the following simple result. 


13.16 Remark. Let 
y:U—U (U,U CC open) 
be an orientation-preserving diffeomorphism and let 


y(UNH) =U0nH, 
y(UNR)=UNR. 
Then 


= (a) (= (a)) >0 for allacUNR. Oo 
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2) Another special case. Again we assume that w is a 1-form on an arbitrary 
oriented differentiable surface and that U C X is an open subset such that 
support(w)M0U is compact and contained in the smooth part of the boundary 
of U. 


In addition, we assume that there is an oriented chart 
p:U,—V, 
with the following properties: 
support(w) CU,, g(U,NU)=V,NH, g(U,NeV)=V_NR. 


Then w, extends to a 1-form with compact support on the whole of C. Hence 


we can define 
/ J / ‘ie 
OU dH 


The above invariance property shows that this definition is independent of the 
choice of y. 


3) General definition. By means of a partition of unity hi,...,h, on OUN 
support(w), we now define the integral of the 1-form w along the boundary of 
U. The partition has to be chosen in such a way that the support of h, is 
contained in the domain of definition of a chart with the properties a) and b) 
above. We then define 


As in the case of the surface integral, we show that this definition os indepen- 
dent of the choice of the partition of unity. 


V Stokes’s Theorem 


In the following, all differential forms are assumed to be differentiable. In the 
local theory, we introduced the operators 


d: AD) —S AD), 
AMD) 47D) (D Cc C open). 


The following is a simple consequence of the chain rule. 
13.17 Remark. Let 
y: DD (D, D’ c C open) 
be a differentiable map and let w be a O- or 1-form on D’. Then 


p* (dw) = d(p*w). 
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Corollary. If (X,D) is a differentiable surface, then 


A((wy)) = (dry) 
defines maps 
. dso A(x) SA, 
d: Al(X) —> A?(X). 


Now we have prepared everything that we need to formulate and prove Stokes’s 
theorem for surfaces. We can regard this theorem as a generalization of the 
main theorem of differential and integral calculus. It can be formulated as 
follows. 


13.18 Stokes’s theorem for curves. Let a: [a,b] — X be a piecewise 
smooth curve on a differentiable surface X and let f be a differentiable function 
on X. Then 


/ df = f(a(b)) - f(a(a)). 


a 
Proof. We can assume that X is the complex plane. We now use the formula 


d of ; of , 
at (alt) = 5 ol) aa) + By 


and the main theorem of differential and integral calculus. O 


13.19 Stokes’s theorem for surfaces. Let X be an oriented differentiable 
surface and let w be a differential on X. Let U C X be an open subset with the 
following properties: 

1) support(w) AU is compact; 

2)  support(w) NOU is contained in the smooth part of the boundary. 


Then 
fon fw. 
U 


OU 


Proof. We choose a partition of unity h1,...,hn on support(w) QU with the 
following property. Let v € {1,...,n}. Then either support(h,) MOU = 0 or 
there exists an orientation-preserving chart y : U, — Vy, with 


pU,NU)=V,NH, y(U,NdU)=V,OR,  support(h,) C Uy. 


It is sufficient to prove Stokes’s theorem for h,w instead of w. By the definition 
of the surface and boundary integrals, we only have to consider two standard 
situations: 


Appendix to Chapter II. Stokes’s Theorem 139 


First case. X =C, U=H. 
Second case. X=C, U=C (empty boundary). 


Since the considered 1-form w = f dx+gdy on C has compact support, we can 
consider the second case as a special case of the first one. It remains to treat 
the first case. The formula states that 


if ea oa | Heeoyae 
oe —oo 


(f and g are differentiable functions with compact support on C). 


It follows from the main theorem of differential and integral calculus that 
vi Og 2=C 
—dr= =0 
f geer= eo | 


(y fixed, C sufficiently large). For the same reason, 
—/|=—dy= 0). 
0 


Since the order of integration can be changed, the claimed formula is again a 
trivial consequence of the main theorem of differential and integral calculus. 
oO 


VI Some Variants 

Integration Along a Boundary Component 

The boundary OU (assumptions as in the case of the theorem of Theorem 13.19) 
is not necessarily connected. There may exist a disjoint decomposition 


OU = 0,U U 02U 


into nonempty closed subsets. Then one can define the integral f, a,U of w along 
O.U alone. Formally, this can be reduced to the previous case by replacing X 


by X — 02U. We have 
for fos fu. 


Oui OU2 OU 


The Connection Between Boundary Integrals and the Usual Type of Line Inte- 
grals 


We have mentioned that the boundary integral introduced above can also be 
seen as a line integral of the usual type. We shall occasionally use this in the 
very simple case of a disk. 
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13.20 Remark. Let U be an open subset of the complex plane which contains 
the unit circle, and let w be a differential on U. We set 


Ut={zeU, |z| <1}, 
U-={zeU, |z| > 1}. 


fon fom fo 


aut au- |¢|=1 


We then have 


Here fi 


0 <1< 27. The proof is simple and will be skipped. 


w denotes a line integral of the usual type along the circle e', 


A Cauchy Integral Theorem 


The following special case of Stokes’s theorem is a variant of the Cauchy integral 
theorem. 


Let U C C be an open relatively compact subset of the complex plane with a 
smooth boundary and let f be a holomorphic function on an open neighborhood 


of U. We have 
/ f(z) dz =0. 
OU 


In the case of an annulus r < |z| < R, this variant states that 


fae = ¢ f(O) de. 
|¢|=R \¢|=r 


Note. Stokes’s theorem admits generalizations which we shall not use. For example, 
it is not necessary that w is defined and differentiable on the whole of X. It is 
sufficient to know that w is differentiable in the interior U, if w and dw can be 
extended continuously to the boundary. Even this can be weakened in terms of 
integrability conditions. Finally, it can be allowed that the support of w contains 
finitely many nonsmooth points. Such generalizations can be reduced by means of 
smoothing functions to the “smooth case” (Theorem 13.19). We just formulate an 
extreme special case which can easily be treated in this way. 


13.21 Remark (Stokes’s integral theorem for triangles). Let A be a 
triangle in the plane and let OA be the triangular path which runs through the 
boundary of A anticlockwise. Let w be a differential in the interior of A such 
that the components of w and dw extend continuously to A. Then 


fue fo 
A JA 


Ill. Uniformization 


By a uniformization of a Riemann surface X, we understand an analytic map y : D > 
X of a domain D C C of the Riemann sphere onto X with additional properties*). 
If such a map is given, any meromorphic function f : X — € can be pulled back to 
a meromorphic function F = fog: D — € on D, which has the advantage that 
the function f is related to the usual type of of function of a complex variable. The 
meromorphic functions F on D which one obtains in this way are precisely those 
which have the invariance property 


p(2,) p(z) F(z,) F(z). 


After a Riemann surface has been uniformized, i.e. p : D — X, the meromorphic 
functions on X are in one-to-one correspondence with meromorphic functions on the 
domain D in the Riemann sphere, with certain invariance properties. 


In uniformization theory, it is shown that for any (connected) Riemann surface 
there exists a domain D in the Riemann sphere and a surjective holomorphic map 
yp: D-— X. Of course, the pair (D,y) is not unique. In uniformization theory, it 
is not only shown that such pairs exist. We can construct a pair with the following 
most beautiful properties: 


a) The result that y is a covering (Definition 1.3.14) can be achieved. In particular, 
y is then locally biholomorphic. 


b) The result that D is the full Riemann sphere C, the full plane C, or the unit disk 
E can be achieved. 


These strong properties determine (D,y) in an essentially unique way. 


In the case of a torus X = C/E, the natural projection y : C — X is such a uni- 
formization map. The meromorphic functions on X are in one-to-one correspondence 
with the invariant meromorphic functions on X, where invariance in this case just 
means periodicity of F with respect to L. 


By the way, a torus never admits a biholomorphic map onto a domain in the 
Riemann sphere, since such a domain would be the full sphere. But a torus and the 
Riemann sphere are not conformally equivalent. 


The elegance and simplicity of the theory of elliptic functions ({FB], Chap. V) give 
rise to the question of whether arbitrary Riemann surfaces admit a uniformization. 
First of all, we should mention that every Riemann surface can be uniformized locally: 
each point admits an open neighborhood which can be mapped biholomorphically 
onto an open domain of the plane. Such maps have been called “analytic charts”. 
Sometimes they are called “local uniformizers”. But uniformization theory deals with 
the question of global uniformization. 


*) There is another aspect of uniformization theory, closely related its historical 
development, which we shall treat at the end of Sect. 2. 
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Uniformization theory consists of two parts. In a (comparably easy) purely topo- 
logical part, it is shown that for every connected Riemann surface there exists a simply 
connected Riemann surface x together with a locally biholomorphic map ¢ : pa 4 
which is a covering in the topological sense (Definition 1.3.14). Such a simply con- 
nected covering is essentially unique and has the following important property. 


For any two points x, y € X with y(x) = ¢(y), there exists a unique biholomorphic 
map jy: X — X with the properties yo y = y and 7(x) = y. The set of all these 
biholomorphic maps ¥ is a group I’, called the deck transformation group. Two points 
ZYyEe X have the same image in X iff there is a deck transformation with the property 
y = 7(x). The surface X can be reconstructed from X and the deck transformation 
group, i.e. 
xX =X/T. 

The pair (X ,[) is essentially uniquely determined by X. The group [I turns out to 
be isomorphic to the fundamental group of X. 


For the example of the torus X = C/L, the natural projection yp: C — X is the 
universal covering. The deck transformations are the translations z +> z+w,w € L. 
Hence the deck transformation group is isomorphic to L and hence to Z x Z. 


As we mentioned, the existence and uniqueness of the universal covering are purely 
topological matters. In an appendix to this chapter, we shall describe the construction 
of the universal covering. 


The (deeper) function-theoretic part of uniformization theory lies in the proof of 
the following theorem: 


Uniformization theorem 


Every simply connected Riemann surface is conformally equivalent to 
exactly one of the following Riemann surfaces: 


a) the unit disk E; 
b) the complex plane C; 
c) the Riemann sphere C. 


If the two parts of uniformization theory are combined, we obtain the result that 
any connected Riemann surface admits a locally biholomorphic covering y: D — X, 
where D is one of the three standard domains. We can reconstruct X from D by 
identifying two points which can be transformed into each other by an element of the 
deck transformation group [. The meromorphic functions on X correspond to the 
T-invariant meromorphic functions on D. 


This leads to a rough classification of Riemann surfaces, depending on whether 
the unit disk, the complex plane, or the Riemann sphere is the universal covering. For 
a complete classification, we need to describe all possible deck transformation groups. 
This is easy in the last two cases. The Riemann sphere admits only one deck trans- 
formation group; this consists of the identity. So, up to biholomorphy, there exists 
only one Riemann surface whose universal covering is the Riemann sphere, namely 
the Riemann sphere itself. In the case of the plane, the deck transformation groups 
are groups of translations z +> z+ w, where w runs over the elements of a discrete 
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subgroup L Cc C. Examples are the tori. The majority of Riemann surfaces have the 
unit disk as their universal covering. Instead of the unit disk, one can take the upper 
half-plane, since the two are conformally equivalent. Biholomorphic automorphisms 
of the upper half-plane are given by Mébius transformations z ++ Mz, M € SL(2,R). 
The group of biholomorphic automorphisms is isomorphic to the group SL(2, R)/+E. 
The deck transformation groups correspond to certain subgroups; these correspond 
uniquely to subgroups of SL(2,IR) which contain the negative unit matrix. It turns 
out that any such a subgroup corresponds to a deck transformation group iff it is 
discrete and if it does not contain elliptic elements. Two such subgroups lead to 
biholomorphically equivalent Riemann surfaces if they are conjugated in SL(2,R). 
Now the classification problem for Riemann surfaces has been reduced to the clas- 
sification of discrete subgroups without elliptic elements of the group SL(2,R), or, 
more precisely, to their conjugacy classes. The latter problem is very difficult. Hence 
uniformization theory does not mark the end of the theory of Riemann surfaces. 


In subsequent chapters, which are concerned particularly with the theory of com- 
pact Riemann surfaces, we shall not make use of uniformization theory. Only the 
applications to the theory of modular forms are related to uniformization. One might 
have the impression that the applications of uniformization theory are not very im- 
pressive in comparison with the effort involved. Nevertheless, the central theorems 
of uniformization theory are important results of classical complex analysis. And, 
in any case, we shall derive Picard’s little and big theorems from the uniformization 
theorem. 


1. The Uniformization Theorem 


To separate the function-theoretic part of uniformization from the topological 
part in a clean way, we shall first give a substitute for the notion of simple 
connectedness, where we introduce the notion of an elementary Riemann sur- 
face. In the topological appendix at the end of this chapter, we shall give an 
introduction to covering theory. It will then turn out that elementary surfaces 
and simply connected surfaces are the same. 


1.1 Definition. A connected Riemann surface is called elementary if the 
following condition is satisfied. 


Let 
A= U U;, Uj; C X open, 
ged 
be an open covering and let 7 
fj : U; —+C 


be a family of invertible (i.e. not identically vanishing on some connected com- 
ponent of U;) meromorphic functions. Assume that 


lfj/fe| = 1 on U; Up. 
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Then there exists a meromorphic function 
f:X—C 


such that 
lf/f;|=1 on U; for all j € J. 


In Appendix C of this chapter, we shall prove, in connection with covering 
theory, the monodromy theorem for simply connected Riemann surfaces. This 
monodromy theorem immediately implies that simply connected Riemann sur- 
faces are elementary in the sense of Definition 1.1. 


Conversely, elementary surfaces are simply connected, as our proof of the 
uniformization theorem will show. The situation is comparable to the case 
of the Riemann mapping theorem, which we treated in [FB]. We refer to the 
characterization of elementary domains given there ({FB], Chap. IV, Appendix 
C). One of these characterizations states that a domain is simply connected if 
and only if any analytic function without zeros admits an analytic square root. 
It is easy to show that elementary surfaces in the sense of Definition 1.1 have 
this property (see Exercise 1 for this section). So we have already obtained the 
equivalence of “elementary” and “simply connected” for domains in the plane. 
In particular, the Riemann mapping theorem is true for domains in the plane 
which are elementary in the sense of Definition 1.1. In this section, we shall 
actually prove the following theorem. 


1.2 Theorem. Any elementary Riemann surface is biholomorphically equiv- 
alent to the unit disk E, to the plane C, or to the Riemann sphere C. 


Since each of the three standard domains is simply connected, we see that 
any elementary Riemann surface is simply connected. In connection with the 
monodromy theorem mentioned above, we obtain the following theorem. 


1.3 Theorem (the uniformization theorem, P. Koebe, and H. Poincaré, 1907). 
Any simply connected Riemann surface is biholomorphically equivalent to the 
unit disk E, to the plane C, or to the Riemann sphere C. 


Proof of Theorem 1.2. In the following, X denotes an elementary Riemann 
surface. We shall prove that there exists an injective holomorphic map 


f:X —C. 


Then X defines a biholomorphic map of X onto the domain f(X), and we can 
apply the Riemann mapping theorem if f(X) is different from C. Actually, 
with some extra work, one can avoid using the Riemann mapping theorem 
here (see Exercise 2). 


The hyperbolic and the zero-bounded case are treated separately. 
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The Positive-Bounded (= Hyperbolic) Case 
We shall see later that a biholomorphic map onto the unit disk 


f:x —E 


exists. We assume that this has already been proved. Then 


Ga(2) = —log| f(2)| 


is the Green’s function of X with respect to a := f—+(0) (because of its invariant 
characterization; see Definition II.8.7). We obtain 


[f(x)| = eGo), 


This gives a hint of how the function f has to be constructed. 


For every point, there exists the Green’s function 
Ga: X —{o} — R. 
Claim. There exists a holomorphic function 
Fo: X —C 


with the property 
|Fy(2)| = e7%*®) for x # a. 


In particular, we have 


Fila) =O). [fet |< 1 for en a 


With regard to Definition 1.1, it is sufficient to construct, for each point b € X, 
an open neighborhood U(b) and a holomorphic function 


F:U(b) —C 


with 
|F(x)| =e~@*) for « € U(b) (a #a). 


First case. b#a. 


With suitable choice of U(b), the harmonic function G, is the real part of an 
analytic function f in U(b), and we can define 


F:=e-f, 
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Second case. b=a. 


Since G, is logarithmically singular at a, it is sufficient (taking into account 
the first case) to consider the special case 


X=E, a=0, G,(z) =—log|z|. 


In this case we take 
F(z) =z. 


This proves the claim. O 


Now we fix a point a € X. It is our aim to show that the function Fj, is 
injective. For the proof, we consider for an arbitrary point b 4 a the function 


Its most important properties are: 

a) Fy» is analytic in X. 

b) |Fa.| <1. 

c) Fy.» has a zero at x = b, let us say of order k € N. 

d) F,,(a) = —F,(0). 

The function F,,, (obtained from the Green’s function for a) is related to the 
Green’s function for b; namely, we make the following claim. 


Claim. 
|Fo,o(z)| = |Fe(x)| for all z € X. 


(This claim can be directly verified for E.) 


For the proof, we observe that the function 
1 
u(x) = “| Log |Fa,o(x)| 


is nonnegative and harmonic outside some discrete subset. It has a logarithmic 
singularity at = b. The extremal property of the Green’s function (Remark 
11.8.8) shows 

Gp(x) < u(a). 


Exponentiating this inequality, we obtain (because k > 1) 


|Fa,o(2)| 


<1 for all x. 
|Fo(z)| 


(*) 
If we specialize this inequality to « = a, we obtain from d) 


|Fa(®)| < |Fo(a)]. 
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Since we can exchange the roles of a and b, equality must hold. (By the way, 
we have obtained the remarkable symmetry relation Ga(b) = G»(a).) In the 
inequality («), the equality holds for at least one x, namely x = a. Then, by the 
maximum principle, equality must hold everywhere. This finishes the proof. 


oO 
The claim shows that 
Fuo(z) #0 for « # b, 
and hence 
EF, (2) = Fq(b) for a = b: 
Since b was arbitrary, we obtain the claimed injectivity of Fy. O 


The domain F,,(X) is bounded and simply connected. The Riemann map- 
ping theorem shows that it is biholomorphically equivalent to the unit disk. It 
is possible to avoid the Riemann mapping theorem here and to prove directly 
that 


F,(X) =E. 


At any rate, we have seen the following: 


Up to conformal equivalence, the unit disk is the unique simply connected hy- 
perbolic Riemann surface. 


The Zero-Bounded Case. 


In this case, we have “Liouville’s theorem” (Corollary IT.11.8): 
Any bounded analytic function on a zero-bounded Riemann surface is constant. 


The function f : X — C that we are going to construct now would be, in the 


case X = C or X = C, the map 


z—1 


f(z) = 


which implies 

log | f(z)| = log |z — 1] — log |z + 1]. 
An analogue for arbitrary X exists by the existence theorem (Theorem II.12.2): 
There exists a harmonic function 


b= Ue X= {a0} == C 


with the following properties: 


a) u is logarithmically singular at a; 
b) —wu is logarithmically singular at b; 
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c) u is bounded “at infinity”, i.e. in X —[U(a) UU(b)], where U(a) and U(b) 
are arbitrary neighborhoods of a, b. 


We now make use of the assumption that X is elementary. Analogously to the 
hyperbolic case, we construct by means of Definition 1.1 an analytic function 


fap 1 X — {a,b} —C 


with the property 
Fe.b| S10, 


From an estimate 
Pe lo @: (away from a,b), 


we obtain the estimate 
e* <ligal =e 
So we have proved the following statement: 


Let X be an elementary zero-bounded Riemann surface. For any two distinct 
points a,b € X, there exists an analytic function 


fap? X — {a,b} —~ C 


with the following properties: 


1) fa,p has a zero of order one at a and a pole of order one at b. 
2) For any two neighborhoods U(a),U(b) of a,b, there exists a constant C > 0 
with the property 


C <|fae(z)| < C for x ¢ U(a) UU(b). 


In particular, fa,» outside {a,b} has neither poles nor zeros. 


Up to a constant factor, the function f,, is uniquely determined, since the 
quotient of two such functions is holomorphic and bounded on X, and hence 
constant by Liouville’s theorem. 


Now we fix two points and consider f = fa,, as a meromorphic function on 
XxX: 
f:X —C. 


Claim. The function f : X — C is injective. 
Let c be a third point, different from a and b. We have to show that the 
function 


f(z) - fF 


has only one zero, namely z = c. 
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For the proof, we consider 


_ fa™- fo 
g{2) fepl2) 


Obviously, this function is holomorphic and bounded on X (since it is bounded 
“away from a,b,c”). Hence it is constant: 


f(z) — Fle) =Afeo(z) (AF 9). 


The only zero of the function on the right-hand side is at z = c. This is what 
we wanted to prove. O 


The domain f(X) is an elementary domain on the Riemann sphere. If X 
is compact, we are done, since f(X) = C. Otherwise, there exists a point 
p€C such that f(X) is contained in C — {p} = C. By the Riemann mapping 
theorem, an elementary domain which is contained properly in C is conformally 
equivalent to the unit disk and thus hyperbolic. We obtain f(X) = C. We 
shall see in Exercise 2 how one can avoid the use of the Riemann mapping 
theorem here. 


Historical Comments on the Uniformization Theorem 


The first complete proof of the uniformization theorem was given by Koebe 
and Poincaré at about the same time in 1907 [Koe, Po]. It was the highlight of 
a development which had lasted for more than 50 years. This started with the 
Riemann mapping theorem, which had already appeared in Riemann’s doctoral 
thesis of 1851, but only under the assumption that the boundary of the given 
simply connected, bounded domain D had smoothness properties. Under this 
restriction, Riemann proved a finer result, namely that the mapping function 
extends to a topological map of the closures. Riemann’s proof used a solution 
of the Dirichlet boundary value problem for D. He made use of the Dirichlet 
principle, which states that a not necessarily harmonic solution of the boundary 
value problem is in fact harmonic if it minimizes the functional 


| ((52)" 4 L)") dx dy. 


His working hypothesis that such a minimum exists was criticized by Weier- 
strass, who gave examples of functionals for which such a minimum does not 
exist. Around the turn of the century, nearly 50 years after Riemann’s thesis, 
Hilbert invalidated this criticism by giving a proof of the Dirichlet principle. 


The efforts to prove the Riemann mapping theorem were closely related to 
efforts to prove more general mapping theorems for Riemann surfaces. Since the 
Dirichlet principle seemed not to be suitable for solving such problems, other 
potential-theoretic methods were developed. Many notable mathematicians 
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contributed to these developments; it is not possible to give an appreciation 
of them all here. The “alternating method” of Neumann and Schwarz, which 
we treated in detail in Chap. II, was of decisive importance for uniformization 
theory. These developments allowed the solution of many existence problems 
for harmonic functions. For example, Osgood, using ideas of Poincaré and 
Harnack, succeeded in 1900 in proving the existence of the Green’s function 
on bounded domains with smoothness assumptions for the boundary. This 
was the essential step in the proof of the Riemann mapping theorem, as we 
have seen in the proof of the uniformization theorem in the hyperbolic case. 
That the Riemann mapping theorem is a consequence of the existence of the 
Green’s function was proved by Koebe. Now the door was open for a proof 
of the general uniformization theorem. Koebe proceeded in his paper of 1907 
as follows. He exhausted an arbitrary simply connected Riemann surface by 
an ascending chain U,, of relatively compact, simply connected subsets with a 
good boundary. In analogy to the theorem of Osgood mentioned above, there 
exists the Green’s function G,, on U, with respect to some point a € U,. This 
function can be used to construct a biholomorphic map from U,, onto a disk. 
The final mapping function is constructed by a limiting procedure. Whether 
the unit disk or the full plane is the final image depends on the value of 


Cn = lim(Gn(z) + log |z|). 


Za 


By the maximum principle, the sequence is monotonically increasing. We ob- 
tain the disk if this sequence is bounded; otherwise we obtain the plane. 


What is nowadays called the uniformization theorem is only the culmination 
of several other theorems. Several investigations have been concerned with the 
question of the extension of the uniformization map to the boundary, if there is 
indeed a boundary. Other investigations have concerned the uniformization of 
surfaces which are not simply connected. Several new proofs of the uniformiza- 
tion theorem have been developed. After the great success of the alternating 
method, the Dirichlet principle was established again, as we have already men- 
tioned. For a proof of the uniformization theorem which rests on this method, 
we refer to the classic publication by [We] and to the book by Forster [Fo2]. 
Another method to attack the boundary value problem, developed by Perron 
in 1928, can be used to prove the uniformization theorem, but there is no space 
here to explain this. 


But it is not only potential-theoretic methods that have been used to prove 
the uniformization theorem. In 1917, Bieberbach, using work of Plemelj and 
Koebe, succeeded in giving a pure function-theoretic proof in the spirit of 
Weierstrass complex analysis, just as we gave a pure function-theoretic proof 
of the Riemann mapping theorem in the first volume. We conclude with the 
remark that new investigations of the Ricci flow on Riemann manifolds have 
led to a new proof of the uniformization theorem. 
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Exercises for Sect. III.1 


1. 


Show that any analytic function f without zeros on an elementary Riemann sur- 
face in the sense of Definition 1.1 has an analytic square root g. 


In the following exercises, we shall see how the Riemann mapping theorem can 
be avoided in the proof of the uniformization theorem. It can then considered as 
a special case. 


Prove, without making use of the Riemann mapping theorem, that in the proof 
of Theorem 1.3 in the zero-bounded case one has f(X) = C or f(X) = C — {bd}. 


Hint. Any simply connected domain in the plane can be mapped onto a 
bounded domain in the plane and hence is hyperbolic. For the construction of 
such a conformal map, see the first two simple steps in the proof of the Riemann 
mapping theorem ([FB], Theorem IV.4.5). 


Let D be a simply connected domain which contains the origin and is contained in 
the unit disk but is different from the unit disk. Show that the Green’s functions 
of D and E with respect to the origin are different. 


Hint. If D and E are different, there exists a boundary point of D which is 
contained in E. Consider, for this boundary point, an analytic function 


b:D—E, ¥(0)=0, lim |Y(2)| =|val 


(see [FB], Lemma IV.4.6). From the extremal property of the Green’s function, 
we obtain 


G(z) < —log|¥(z)|. 
But this inequality is false for the Green’s function of the unit disk (— log |z]). 


Prove, without making use of the Riemann mapping theorem, that in the proof 
of Theorem 1.2 in the hyperbolic case one has f(X) = E. 


Hint. It follows easily from the construction of f that — log |z| is the Green’s 
function of the image domain f(X). The rest follows from the previous exercise. 
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2. A Rough Classification of Riemann Surfaces 


Any Riemann surface is biholomorphic to a quotient B4 /T, with respect to a 
freely acting group of biholomorphic transformations, of a simply connected 
Riemann surface X. This will be shown in the appendix to this chapter on 
covering theory on covering theory (Proposition 5.24). By the uniformization 
theorem, we can achieve the result that the universal covering X is one of the 
standard domains (the sphere, plane or unit disk). So we can divide Riemann 
surfaces into three groups, depending on whether the universal covering is the 


sphere, the plane, or the unit disk. 


The Riemann Sphere as the Universal Covering 


Any biholomorphic automorphism of the Riemann sphere is a Mobius trans- 
formation ([FB], Chap. III. appendices to Sects. 4 and 5, and Exercise 7) 


az+b a b 
—s 
cz+d’ c ad 


) €CL(2,C), 


Each Moébius transformation has at least one fixed point. The only group of 
biholomorphic transformations of the Riemann sphere which acts freely is the 
group consisting of the identity alone. So, we see the following. 


2.1 Remark. Up to biholomorphy, there exists only one Riemann surface 
with a compact universal covering, namely the Riemann sphere. 


The Plane as the Universal Covering 


Any biholomorphic automorphism of the plane is affine ([FB], Chap. III. ap- 
pendices to Sects. 4 and 5, and Exercise 5): 


zeoaztb, 


where a is different from zero. If a is different from 1, there is a fixed point. 
Hence a freely operating group of biholomorphic transformations consists only 
of translations z ++ z+ b. The set of all occurring b is a subgroup L of C. It 
is easy to show that such a group acts freely iff LD is discrete. Recall that there 
are three types of discrete subgroups: either L consists only of 0, L is cyclic, 
or L is a lattice (see Lemma VI.1.1). 


2.2 Proposition. A Riemann surface which admits C as a universal covering 
is conformally equivalent to one of the following three types: 


1) The plane C itself (L = {0}). 

2) The punctured disk C’. (L = Zb, b # 0. In this case the map z 
exp(2miz/b) gives a biholomorphic map from C/L onto the punctured plane.) 

3) The tori C/L, L a lattice. 
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Of course, the plane is not conformally equivalent to any other type, since it is 
the only simply connected surface in this list. Also, tori cannot be conformally 
equivalent to any other surface in the list, since they are the only compact 
surface in the list. 


But two tori can be conformally equivalent. We recall the following fact. 


Two tori are conform equivalent iff their lattices can be transformed into each 
other by multiplication by a complex number. This is the case iff the j- 
invariants agree. Each complex number occurs as a j-invariant. 


So, we have found a complete description of the biholomorphy classes of all 
Riemann surfaces whose universal covering is not the unit disk. 


We now have to study the Riemann surfaces whose universal covering is the 
unit disk. Instead of the unit disk, we can take the upper half-plane, since the 
two are conformally equivalent. Recall that the group Bihol(H) of all biholo- 
morphic automorphisms of H is SL(2,R)/{+£} ([FB], Sect. V.7, Exercise 6). 
A matrix M € SL(2,R) acts on H by means of 


b 
vie ; u=(° a) 
c d 


The matrix is determined by the map up to the sign. 


The subgroups of Bihol(H) are in one-to-one correspondence with the sub- 
groups of SL(2,R) which contain the negative unit matrix. We have to inves- 
tigate two things: 


1) Let [',I’ be two subgroups of SL(2,R) which act freely on H. When are 
the Riemann surfaces H/T, H/I”’ biholomorphically equivalent? 


2) Which subgroups of SL(2, R) (more precisely, their images in Bihol(H)) act 
freely? 


The first question is simple to answer. The answer follows immediately from 
the universal property of the universal covering (Remark 5.25): 


Let 1,1” be two subgroups of SL(2,R) which act freely on H. Assume that both 
contain the negative unit matrix. The Riemann surfaces 


H/T, H/T’ 
are biholomorphically equivalent iff both groups are conjugated: 
M=L TL, Le Si(2,R). 


The second question is more involved. We need some more notations: 
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a) A subset TC SL(2, R) is discrete if the intersection of [ with each compact 
subset of SL(2, R) is finite. 


b) A subgroup [ c SL(2,R) acts discontinuously if, for two compact sets Ky, 
Ky, the set 
{MeT; M(k1)N Ko 40} 


is finite. Here we can assume that Ky = Ko, since both can be replaced by 
Ky U Ke. 
2.3 Lemma. A subgroupT Cc SL(2,R) is discrete iff it acts discontinuously. 


Proof. 1) Assume that the group acts discontinuously. We choose a compact 
subset kK C SL(2,R). Its image under the map 

p:SL(2,R) —H, M+r-> M(i), 
is also compact. Obviously, 


McK = M(i) € p(k), 


and this set is finite. 


2) We need an important property of the map p. As we shall show at the end 
of this proof, this map is surjective and proper. Now let kK C H be a compact 
subset and let K Cc SL(2,R) be its inverse image under p. We have 


M(K)NK40—=>MeKK". 


The latter set is the image of the compact set K x K under the continuous map 
(x,y) + ay! and hence is compact too. Oo 

We still have to prove the announced statement that the map p is surjective 
and proper. 


2.4 Lemma. The map 
p:SL(2,R) — H, M+-> M(i), 


is surjective and proper. 


Proof. The surjectivity follows from the formula 


“ONG Bo 


The proof of the properness is based on the fact that the stabilizer of the point 
i is the special orthogonal group: 


SO(2,R):={Me€SL(2,R); M’M=E}={M€SL(2,R); M(i) =i}. 
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This can be shown by an easy computation. The special orthogonal group 
is bounded, since its rows have Euclidean length one, and is also closed, and 
hence compact. Now we can show that p is proper, i.e. that the inverse image 
of a compact set is compact. Since our spaces have a countable basis of the 
topology, it is sufficient to prove “sequence compactness”. Hence we have to 
show the following: 


Let M,, € SL(2,Z) be a sequence such that z, = M,(i) has an accumulation 
value in the upper half-plane. Then M, has an accumulation value. 


By assumption, the sequence 


me (b CF ot) 


has an accumulation value. We can assume that it converges. We have M,, = 
P,Nn, with orthogonal matrices N,,. Since the orthogonal group is compact, 
the sequence N,, and hence M,, have an accumulation value. Oo 


It is clear that freely acting groups also act discontinuously. The converse 
is false. 


2.5 Definition. A subgroup T C SL(2,R) acts in a fixed-point-free way if 
there is no element M ET, M ~A+E, which has a fixed point in the upper 
half-plane. 


A simple consideration, which can be left to the reader, gives the following 
result. 


2.6 Lemma. A subgroup T Cc SL(2,R) acts freely on the upper half-plane iff 
it acts discontinuously and in a fixed-point-free way. 


A matrix M € SL(2,R) which is different from +F has a fixed point in the 
upper half-plane if the modulus of its trace is less than or equal to two ([FB], 
Proposition VI.1.7). Such matrices are called elliptic. 


Putting all of this together, we can say the following. 


2.7 Proposition. The biholomorphy classes of Riemann surfaces with 
the universal covering E are in one-to-one correspondence with the conjugacy 
classes of discrete subgroups of SL(2,IR) which contain the negative unit matrix 
but no elliptic element. 


The theory of these subgroups is very difficult, and its value for the theory of 
Riemann surfaces is limited. 

We conclude this section by describing some examples of groups. The elliptic 
modular group SL(2, Z) is certainly discrete, but it is not fixed-point-free, as we 
know (|FB], Chap. VI). Hence we consider the principal congruence subgroup 


I'[q] = Kernel(SL(2, Z) —> SL(2, Z/qZ)). 


156 III. Uniformization 


Since this does not always contain the negative unit matrix, we prefer to take 


lq] =P [gq] U-T[d]. 


Looking at the classification of elliptic fixed points ([FB], Proposition VI.1.8), 
we see that I'[q] contains no elliptic fixed points in the case q > 1. In this way, 
we obtain a series of deck transformation groups of Riemann surfaces. 


Finally, we treat a historical aspect of uniformization theory. Let D be one the 
three standard domains and let I’ be a group of biholomorphic transformations which 
acts freely on D. By an automorphic function, we understand a T-invariant meromor- 
phic function on D here. The automorphic functions are in one-to-one correspondence 
with the meromorphic functions on D/T’. Assume now that an analytic function F 
of two complex variables, defined on a domain U C C x C, is given. Even the case of 
a polynomial is of great interest. By a uniformization of F', we understand a pair of 
automorphic functions f, g, with respect to a suitable (D,I’), such that the following 
two conditions are satisfied: 


1) We have identically 
F(f(t), g(t)) = 9, 
where t € D runs through all points of D such that f and g have no poles. 


2) Every point (z, w) of the zero set 
N :={(z,w)€ Dx D; F(z,w) = 0}, 
up to a discrete set, can be written in the form (z, w) = (f(t), g(#)). 


So uniformization in this sense means parametrization by means of automorphic func- 
tions. 


For example, 
2+w?=0 (F(z,w) = 27 +w? -1) 
can be uniformized in this sense by the functions f(t) = sint and g(t) = cost. The 


corresponding domain is D = C; the group [ consists of the translations z > z+ 27ik, 
ke Z. 


Another example is given by the equation 
w? = 423 — 9o% — 93; g3 — d7ge #0. 


We know from the theory of elliptic functions that there exists a lattice LC C such 
that this equation is uniformized by f(t) = g(t) and g(t) = g'(t). Here o denotes the 
Weierstrass g-function of the lattice L. 


In general, one can obtain a uniformization by automorphic functions as follows. 
First of all, one can show that there exists a discrete subset S C N of the zero set 
such that the complement X, = N — S admits a natural structure in the form of 
a Riemann surface. “Natural” should imply that the projections f(z,w) = z and 
f(z,w) = w are analytic functions. We have proved this here for polynomials; the 
general case can be treated in a similar way. We shall skip this, since the case of 
polynomials is interesting enough. Sometimes the surface X, can be extended by 
finitely many points, as we have seen in the theory of algebraic functions. Therefore 
we assume, in general, that there is a Riemann surface X and a finite subset TC X, 
such that X —T and X, are biholomorphically equivalent. For simplicity, we assume 
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X —T = X,. We also assume that f and g are meromorphic on X. In the choice of 
X and T, there may be freedoms such that there may exist different uniformizations 
for the same P. 

Now we make use of the uniformization theorem which we have developed. The 
surface X can be represented as the quotient D/T of one of the three standard domains 
by a freely acting group I of biholomorphic transformations. The two functions f 
and g now correspond to automorphic functions on D, which, for simplicity, we again 
denote by f and g. In this way, we obtain a uniformization of F 


F(f(t), g(t)) = 0 


by automorphic functions. 


Exercises for Sect. III.2 


1. Let S be a nonempty finite subset of a torus X = C/L. Show that the universal 
covering of the surface X — S is the unit disk. 


2. Let U,V be two simply connected open subsets of the plane. Show that each 
connected component of UM V is simply connected. 


Hint. Use the fact that the condition of being “simply connected” can be 
characterized by means of the winding number (see [FB], Chap. IV, Appendix C). 


Show that the analogous statement for other surfaces, for example C, instead 
of C is false. 


3. Let X be a Riemann surface, and let G be a finite group of biholomorphic auto- 
morphisms which have a common fixed point a. Show that there exists an analytic 
chart 

yp:U->E, ace€Ucx, 
such that U is invariant under G. Show that the transformed group G,, = »Gyp_ 
consists of all rotations 


1 


2nivz 
2 eel Ove n, 


where n denotes the order of G. 


Hint. Use the result of the previous exercise and the Riemann mapping theo- 
rem. 


4. The previous exercise admits a very simple solution in the following important 
special case. Let X = H be the upper half-plane and assume that G consists of 
Mobius transformations z ++ (az + b)(cz +d)", (e) € SL(2,R). Obtain the 
solution. 


Hint. Replace H by the unit disk and a by the origin. Now use the fact 
that every biholomorphic transformation of the unit disk with fixed point 0 is a 
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rotation z +> ¢z, |¢| = 1. Every finite group of roots of unity has the form that 
has been described in the previous exercise. 


5. Let G be the group of rotations z — Cz, ¢” = 1 of the unit disk of order n and 
denote the quotient space by E/G. Show that there exists a map y : E/G > E 


such that the diagram 


E/G —_ +E 


commutes. The map ¢ is topological and defines a structure on E/G in the form 
of a Riemann surface. 


6. Let X be a Riemann surface and let I be a group of biholomorphic transformations 
of X with the following properties: 


1) X/T is a Hausdorff space. 
2) The stabilizer I’, is finite for any a € X. 


3) Every a € X admits a neighborhood U(a) with the property 


y(U(a)) NU(a) FO= yeET,. 


Show that U(a) can be chosen such that it is invariant under I, and such that 
the map 


U(a)/l, — X/T 


is an open embedding (= homeomorphism onto an open subset). 


Construct a structure in the form of a Riemann surface on the quotient space 
X/T, such that the natural projection X — X/T is analytic. Show that a structure 
with this property is unique. 


8. Show that a subgroup of SL(2,R), or more precisely, its image in BiholH has 
the properties 1)—3) of the previous exercise iff it is discrete. For example, all 
subgroups of SL(2, Z) are discrete. 


7. Show that the j-function defines a biholomorphic map 


j: H/SL(2,Z) — C. 
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3. Picard’s Theorems 


A beautiful application of the theory of Riemann surfaces is provided by Pi- 
card’s little and big theorems. 


By the Casorati-Weierstrass theorem, the image of a nonconstant function 
in the complex plane is dense in C. Picard’s little theorem states further that 
all values, with at most one exception, are taken. 


3.1 Theorem (Picard’s little theorem) (Picard 1879). Every analytic 
function 


f:C — C-— {0,1} 
as constant. 


The proof rests on the fact that the universal covering of the twice-punctured 
plane C — {0,1} is biholomorphically equivalent to the unit disk. This follows 
from the classification of the Riemann surfaces with universal coverings C and 
C in the previous section. 


There is only one surface in this list which needs a little consideration, namely 
the punctured plane C’. Actually, the two surfaces are topologically inequivalent, as 
can be seen in an elementary way. The fundamental group of C” is cyclic but that 
of the twice-punctured disk is not. Even simpler may be the proof that the two are 
not biholomorphically equivalent. This can be seen from the groups of biholomorphic 
automorphisms. The group of biholomorphic automorphisms of C” contains infinitely 
many rotations. But the group of biholomorphic automorphisms of C — {0,1} = 
c- {0, 1,00} is finite. First of all, it is clear that such an automorphism does not 
have an essential singularity at the three points 0,1,00. Hence it is a restriction of 
a Mobius transformation. Such a Mébius transformation has to permute the three 
points. Since we know that a Mobius transformation is determined by its values on 
three points, we get an embedding into (actually an isomorphism onto) the group of 
permutations of three elements. It particular, the group of automorphisms is finite. 


The function f can be lifted to an analytic map of the universal coverings, 


F:C—E. 


By Liouville’s theorem, F’' must be constant. O 


Picard’s big theorem states that any analytic map 


fek= 0-0, 


with an essential singularity at 0 is constant. The proof needs a generalization 
of Montel’s theorem ({[FB], Theorem IV.4.9). Before we can formulate this, we 
have to make a comment on the notion of local uniform convergence. 
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3.2 Remark. Let D,D’ Cc C be open subsets of the plane and let 
fa: D— D! 


be a sequence of continuous functions which converges locally uniformly to a 
function 
f:D—C. 


Then, for each point a € D and each neighborhood V(b) Cc D' of the image 
point b = f(a), there exists a neighborhood a € U(a) C D such that U(a) is 
mapped by all fr (n EN) and by f into V(b). 


This small observation, whose proof can be skipped, allows us to generalize the 
notion of locally uniform convergence to Riemann surfaces. 


3.3 Definition. Let X, Y be surfaces. A sequence of continuous functions 
converges locally uniformly to a continuous function 


f: x —Y 
if each point a € X admits charts 


p:U,—>V,, ae€U,cx, 
y:Uy — Vy, bEeUy Cy, 


such that Uy is mapped by all fy, and by f into Uy and such that the sequence 


Wo frog: Vy — Vy 


converges locally uniformly to wo foptt. 


It is clear that for open subsets X,Y of the plane, we obtain the usual notion 
of locally uniform convergence. 


3.4 Theorem (generalized Montel’s theorem). Let X, Y be two Rie- 
mann surfaces. Assume that the universal covering of Y is biholomorphically 
equivalent to the unit disk. Let 


fn: X —~Y 
be a sequence of analytic functions. We assume that (f,(a)) has a convergent 


subsequence in Y for at least one pointa € X. Then fn admits a locally 
uniform convergent subsequence. 
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If X is an open domain in the plane and Y is a disk, then we obtain the usual 
Montel’s theorem. (The assumption that (f,,(a)) has a convergent subsequence 
is inessential, since it is satisfied for any a € X if one replaces the disk by a 
slightly larger disk.) 

Proof of Theorem 8.4. We may assume that the sequence f,,(a) converges to 
be Y. We consider the universal coverings X35 Xand\:EOY. Letae X 
be a preimage of a and beEbea preimage of b. We lift f, to a sequence 


Por X => D 


of analytic functions. This can be done in such a way that F,,(@) is mapped to 
a given preimage of f,,(a). Hence we can arrange that F,,(@) converges to b. By 
the usual Montel’s theorem, F;, has a locally convergent subsequence. We can 
assume that this is the full sequence. The limit function F’ maps a into E. By 
the maximum principle, X is mapped into E (and not only into the closure). 
Now we can compose F' with the covering map A: E — Y. Like Xo F,,, the map 
Xo F is invariant under the deck transformation group of X — X. Hence it is 
the lift of a function f : X — Y. Clearly, f, converges to f locally uniformly. 
oO 


3.5 Theorem (Picard’s big theorem) (Picard 1879). Let 


f:E =E-—{0}—>+C 


be an analytic map with an essential singularity at 0. Then f takes all values 
of the complex plane with at most one exceptional point. 


Before the proof, we make a remark: 


Let gn, € E’ be a null sequence and let f : E° — C be an analytic function. 
Assume that fn(q) = f(qnqg) converges locally uniformly in the unit disk. Then 
f has a removable singularity at 0. 


Proof of the remark. Since the sequence converges locally uniformly, it is 
bounded on the circle |q| = 1/2: 


IflanQ1<C, al =1/2. 


This means that f is bounded on a sequence of circles whose radii converge to 
0. By the maximum principle, f is bounded between each of those circles (by 
C). This shows that f is bounded in 0 < |z| < 1/2. By Riemann’s removability 
theorem, 0 is a removable singularity. O 


After this preparation, we can give the proof of Picard’s big theorem. 


Proof of Theorem 8.5. We have to show that an analytic function 


f:E —C-— {0,1} 
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cannot have an essential singularity. We argue indirectly and assume that 0 
is an essential singularity. By the Casorati-Weierstrass theorem, there exists a 
null sequence gn, 0 < |gn| < 1/2, such that f(q,) converges to an arbitrarily 
given point b of the plane. We choose for 6 an arbitrary point which is different 
from 0 and 1. The sequence of functions 


fn: E —>C -— {0,1}, 
fn(Q) := f(24nq), 


converges for at least one point (namely 1/2). By the generalized Montel 
theorem, it has a locally uniformly convergent subsequence. But then, by our 
remark, 0 is a removable singularity. This gives a contradiction. O 


In the proof of Picard’s big theorem, we used uniformization theory: we used the 
uniformization theorem to prove that there exists a holomorphic covering map 


A: E — C — {0,1, co}. 


If we have a direct construction for such a function, we can avoid the uniformization 
theorem. It is a remarkable fact that the theory of modular functions gives such a 
function. The principal congruence subgroup of level two, I'[2], of the full elliptic 
modular group acts on the upper half-plane. There is an explicit construction of a 
modular function A which maps H/T[2] conformally onto the three-times-punctured 
Riemann sphere. This shows that H is the universal covering of the three-times- 
punctured sphere and that ['[2]/{+£} is the deck transformation group. For the 
construction of A, we refer to the exercises. 


Since ['[2] is a normal subgroup of the elliptic modular group I’, the factor group 
T/T [2] acts as a group of biholomorphic transformations on H/T|2]. This factor group 
is isomorphic to the permutation group $,. This is in accordance with the determi- 
nation of the automorphism group of the three-times-punctured sphere mentioned 
above. 


Exercises for Sect. III.3 


1. Let SC C be a finite subset of the plane and let I be the fundamental group of 
C — S (with respect to some base point). Construct a surjective homomorphism 


TZ", n=#S. 


Deduce that the twice-punctured plane and the once-punctured plane are not 
homeomorphic. 


2. The following exercise contains a proof that the fundamental group of the twice- 
punctured plane is not commutative. Show, step by step, the following: 
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a) The map 
FiC={0 = C, 2-242" 
is proper. 


b) Let T be the set of complex numbers which consist of the six roots of unity 
of order 6 and the origin, and let S = {—1,2}. The restriction of f defines a 
proper and locally biholomorphic map 

fg  C H=T — CHS. 
c) The transformations 


ze>iz and z--> — 
z 


are deck transformations which do not commute. 


3. Let S Cc € be a finite subset of the sphere. Show that the fundamental group 
C — S is commutative iff #5 < 2. 


4. In [FB], Sect. VI.5, we introduced the Jacobi theta series J), 0,0. Use the results 
proved there to show that the function 


X(z) = = 
O(z)* 
is invariant under the principal congruence group ['[2]. It generates the field of 
modular functions. It induces a biholomorphic map from H/T'[2] onto the three- 
times-punctured Riemann sphere. Which three points are missing? 


(The function 2 is Klein’s lambda function.) 


4. Appendix A. The Fundamental Group 


Let X be an arcwise connected topological space. We want to construct, for 
each point a € X, a group, called the fundamental group 7(X,a). Its elements 
are homotopy classes of closed curves with base point a. The isomorphy type of 
this group does not depend on the choice of the base point. Hence one speaks 
of the fundamental group of X. The space X is simply connected if and only 
if the fundamental group is trivial. 


In this section, all curves use the unit interval, 
a: [0,1] — X 
for the parametrization. So, the composition of two curves 
a: [0,1] — xX, 


8:(0,1) > xX with a(1) = G(0), 
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is defined by 
a(2t 
y(0.J—= x, (y= {200 


Notation. y=a-:f. 
The reciprocal, or inverse curve, 
a” : [0,1] — xX 


of a is defined by 
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for0<t<1/2, 
for 1/2<t<1. 


a (f):=o(1-—t) for O<t<1. 


For a(0) = a and a(1) = b, the curve a” runs from 0 to a. 


There are two important equivalence relations for curves a, @ which have 


the same starting point and the same endpoint. 


1) The parameter equivalence. This means that there exists a topological map 


7 :[0,1] — [0,1], 7(0) =0, 71) =1, 


with 
B(r(t)) = a(@). 


Notation. a~ 6 (parameter equivalence). 


2) The homotopy (see also [FB], Chap. IV, Definition A3). 


4.1 Definition. Let 
a,@: [0,1] — xX 


be two curves with the same starting point and the same endpoint 


A homotopy between a and 3 is a continuous map 


H : (0,1) x [0,1] — X 


with the following properties: 


a) The curves 


as: [0,1] — X, a,(t)= H(t,s) 


(s € [0,1)), 


all have the same starting point a and the same endpoint b. 


b) a=a, ay=P. 


We call a and @ homotopic if there exists a homotopy between a and (. 


Notation. a*~B (homotopy). 
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Intuitively, a homotopy # is a continuous deformation of a into @ such that 
the starting points and endpoints are kept fixed: 


4.2 Definition. A closed curve a: [0,1] — X is called nullhomotopic if 
it is homotopic to the constant curve 


a(t) =a(0) (=a(2)), t€ [0,1]. 


We now formulate some simple facts. The proofs are left to the reader. 
1 
2 


wa 


Parameter equivalence and homotopy equivalence are equivalence relations. 


Ww 


Parameter equivalence implies homotopy: 
arp = a-B. 


(Consider H(t, s) = a (t(1 — s) + s7(#)).) 


3) Let 
a, 8,7: [0,1] — xX 


be three curves with the property 


Then 


(a: B)-y~a-(8-y7), andhence (a: 8)-y~a- (G+). 


s 
Ww 


Let a,a’ and , 3’ be two pairs of homotopic curves. Assume a(1) = (0). 
Then the curves a- 3 and a’ - 3’ are homotopic. 


5) The curve a- a7 is nullhomotopic, as the homotopy 


_ f a(2t(1 — s)), 0<t<1/2, 
i eee ~#(1—s)), 1/2<t<1, 


shows. 
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fi -/- _ _ 


ee 


6) Two curves a, 3 with the same starting points and endpoints are homotopic 
iff a+ G~ is nullhomotopic: 


fan p> a-f ~ B-8") 
(see the figure above). We choose a point a € X and denote by 
S(X, a) 


the set of all closed curves with base point a. Homotopy defines an equivalence 
relation on S(X,a). The set of equivalence classes is denoted by 


m™(X,a) = S(X,a)/-. 


We shall sometimes denote the homotopy class of a curve a by [a]. Our obser- 
vations so far show the following fact. 


4.3 Remark. The definition 
[a] - [6] = la: 8] for a, 8 € S(X,a) 


is independent of the choice of the representatives and defines a composition 
on 7(X,a). In this way, m(X,a) is equipped with the structure of a group. Its 
unit element is the homotopy class of the constant curve (with starting point 
and endpoint a). The inverse of [a| is [a]~t = [a7]. 


We call 1(X,a) the fundamental group of X with respect to the base point 
a. Other names are the Poincaré-group and the first homotopy group. Since 
higher homotopy groups can also be defined, we also use the notation 71(X, a) 
for the fundamental group. We now investigate how 7(X,a) depends on the 
base point a. 


Let a,b € X be two points. We connect them by some curve 
7: [0,1] — X, (0) =a, y(1) =6. 


We obviously have the following fact. 
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4.4 Remark. The map 


Gy PTX, a) — > WA, by), 
[a] > [y+ a+ 


defines an isomorphism of groups. 


Hence, for (arcwise connected) topological spaces X, the fundamental group 
m(X, a) is independent of the choice of a up to isomorphism. So, we sometimes 
write 7(X) instead of 7(X,a). But this has to be done with caution, since 
there is no distinguished (canonical) isomorphism. (It depends on the choice 
of ¥.) 


4.5 Definition. A topological space X is called simply connected if it 
is arcwise connected and if any two curves with the same starting points and 
endpoints are homotopic. 


The notion of “nullhomotopic” is connected with the following notion of “fill- 
able”. 


4.6 Definition. A continuous map of the circular line 


a:0E— xX 


is called fillable if it admits a continuous extension to the closed unit disk 


A:E—X. 


The same definition can be used with the square Q = [0,1] x [0,1] instead of 
the disk E. There is no difference, because there exists a topological map of Q 
onto E which also maps the boundaries topologically. 


4.7 Remark. Let X be an arcwise connected space. The following conditions 

are equivalent: 

1) X is simply connected (in the sense of Definition 4.5). 

2) w(X,a)={e} for someae X. 

3) m(X,a)={e} forallae X. 
) 


4) Every continuous map 


is fillable. 
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(e denotes the unit element of the fundamental group.) 


Proof. The equivalence of 1), 2), and 3) is already clear. Hence it is sufficient 
to prove the equivalence of 2) and 4). 


2) = 4). Let a: OE — X be a continuous map. The curve 


att) =a") 


is nullhomotopic. Let H(t, s) = @;(t) be a deformation of ( into the point ((0). 
Then 


A(re?7"") = fixie), 0 = r,t = 1, 


defines a filling of a. 


4) = 2). Let a be a closed curve. By assumption, there exists a filling A : 
E — X with A(e?™") = a(t). The map 


H(t,s) = A(s+(1- s)e?™"") 


is a homotopy which contracts a to a point. 


Examples of Fundamental Groups 


1) Let DC R” be star-shaped with center a € D. Then 7(D,a) = {e}, since 
H(t,s) = (1— s)a(t) + sa 
defines a homotopy between a and the constant curve ((t) = a for t € [0, 1]. 


Hence every star domain and, in particular, R” itself is simply connected 
for each n EN. 


i) 
Ww 


In [FB], Chapt. IV, Proposition A10, we showed that the fundamental group 
of the punctured disk is isomorphic to Z. The isomorphism is given by 


n(C’,1) —Z, 


[a] +> winding number of a around 0. 


But the fundamental group of a topological space is commutative only in 
very exceptional cases. For example, the fundamental group of the twice- 
punctured plane is not commutative (see Exercise 2 in Sect. III.3). (One 
can show more, namely that it is a free group with two generators.) There 
are several possibilities to extract a commutative “part” from a group, for 
example as follows. 
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Let G be any group; then the set of all homomorphisms Hom(G, R) of G 
into the additive group of real numbers is a linear subspace of the vector space 
of all maps from G into R. The vector space 


H'(X,a) = Hom(n(X, a), R) 


is called the (first) cohomology group of X (with coefficients in R). In principle, 
this group depends on the choice of the base point a. If b is a further base point, 
we can consider some curve y which combines a with b By means of 7, we obtain 
an isomorphism (see Remark 4.4) 


m(X,a) —> 1(X, d). 


This isomorphism usually depends on the choice of 7. But it is easy to show 
that the induced isomorphism 


HX, 6) + (Xa) 


is independent of the choice of y. We call this the canonical isomorphism. 
Since we can identify the cohomology groups for different base points by means 
of a canonical isomorphism, we simply write 


H'(X) = A(X, a). 


Frequently, we write H!(X,R) instead of H'(X) to indicate that we have used 
R as the coefficient domain. In principle, one can take any abelian group 
instead of R as the domain of coefficients. But then the cohomology group is 
only a group and not a vector space. 


The dimension of the vector space H!(X, R) (it can be infinite) is an impor- 
tant invariant of the topological space X. For topologically equivalent spaces, 
the invariants coincide. If X and Y are spaces with different invariants, then 
they cannot be homeomorphic. To illustrate this, we now give an example but 
without proof. 


Let S Cc C be a subset consisting of n complex numbers. It can be shown 
that 


H’(C —S,R)=R". 
If T is another finite subset, then C — S and C —T can be homeomorphic only 


if S and T contain the same number of points. (It can be shown that they are 
then homeomorphic.) We shall treat a special case in an exercise for Sect. 6. 
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5. Appendix B. The Universal Covering 


The following construction of the universal covering is closely related historically to 
the theory of Riemann surfaces. In the theory of Riemann surfaces, a surface is first 
slit in such a way that a surface which is topologically equivalent to a plane domain 
is obtained. Usually, infinitely many copies of this domain are pasted together along 
the slit boundaries to obtain the “universal covering”. 

This can easily be visualized in the case of a torus. A torus can be obtained by 
gluing opposite edges of a rectangle together. The edges define two closed curves 
on the torus. If the torus is slit along these curves, the rectangle is obtained. The 
universal covering of the torus is a plane, which can be imagined as a space obtained 
from infinitely many rectangles, glued together in an obvious way. In a similar way, 
in Chap. IV we shall slit a Riemann surface in such a way that a 4p-gon is obtained. 


The purely topological background came into being only step by step. The uni- 
versal covering, in the sense in which is understood today, was constructed for the 
first time in the well-known book [We] by Weyl. 


We have already introduced the idea of a covering in connection with the con- 
struction of the Riemann surface of an algebraic function, and we have treated 
an extreme special case of covering theory. For the sake of completeness, we 
repeat the basic facts here. 


5.1 Definition. A locally topological map 
f:Y xX 


is called a covering if any point b € Y admits an open neighborhood V(b) with 
the following property: any preimage a € Y of b admits an open neighborhood 
U(a) such that the full inverse image f—'(V(b)) is the disjoint union of all 
Ula), 46. 


rivio)= UY u@ (@#ad SU@)nu@) =9), 
f(a)=b 


and such that each U(a) is mapped topologically by f onto V(b). 


The covering property has an immediate consequence. If we assign to each 
point a € X the total number of points in the fiber over a (this number can be 
infinite), i.e. 

ar #f-*(a) < 00, 


then this map is obviously locally constant (constant on V(b)). This shows the 
following. 
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5.2 Remark. Let Y — X be a covering of a connected space X; then each 
point a € X has the same number of preimages. In particular, the covering is 
surjective if Y is not empty. 


The common number described above is called the degree or the sheet number 
of the covering. The latter term should not be misunderstood in the sense that 
Y is a disjoint union of different sheets which can be distinguished. 


The typical example of a covering of degree n is C' — C’, qr q”. An 
example of a covering of infinite degree is exp: C — C’. In both cases we can 
take for V(b) a plane which is slit along a half-line not passing through b. 


An important tool for the study of coverings is the lifting of curves. We 
recall the notion of curve lifting. 


5.3 Definition. <A continuous map f : Y — X of topological spaces has the 
curve-lifting property if, for any curve 


a: [0,1] — Xx 


and for any point b € Y over a(0) (i.e. f(b) = a(0)), there exists a lift curve 
GB with starting point b, i.e. 


a=foB, BO)=b. 
Sometimes one has to lift not only single curves but also homotopies, as below. 
5.4 Definition. A continuous map 
f:Y—xX 
has the homotopy-lifting property if, for any continuous map 
A: [0,1] x [0,1] — X 
and for any point b€ Y with f(b) = H(0,0), there exists a continuous map 
A: [0,1] x [0,1] —Y 


with the properties 7 
foH=H, H(0,0)=b. 


We know that for locally topological maps, the lift H is uniquely determined 
by H and b. The case where H is a homotopy is of special interest. This means 
that both of the maps maps 


st— H(0,s), s+ H(1,s) 


are constant. 
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5.5 Remark. Let f: Y — X be a locally topological map which possesses the 
homotopy-lifting property. Using the_notation of Definition 5.4, we have the 
result that if H is a homotopy, then H is a homotopy too. 


Proof. By : : 
s+ (0,8), s—> A(1,s), 
we define continuous maps from the unit interval into the inverse images of 
the two points H(0,0) = H(0,s), H(1,1) = H(1,s). If f is locally topological, 
both sets are discrete. Hence both maps are constant. O 


We have already shown the following fact (Proposition I.3.15 and Theorem 
1.3.16). 


5.6 Proposition. Coverings have the curve-lifting and the homotopy-lifting 
property. 
For the more advanced properties of coverings, we need conditions on the un- 


derlying topological spaces which are satisfied for surfaces for trivial reasons. 
One of these properties is the following: 


A space X is called locally arcwise connected if any neighborhood U of an 
arbitrary point a € X contains an arcwise connected neighborhooda EV CU. 


In the following, we tacitly assume that all spaces occurring are arcwise 
connected and locally arcwise connected. 


The curve-lifting and the homotopy-lifting properties are special cases of 
the following lifting property. 


5.7 Proposition. Let 
f:Y xX 


be a covering and let 
g: ZX 


be a continuous map of a simply connected space Z into X, and let c € Z 
and b € Y be two points with the same image point in X, i.e. f(c) = g(b). 
Then there exists a unique continuous “lifting” 


h:Z—-Y 


with the properties 
foh=g, h(c)=b. 


Proof. We connect an arbitrary point z € Z with c by a curve: 
a: [0,1] — Z, a(0) =c, a(1) = z. 


We then consider the image curve goa in X and denote its unique lift for the 
starting point b by - 
8: [0,1] — xX. 
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We define 

hiz) = 6). 
The homotopy-lifting property together with the simple connectedness shows 
that h(z) is independent of the choice of the connecting curve (3. 


It remains to show that h is continuous. Here we have to make use of the 
locally arcwise connectedness. Let us show continuity at a given point Zo. 


Let to = g(zo) and yo = h(zo). We choose an open neighborhood V(yo) 
which is mapped topologically under f onto a neighborhood U(x) of 20. 
After that, we choose an arcwise connected neighborhood W(zo) such that 
g(W(z)) C U(ao). We claim that h(W(zo)) is contained in V(yo). (This 
shows continuity of h at zo, since V(yo) can be chosen arbitrarily small.) Let 
z € W(zo) be an arbitrary point. The image point y = h(z) can be constructed 
as follows: we connect 2) with z in W(zo) and consider the image curve in 
U(x). This curve can be lifted to a curve in Y with starting point yo. Since, 
for trivial reasons, it can be lifted to V(yo), this lift is contained in V(yo). In 
particular, the endpoint, i.e. h(z), must be contained in V(yo). 


5.8 Proposition. Let f:Y — X be a covering of a simply connected space 
X. Then f is trivial, t.e. a topological map. 


This follows easily from Proposition 5.7. O 


In the proof of Proposition 5.7, the only part of the covering property that 
we used was that f is a locally topological map that possesses the curve- and 
homotopy-lifting properties. In particular, Proposition 5.8 holds under this 
weaker property. Since this will play a role in the proof of the monodromy 
theorem, we state this fact specifically here. 


5.9 Supplement (to Proposition 5.8). Proposition 5.8 is true for all 
locally topological f with the curve- and homotopy-lifting properties. 


In the following, we shall construct, under certain assumptions, a very distin- 
guished covering, called the universal covering X. 


5.10 Definition. A covering of an arcwise connected space X , 
(7X — = x, 
is called universal if X is simply connected. 


The following proposition justifies this notion. 


5.11 Proposition. Let 
f:X — xX 


be a universal covering and let 


g:Y —xX 


174 III. Uniformization 


be an arbitrary covering. Then there exists a covering 


hi: X 3 Y 


NS 


Y 


such that the diagram 


commutes (go f =h). 


5.12 Supplement. Leta € X andbeY be points with the same image in 
X, then the map can be constructed in such a way that 


h(a) = b. 
The map is uniquely determined by this property. 


Proof. The existence of a continuous map A with the claimed properties follows 
from Proposition 5.7. It is easy to show that h is a covering if both f and g 
are coverings. O 


5.13 Definition. Let 


f:Y—xX 
be a covering. A deck transformation is a topological map 
y:Y —Y 
such that 
ora] 


The truth of the following remark is immediately clear. 


5.14 Remark. The set of all deck transformations of a covering is a group 
(with respect to composition of maps). 


The group of all deck transformations f : Y — X is the deck transformation 
group. 


5.15 Definition. A covering f : Y — X is called a Galois covering if for 
any two points a,b € Y with the same trace point f(a) = f(b) there exists a 
deck transformation y: Y > Y with y(a) = 6. 


In the case where Y is simply connected, there exists by Proposition 5.11 a 
unique covering map y: Y — Y with 7(a) = b and yo f = f. Since the roles 
of a and b can be exchanged, we see that y is a topological map and hence a 
deck transformation. We obtain the following fact. 
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5.16 Remark. Universal coverings are Galois coverings. 


We now collect together the basic properties of deck transformation groups. 


5.17 Definition. Let T be a group of topological self-maps of a topological 
space X. The group acts freely on X if the following conditions are satisfied: 


1) For any two points a,b € X, there exist neighborhoods U(a),U(b) with the 
property 
VW(U(a)) NU(b) AO => 7a) = 6. 


2) Ifan element y €T has a fixed pointa € X, y(a) =a, then y is the identity. 


5.18 Remark. The deck transformation group of a covering f : Y — X acts 
freely. 


Proof. It is sufficient to prove 1), since 2) is contained in the statement about 
uniqueness in Proposition 5.7. Let us first assume that the points a and b have 
different trace points. Since f is locally topological, we can choose disjoint 
neighborhoods U(a) and U(b) in Y such that their images in X remain disjoint. 
Then, obviously, y(U(a)) M U(b) = 0. In the case where the trace points are 
equal, c= f(a) = f(b), we choose a small connected neighborhood V(c) in X 
whose inverse image is the union of pairwise disjoint neighborhoods U(y) of the 
preimages y € Y, f(y) =c, which are mapped topologically under f onto V(c). 
If y is a deck transformation, then y(V (a)) is contained in the union of all V(y), 
f(y) =c¢. If y(U(a)) NU (0) is not empty, then for reasons of connectedness we 
must have y(U(a)) = U(b). It follows from yo f = f that y(a) = b. Oo 

Now let T be a group of topological self-maps of a topological space X. Two 
points a,b € X are said to be equivalent with respect to T if there exists an 
element 


yel, ya) =. 
The quotient space by this equivalence relation is denoted by X/T. 


5.19 Remark. LetT be a group of topological self-maps of X which acts 
freely. Then the natural projection 


p:X — X/T 


is a Galois covering with deck transformation group I. 


Proof. For an arbitrary given point a € X, we choose an open neighborhood 
U(a) such that y(U(a)) NU(a) = 0 for 7 4 e. Then the image V(b) = p(U(a)) 
is an open neighborhood of b = p(a) with the property 
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The decomposition on the right-hand side is disjoint and each individual 
y(U(a)) is mapped topologically onto V(b). The rest is clear. Oo 


There is a close relation between the universal covering and the fundamen- 
tal group. This connection leads to a proof of the existence of the universal 
covering. 


Let f : X — X be a universal covering. We take a point @ € X and denote 
its image point by a = f(a). We want to assign to an element y of the deck 
transformation group [' an element of the fundamental group 7(X,a). For this, 
we connect the points @ and 7(@) by a curve a, 


a: [0,1] — X, a(0) =a, a(1) = 7(4@). 


Because of the simple connectedness, the homotopy class of this curve is 
uniquely determined. Hence its image in X defines a well-determined ele- 
ment of the fundamental group 7(X,a). The constructed map T —> a(X,a) 
is surjective because of the curve-lifting property and because of Proposition 
5.7. Because of Proposition 5.6, it is also injective. So we obtain the following 
result. 


5.20 Remark. Let X = X be a universal covering, let a be a distinguished 
point in X, and let a be its image point in X. The constructed map 


T — n(X,d) 


is an isomorphism. 


The fundamental group of a space and the deck transforma- 
tion group of its universal covering are isomorphic. 


This observation suggests a construction of the universal covering. Its realiza- 
tion demands certain conditions on the space X, which are satisfied in the case 
of our interest, connected surfaces. What we need is the following: 


A space X is called sufficiently connected if it is arcwise connected and if 
each neighborhood U of an arbitrary point a € X contains a simply connected 
open neighborhood V Cc U. 


We shall assume this property for the rest of this section. 


5.21 Proposition. Every sufficiently connected space admits a universal 
covering. 
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Proof. We fix a point a € X. For an arbitrary point x of X, we denote by (a, x) 
the set of all homotopy classes of curves with starting point a and endpoint z. 
Then we consider the set X of all pairs 

ax 


GA, wer heen. — 


a 


We call the homotopy class A a marking of the point x. So, the elements of 
X are points from X which are equipped with a marking. There is a natural 
projection (if we ignore the marking) 


fi X 3X, 


(x, A) x. 


It is our aim to equip X with a topology in such a way that f : XK + X is a 
universal covering. 

Let U c X bea simply connected subset and let A be a marking of some 
point x9 € U. Then every other point « € U can be marked in a unique way 
as follows. We choose a curve (7 inside U with starting point x9 and endpoint 
x. The homotopy class B of a- @ is unique, since U is simply connected. We 
equip x with the marking B. The set of all (2, B) € X that is obtained in this 
way is a subset W = W(U, (xo, A)). The natural projection maps this subset 
bijectively onto U. 

It seems natural to topologize X in such a way that the sets W are open 
and the map f defines a topological map W — U. This leads to the following 
definition: 

A subset U C X is called open iff the following condition is satisfied: 


Let (a, A) be a point in U. There exists a simply connected neighborhood 
ro CU CX such that W(U, (ao, A)) is contained in U. 


The following three properties are obvious: 


1) This condition defines a topology on -. 

2) The space X is connected and Hausdorff. 

3) The projection f is locally topological (in particular, it is continuous). 
It remains to be proved that: 

4) The map f: X — X is a covering. 

5) X is simply connected. 


Proof of 4). Let x9 € X be an arbitrary point. We choose a simply connected 
open neighborhood U of xo. We obtain the decomposition 


is U W(U, (a0, A)) (disjoint union), 
A 


where A runs over all markings of x9. In this way, we can verify the covering 
property. 
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Proof of 5). First of all, we must show that X is connected. This is the case 
and can easily be proved. We shall skip the proof, since it is sufficient for the 
proof of the present proposition to replace pa by a connected component. It 
remains to show that any closed curve @ in X is nullhomotopic. For this, we 
can assume that the base point of @ is a, marked with the homotopy class of 
the constant curve 6(t) = a. The image of @ is a closed curve a = fod in X. 
Then a(t) = (a(t), Az), where A; is the homotopy class of a curve which joins 
a to a(t): 


There is a distinguished curve from a to a(t), namely the “restriction” (;, 


Bi(s) = a(st), 


which runs from a to a(t) inside a. The proof rests on the following claim. 
The curve 3, is contained in the homotopy class of At. 


Proof of the claim. The claim is true for t = 0. Making use of the continuity of 
q@ and the definition of the topology on xX , we can see that (; is in the homotopy 
class of A, for sufficiently small t. Now we can use a standard argument which 
works in such situations: we consider the supremum of all ¢ with the claimed 
property. The above argument shows that this supremum is equal to 1. 


Since we have assumed that the curve q@ is closed, the starting and end 
markings must agree. This means that a is nullhomotopic. Therefore there 
exists a family of closed curves a, (0 < s < 1), all with starting point and 
endpoint a, which deform a into a constant curve ap = a, a(t) = a. Let s be 
fixed. We mark each point a,(t) as above, considering the restriction a,|[0,¢ 
and reparametrizing it to [0,1]). This gives a lifting of a, to a curve @, on X. 
Obviously, this is a homotopy which contracts @ to a point. O 


An important consequence of the existence of a universal covering is the 
following. 


5.22 Proposition. A sufficiently connected topological space is simply con- 
nected if and only if each connected covering is trivial (i.e. a topological map- 
ping). 

We get a new characterization of the notion of a “covering”: 


A map f : Y — X of a topological space Y into a sufficiently connected space 
X is a covering if and only if, for each simply connected open neighborhood 
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U c X, each connected component of the inverse image f—1(U) is mapped 
topologically by f onto U. 


We conclude this section with some special aspects of coverings of Riemann 
surfaces. There are no additional difficulties. 


We recall the following trivial result (Lemma I.2.8): 


Let f : Y — X be a locally topological map of a surface Y into a Riemann 
surface X. Then the surface Y carries a unique structure in the form of a 
Riemann surface such that f is locally biholomorphic. 


In particular, the universal covering of a Riemann surface is a Riemann surface 
as well. For trivial reasons, the deck transformations are biholomorphic. 


Let Y — X be a locally topological map of Riemann surfaces. An analytic 
structure of Y will not usually induce an analytic structure in X. But in the 
following special situation this is the case. 


5.23 Remark. LetT be a group of biholomorphic self-maps of a Riemann 
surface X which acts freely. Then the quotient space X/T carries a unique 
structure in the form of a Riemann surface such that the natural projection 
p:X — X/T is locally biholomorphic. 


We have proved this for the complex plane X = C and a group of translations 
zt» z+w, where w runs over a lattice. The generalization brings no new 
difficulties with it, and so we shall state it only briefly: 


An open subset U C X is said to be small if the projection p maps it 
topologically onto an open set U’ Cc X/T, and if it is the domain of definition 
of an analytic chart U — V. By inverting p, we obtain a topological chart 
U' — V. The set of all these charts defines an analytic atlas. O 


From the topological covering theory, we obtain the following proposition. 


5.24 Proposition. For every Riemann surface X, there exists a simply 
connected Riemann surface X and a freely acting group TV of biholomorphic 
automorphisms of X such that X and XL are biholomorphic equivalent. The 
pair (X,T) is essentially unique. 


The latter statement means that if (X 1”) is another pair with this property, 
then there exists a biholomorphic map y : X’ — X with the property I’ = 
yp lye. 

It is worthwhile to formulate a special case of the uniqueness property, as 
below. 


5.25 Remark. Let X be a simply connected Riemann surfaces and letT, I’ be 
two freely acting groups of biholomorphic transformations of X. The Riemann 
surfaces X/T, X/I” are biholomorphic iff the groups T, I’ are conjugated in 
the group of all biholomorphic transformations of X. 
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6. Appendix C. The Monodromy Theorem 


The monodromy theorem is a classical result of complex analysis which has a 
purely topological background. For this reason, we treat it in this topological 
appendix. The topological background is the following proposition. 


6.1 Proposition. A locally topological map f : Y — X between sufficiently 
connected spaces is a covering if and only if has the curve-lifting property. 


Proof. The decisive step is to show that f has the homotopy-lifting property. 
sa let H : [0,1] x [0,1] + X be a continuous map and let b € Y be a point over 
H(0,0). We have to lift H to a continuous map H — Y with the property 

H(0. 0) = b. Using the curve-lifting property, we first define H(0,y). Next, we 
define H(a,y) for fixed y by lifting the curve x + H(x,y) with respect to the 
starting point H(0,y). In this way, a map H : [0,1] x [0,1] — Y is defined. It 
remains to prove its continuity. By construction, it is continuous on the left 
edge and on horizontal lines. In the case where the image of H is contained 
in an open subset of Y which is mapped topologically onto its image, the map 
H coincides with the lift which results from inverting f. This consideration 
shows that H is continuous in some neighborhood of the left edge and then, 
by a compactness argument, on a rectangle [0,1] x [0,¢), 0 << ¢ <1. Moreover, 
it then follows that H is continuous on the closure [0,1] x [0,¢]. We simply 
consider an open neighborhood of (x,¢) which is mapped topologically under 
f. After that, we consider the supremum of all ¢ and show that ¢ = 1 as usual. 


Now the rest of the proof of Proposition 6.1 runs as follows. Consider a 
lifting f : Y — Y onto the universal covering (using Proposition 5.7). By 
Supplement 5.9, it is topological. Now it easily follows that f is a covering. 

oO 


The monodromy theorem is a uniqueness statement about the analytic con- 
tinuation of function elements. We introduced the notion of a function element 
in connection with the analytisches Gebilde. Here we want to use this notion 
in a slightly more general form: 


1) We want to consider meromorphic function elements, i.e. we admit poles. 
2) The base space for the function elements is not the complex plane but, more 
generally, a Riemann surface. 


This generalization is harmless and brings no new problems with it. 


By a function element on a Riemann surface X we understand a pair (a, f) 
consisting of a point a € X and a meromorphic function 


f:U(a) —C 


on some open neighborhood of a. Two function elements (a, f) and (b,g) are 
considered to be equal if a = b and if f and g agree in a small neighborhood 
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of a = b. More precisely, this means that we have to consider an equivalence 
relation. When we want to emphasize this, we write [a, f] instead of (a, f) to 
denote the equivalence class. 
Let 
a:I—X, ICR interval, 


be a curve in X. Assume that we have fixed a function element (a(t), f;) for 
each t € I. The family of these function elements is called a regular allocation 
of I if, for each to € I, there exists an open neighborhood U = U (a(to)) of 
a(to) and a meromorphic function 


f:Uu—-C 


such that 
[a(t), f] = [o(t), fi] 


for all t from a sufficiently small neighborhood of to € I. Two function elements 
(a, f) and (b,g) are said to be equivalent if there exist a curve a connecting a 
and b and a regular allocation (a(t), f;) with the property fo = f and fy, = g. 

Let FR be a full equivalence class of function elements on X. As in the case 
X = C (where we considered only holomorphic function elements, which makes 
no difference to the argument), we can equip R with a structure in the form of 
a Riemann surface with the following properties: 


1) The map 
p:R— xX, (a, f)— a, 


is locally biholomorphic. 
2) The function 
> C, (a, f) > f(a), 


is meromorphic. 
3) The curves in R are in one-to-one correspondence with the regular alloca- 
tions in X. 


We obtain: 


4) A regular allocation (a(t), f,) of a curve 
a: [0,1] — X 


is uniquely determined by the starting element (a(0), fo). 


(One says that (a(1), fi) arises by analytic continuation from (a(0), fo) along 
a.) 
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5) Assumption. Let (a, fa) be a function element that can be analytically 
continued along each curve which starts from a. Then the map 


p: RX 


has the curve-lifting property. By Proposition 6.1, it is covering. By Propo- 
sition 5.22, this covering is trivial if X is simply connected. 


These topological considerations contain the following “old-fashioned” mon- 
odromy theorem which is contained in the lectures of Weierstrass. 


6.2 Theorem (the monodromy theorem). Let (a, fa) be a function 
element on a simply connected Riemann surface X which can be analytically 
continued along any curve starting from a. Then there exists a meromorphic 
function 

f:X—C 


with 
[a, Sa = [a, fl. 


As an application of the monodromy theorem, we shall now show that simply 
connected Riemann surfaces are elementary in the sense of Definition 1.1: 


So, let 
x=| Ja, 


be an open covering of X and let 


fi : U; —+C 
be a family of invertible meromorphic functions with the property 
et Fal =lon U; MN U;. 


Let a be a point which is contained in the intersection of two sets of the covering, 
ie. aE U,NU;. WU CU; NU; is a connected open neighborhood of a, then f; 
and f; agree in U up to a constant factor of absolute value 1. 


It follows easily from this property that one of the function elements (a, fi), 
for some fixed chosen i and a € U;, can be analytically continued along every 
curve starting from a. By the monodromy theorem, there exists a meromorphic 
function f on X with [a, f] = [a, fi]. The principle of analytic continuation 
implies that |f/f;| = 1 for all 7. 


6.3 Proposition. A simply connected Riemann surface is elementary in the 
sense of Definition 1.1. 
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Conversely, the uniformization theorem (Theorem 1.2) shows that elementary 
surfaces are simply connected. 


Exercises for the Appendices to Chap. ITI 


1. Let SC C be a finite subset. Show that every biholomorphic self-map of C — S$ 
is the restriction of a Mdébius transformation. 


2. Let P(z) be a nonconstant polynomial and let M a Mébius transformation with 
the property P(M(z)) = P(z) for all z. Show that M is affine, i.e. M(z) = az+b. 


3. Construct a polynomial P of degree > 1 such that every Mobius transformation M 
with the property P(M(z)) = P(z) is the identity. (This means that the matrix 
M is a scalar multiple of the unit matrix.) Show that such a polynomial is of 
degree at least three. 


4. Let P be a nonconstant polynomial. Suppose that we choose a finite set S C C 
such that its inverse image T = P~'(S) under P contains all points at which the 
derivative of P vanishes. Show that P : C — T —> C — S is a covering. 


5. Construct, by means of the results of Exercises 1—4, a non-Galois covering. 


6. Let X — X be a universal covering with deck transformation group I. Let 
Y — X be an arbitrary covering. Suppose that we choose a covering X — Y as 
in Proposition 5.11. 


Show that the covering X — Y is Galois, and that its deck transformation 
group I’, is a subgroup of I’. Show that the degree of Y — X is finite iff the index 
of I’, in I is finite, and then that the index and the degree agree. Show that the 
covering Y — X is Galois iff 9 is a normal subgroup of . Show that in this 
case, the factor group ['/T’y is canonically isomorphic to the deck transformation 
group of Y > X. 


7. Show that any subgroup of index 2 is a normal subgroup. 


8. Show, by means of the results of Exercises 6 and 7, that every covering of degree 
2 is Galois. 


9. An analytic function f on a simply connected Riemann surface has an analytic 
logarithm. 
Give two proofs: 


a) Use the monodromy theorem. 
b) Integrate the differential df/f. 


IV. Compact Riemann Surfaces 


This big chapter is devoted to the theory of compact Riemann surfaces. Tori are 
examples of compact Riemann surfaces. This means that we generalize the theory 
of elliptic functions here. A compact Riemann surface can be associated with any 
algebraic function, and in this way we obtain all compact Riemann surfaces. The 
compact Riemann surfaces achieve the same result for the integration of algebraic 
functions as does the theory of elliptic functions for the elliptic integrals. The triumph 
of the theory of Riemann surfaces was that it made the “integrals of the first kind” 
understandable and solved the so-called Jacobi inversion problem. We have to go a 
long way to achieve this aim. At the end, we shall arrive at the best-known theorems 
of the theory of Riemann surfaces, such as the the Riemann—Roch theorem, Abel’s 
theorem, and the Jacobi inversion theorem. On the way, we must also understand the 
topology of compact Riemann surfaces. We shall treat the topological classification 
completely here. 


1. Meromorphic Differentials 


Here, we will reformulate the central existence theorem for Riemann surfaces 
and, in this connection use the language of meromorphic differentials instead 
of harmonic functions with singularities. (After this reformulation, potential- 
theoretic methods can be dispensed with.) 


1.1 Definition. A holomorphic differential w on an open subset U C C is 
a differential of the special form w = f(z)dz with a holomorphic function 
f:U—-C. 


So, holomorphic differentials are special differentials as introduced in the ap- 
pendix of Chap. II (Sect. II.13). They are of the form fdz = fdx +ifdy, with 
a holomorphic function f. The rules which we developed there for differentials 
of the form f dx + gdy become much simpler for holomorphic differentials and 
holomorphic transformations. Once more, we collect together the basic rules 
for calculations with holomorphic differentials: 


1) The holomorphic differentials on an open domain D C C are in one-to-one 
correspondence with the holomorphic functions on D. 


The transformation formula for holomorphic differentials under holomorphic 
transformations is very simple: 


2) If p: U —+V, U,V CC open, is a holomorphic map, and w = g(w) dw is 
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a holomorphic differential on V, then 


y*w = 9(p(z)) - y'(z) dz. 


This “pullback” is transitive. 


3) The total derivative of a holomorphic function is 


af = f' (a) dz. 


4) Holomorphic differentials are closed, i.e. their total derivative is 0. 


This follows, for example, from the fact that holomorphic functions locally 

admit primitives. 

5) Let (X,A) be a Riemann surface. Since X can then be considered as a 
differentiable surface, the notion of a differential form and, in particular, of 
differentials (Definition II.13.10) can be used. Because of Remark II.13.9, 
the components w, have to be defined only for a subatlas, for example the 
atlas of all analytic charts or a subatlas A of it. A differential (w,,) is called 
holomorphic if w, is holomorphic for all analytic charts. It is sufficient to 
demand this for all y in the subatlas A. This leads us to the following very 
simple direct description of holomorphic differentials on Riemann surfaces. 


1.2 Remark. A holomorphic differential w = (w,) on a Riemann surface 
(X,A) is a map which assigns to each analytic chart p:U, — Vz a holomor- 
phic differential 

Wy = f,dz 


such that for any two analytic charts py, w the formula 


(Pop ')*wy = wy 


f : (X, A) —? (Y, B) 
is an analytic map of Riemann surfaces, then for every holomorphic diffe- 
rential w on Y, the pulled-back differential f*w on X is holomorphic too. 


Notation. ((X) is the set of all holomorphic differentials on X. This is a C- 
vector space, and also a module over the ring O(X) of holomorphic functions 
on X. 


Meromorphic Differentials 


Let X be a Riemann surface, let S C C a be discrete subset, and let w be a 
holomorphic differential on X — S. For each s € S, we can choose an analytic 
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map y:U —V,s" 0 with UNS = {s}. Then U — {s} — V — {0} is 
an analytic chart on X — S$, and, with respect to this chart, w is of the form 
f(z)dz with a holomorphic function on V — {0}. It may happen that f has an 
inessential singularity at 0, i.e. f defines a meromorphic function on V. The 
compatibility condition for the w, implies that this condition is independent 
of the choice of y. The same is true for 


Ord(w, s) := Ord(f,0). 
If this number is negative, we call s a pole of w of order — Ord(w, s). 


1.3 Definition. A meromorphic differential w on a Riemann surface X 
is a holomorphic differential 


w € OX —S), 
where S Cc X is a discrete subset of X. The points of S are assumed to be poles 
of w. 


For an analytic chart y : U, — V,, we define in an obvious way the local 
component 


We= fo(2) de; 


with a function f, that is meromorphic on V,. So, the meromorphic differential 
can be considered as a family of meromorphic functions f, : V, — C with the 
usual compatibility relations. 


Notation. 
K(X) = set of all meromorphic differentials on X. 


We define algebraic operations on K(X) similarly to the case of meromorphic 
functions. 


1.4 Remark. Meromorphic functions can be added to and multiplied by 
meromorphic functions, 1.e. 
K(X) is a module over the ring M(X) of meromorphic functions. 


There is a map (the “total differential”) 
d: M(X) — K(X), fre d(f). 


(In “local coordinates”, d(f) = f'(z) dz.) 


Now let wo be a meromorphic differential on the Riemann surface X which 
does not vanish identically on any nonempty open subset. Let w be another 
meromorphic differential, let 


p:U,g—V, 
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be an analytic chart on X, and let 
Wo = Jy dz, Wo, = hy dz. 


Then (o(e)) 
_ ge (la : 
FO (lay 7S Fe 


is a meromorphic function on U,. The functions f,, coincide on the intersection 
of two charts, since the transformation factors cancel. Hence they define a 
meromorphic function on the whole X. This shows the following. 


1.5 Lemma. Let wo be a meromorphic differential on the Riemann surface X 
which does not vanish identically on any open subset. Then each meromorphic 
differential is of the form 


w= fwo, 
with a meromorphic function f. 


In other words, the map 


is bijective. 
Notation. f= — 
Wo 
In analogy to meromorphic functions, we can make the following remark. 


1.6 Remark. A meromorphic differential on a connected Riemann surface 
vanishes identically if it vanishes on some open nonempty subset. 


The Residue 


The residue of an analytic function satisfies certain transformation formulae 
(see [FB], Sect. III.6, Exercise 10). 


Let p:U — V be a biholomorphic map between open subsets of the plane and 
let f be a meromorphic function on V. For any a € U, the transformation 
formula 


Raat fCai) ola) = Reale’ @)iteta)s0) | 


holds. 


This follows easlily from the representation 


1 
Resg w = aa f fe) dz, 
271 
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where the integral is taken along a small circle around a, and the transformation 
formula for line integrals. Another proof can be given by means of the series 
expansions of f and y’. 


The factor y’(z) that occurs in this transformation formula prohibits a 
meaningful definition of the residue of a meromorphic function. But since this 
factor appears in the compatibility property of a meromorphic differential, it 
is possible to give a meaningful definition of the residue of a meromorphic 
differential. 


1.7 Remark and Definition. Let w = (wy) be a meromorphic differential 
on a Riemann surface X and let a be a point in X. We choose some analytic 
chart y whose domain of definition contains a. The expression 


Res(w;a) = Res(f:e(a)) (wp = fir dz) 


is independent of the choice of the chart. It is called the residue of the 
differential w at a. 


Now we come to the construction of meromorphic differentials. We have to 
make use of the existence theorems for harmonic functions given in Chap. II. 
At the beginning of Sect. II.10, we mentioned that one can attach to a harmonic 
function u on an open subset of the plane a holomorphic function 


If u is the real part of an analytic function F' (which is always locally the case), 
then w = dF = f(z) dz. From this we can easily deduce the following (compare 
Remark II.10.3). 


1.8 Remark. Let wu be a harmonic function on a Riemann surface X. If we 
assign to an analytic chart p: U — V the differential 


Ou Ou 7 
id te (Se -i2) dz (Up =Uuoy 1), 


we obtain a holomorphic differential. 


We call w the differential which is associated with w. 


Now we shall discuss the question of how far the poles of a meromorphic 
differential on a compact Riemann surface can be prescribed. On a compact 
surface, of course, only finitely many poles are possible. 


1.9 Proposition (residue theorem). Let w be a meromorphic differential 
on a compact Riemann surface X. Then the sum of all residues of w is 0. 
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Proof. For each pole a € X, we choose a disk 


4:0, — E, atr—> 0. 


We can assume that these disks are pairwise disjoint. The open subset 


G=X- |) U.G/2) 


a pole 


is relatively compact (since X is compact) and has a smooth boundary. The 
general Stokes’s theorem gives, because dw = 0, 


o= fw=-> : w= —2mi d” Resaw. Oo 
aU ad 


* 0U4(1/2) 


Actually, the residue theorem is the only restriction on the existence of a 
meromorphic differential. A central existence theorem states the following. 


1.10 Theorem. Let S C X be a finite subset of the Riemann surface X. 
Assume that for each point a € S an open neighborhood U(a) and a meromor- 
phic differential w_ on U(a) are given. We assume that the neighborhoods are 
pairwise disjoint and that w, is holomorphic on U(a) — {a}. We also assume 


that 
ss Res, Wa = 0. 
aces 


Then there exists a meromorphic differential w on X which, outside S, has no 
poles and is such that w — wa extends holomorphically to U(a). 


Proof. 
First case. All residues are zero. 
Let 


f:E —C 


be an analytic function on the punctured unit disk whose residue at 0 vanishes. 
Then f admits a holomorphic primitive F (by termwise integration of the 
Laurent series). If u is the real part of F', then the differential associated with 
u is f(z) dz, since we have 


ae Oy 


The central existence theorem (Theorem II.12.2) shows that if the residue of 
W,, vanishes at a, then there exists a harmonic function 


h: X —{a}— C 
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such that the associated differential w(h) € Q(X — {a}) has the property that 
w(h) — wa (on U(a) — {a}) 


has a removable singularity at a. 
This proves Theorem 1.10 if all residues of wg vanish at a. 


Second case. Let S Cc X be a finite subset. Assume that for each s € S there 
is given a complex number a, such that 


Sa 


ses 


Claim. There exists in X a meromorphic differential w € Q(X — S) such that 
Res,w=a, forse S 


and such that all poles are of order one. 
Proof. It is sufficient to treat the case in which S$ consists of two points s, s’ 
and where 

Ag = —Ay = 1. 


The general existence theorem (Theorem II.12.2) gives the existence of a har- 
monic function 
u:X —{s,s'} —C 


such that wu is logarithmically singular at s and —u is logarithmically singular 
at s’. The associated differential has the desired property because, in the case 
u(z) = — Log(z), we have 


Ou _ Ou i 
Ox Oy z 
This completes the proof of Theorem 1.10. Oo 


By division of two meromorphic differentials with different poles, we can 
now construct nontrivial meromorphic functions. In this way, we see that our 
existence theorems about harmonic functions imply the following fundamental 
existence theorem for meromorphic functions. 


1.11 Theorem. On any Riemann surface, there exists a nonconstant mero- 
morphic function. 


For a nonconstant meromorphic function f on a connected Riemann surface, 
we can consider the meromorphic differential df. Any other meromorphic dif- 
ferential can be written in the form g df, with a further meromorphic function. 
Hence meromorphic functions and differentials are closely tied together. 
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Exercises for Sect. IV.1 


1. Let LC C be a lattice and let X = C/L be the associated torus. The meromor- 
phic differentials on X are in one-to-one correspondence with differentials of the 
form f(z) dz, where f is an elliptic function. 


From this, deduce: 
1) The residue theorem (Proposition 1.9) implies the third Liouville theorem. 


2) The vector space of holomorphic differentials is one-dimensional. 


2. Let f(z) be a holomorphic function in |z| > r (r > 0). The differential f(z) dz 
has a removable singularity at oo € C iff 


has a removable singularity at the origin. Deduce from this that on the Riemann 
sphere, there exists no nonvanishing holomorphic differential. 


3. Let X be a Riemann surface and let T be a group of biholomorphic automorphisms 
of X which acts freely. We denote the natural projection by p: X — X/T. Show 
that the map 

wWeow=pw 
gives a bijection between the set of all holomorphic (or meromorphic) differentials 
on X/T and the set of all [-invariant holomorphic (or meromorphic) differentials 
on X. (“[-invariant” means that y*@ = @ for all y € [.) 


4. Let DC C bea domain and let M € SL(2,C) be a Mobius transformation which 
leaves D invariant. Show that a meromorphic differential f(z) dz on D is invariant 
under M iff 


f(Mz) = (cz +d)’ f(z). 


5. Let X be a compact Riemann surface. 


A differential of the first kind is a differential which is holomorphic on X. 
An elementary differential of the second kind is a meromorphic differential with 
precisely one pole. An elementary differential of the third kind is a meromorphic 
differential which has two simple poles and no other poles. 


Show that any meromorphic differential is the sum of finitely many elementary 
differentials and a differential of the first kind. How far is this decomposition 
unique? 
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2. Compact Riemann Surfaces and Algebraic Functions 


In the following, X is a connected and compact Riemann surface. From the 
existence theorem of the last section, we deduce the following. 


2.1 Proposition. Let Sc X be a finite subset. Assume that for each s € S 
a complex number b, € C is given. There exists a meromorphic function 


f:X —>C such that f(s) =, forse S. 


Proof. Let 


g(z) =az-? + higher terms, 


h(z) = 62-7? + higher terms 


be two Laurent series which converge in a punctured disk around the origin. 
Assume that @ # 0. Then the function g(z)/h(z) has a removable singularity 
at the origin, and its value there is a/G. This little observation together with 
Theorem 1.10 shows that Proposition 2.1 can be proved by dividing two suitable 
meromorphic differentials. O 


Ramification Points 


Let f : X — Y beanonconstant holomorphic map between connected Riemann 
surfaces. A point a € X is called a ramification point if there is no open 
neighborhood which is mapped biholomorphically onto its image. (Sometimes 
the image b = f(a) in Y is also called a ramification point; a is a ramification 
point “upstairs” and 6 a ramification point “downstairs”.) We know from 
Remark 1.1.17 that any analytic map f is locally of the form q+ q”. We 
call n the ramification order. Hence a ramification point is present if and only 
ifn > 1. If the map f : X — Y is proper, there is a better description of 
ramification points. The case Y = E is of special importance. We assume that 
a is the only possible ramification point and that it lies over 0 € E. Then 
X — {a} > E’ isa locally biholomorphic and proper map. We can apply the 
result of covering theory stated in Proposition I.3.17. A slight variant states 
the following. 


2.2 Proposition. Let f : X — E be a proper, holomorphic map between 
connected Riemann surfaces, with the only possible ramification point being a, 
which lies over the origin. Then there exists a biholomorphic map 


~N 


p:X — E 
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such that the diagram 


ye 
~ 


xX I 


N7 


1G 


mr 


commutes. 


Proof. It follows from covering theory (Proposition 1.3.17) that there exists 
a biholomorphic map X — {a} — E” with the corresponding property. The 
extension a +> 0 gives an obviously continuous map X — E. The Riemann 
removability theorem of standard complex analysis shows that it is analytic. 
But, as in standard complex analysis, we can show that bijective holomorphic 
maps between Riemann surfaces are biholomorphic. O 


Now we treat the important special case where f : X — Y is a nonconstant 
map of compact Riemann surfaces. Let b be some point of Y. It has only 
finitely many preimages a1,...@,. We denote by ki,...,kn the ramification 
orders of each of these points. 


Notation. The point b has 
kya, Spiers knQn 
preimages, if we count them with multiplicities. 


2.3 Proposition. Let f : X — Y be a nonconstant proper, analytic map 
between connected compact Riemann surfaces. Each point has the same number 
of preimages if one counts with multiplicities. 


Proof. We assign to each b the number of preimages, counted with multiplicity. 
It is sufficient to show that this map is locally constant. For this, we can 
assume that Y is the unit disk. Now we apply Proposition 2.2 to each connected 
component of f~!(V). We have to note that the restrictions to the connected 
components remain proper (since they are closed). O 


2.4 Definition. The degree of a nonconstant analytic, proper map f :X — 
Y between connected compact Riemann surfaces is the number of preimages 
(counted with multiplicity) of a point of Y. 


Another way to define the degree is as follows. We denote by Jo the set of 
ramification points, by S = f(T) its image under f, and by T = f~!(S) its 
inverse image. These are finite sets. The map X — T’— Y — S is proper and 
locally biholomorphic and hence is a covering. We can consider the covering 
degree in the sense of Remark III.5.2. This coincides with the degree in the 
sense of Definition 2.4, since all multiplicities are one. 
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At any rate, our discussion of the degree rests ultimately on a purely topo- 
logical result, namely the classification of coverings of E’. Because of the great 
importance of this result, we shall mention for the special case Y = C a com- 
pletely different, purely function-theoretic proof. So, let f : X — C bea 
meromorphic function. It is sufficient to show that f has the same number 
of poles and zeros, since we can then apply this result to f — C. First of all, 
we notice that the order Ord(f,a) of f at a zero agrees with the ramification 
order. For a pole, the ramification order is — Ord(f,a). Hence the claim is 


S° Ord(f,a) = 0. 


acx 


But we have the formula 


Ord(f, a) = Res(F a), 


and so the claim follows from the residue theorem (Proposition 1.9). 
2.5 Lemma. Let 
f:xX—C (X compact, connected) 


be a nonconstant meromorphic function of degree d. Any other meromorphic 
function g: X > C satisfies a relation 


Here R, : C —> C are rational functions. 


Supplement. Assume that there exists a point b € C — S which is not the 
image of a ramification point and is such that the restriction of g is injective 
on the fiber f—1(b). Then Rg is different from zero. 


Proof. We choose some finite subset S C C which contains the images of 
the ramification points and is such that the set of poles of g is contained in 
T := f~1(S). Then we define the function 


d 
F(z,w):= II (w — g(b)) = 5° R,(z)w", weC,zeC-sS. 
F(b)=2 v=o 


From the fact that the restriction of f, 


f:X-T—C-S 
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is a covering, we can show easily that the functions 
R,:C-S—C 


are holomorphic. 
Claim. The functions R, are meromorphic on the whole of C. 


(This proves Lemma 2.5, because for trivial reasons we have 


>> B (f(z) 9(2)” = F (F(Z), 9(2)) = 0.) 
The proof of the claim is a consequence of the following statement. 


2.6 Remark. Let f : X — Y be a proper surjective holomorphic map of 
Riemann surfaces and let 


Sey, Tel Sex 
be a discrete subset. We denote the covering degree of 
X-T—Y-S 


by d. We then have: 

1) A function R: Y — C is meromorphic if and only if its composition with 
f Rof:X —C is meromorphic. 

2) Let g be a meromorphic function whose poles are contained in T. Addi- 
tionally, let S(z,...,2a) be a symmetric polynomial in d variables (i.e. 
invariant under permutations of the variables). Then the function 


G(x) = S(g(x1),---,9(ta)), EX -T, f"(F(2)) = {a1,..-, 2a}, 


extends to a meromorphic function on X. 


The second part of the remark is trivial if the map f : X — Y is “Galois”. 
This means: 


There exists a finite group T of holomorphic automorphisms of X such that 


f-* (F(z) = {r(z); -y eT} force X. 


Namely, in this case, the function G is a polynomial in the meromorphic func- 
tions goy, y € [. An example of a Galois map is the “ramification element” 


7 7 d 
IS 


Here the elements of [’ are multiplication by roots of unity of order d. The 
proof of the remark (and also of the first part) follows from the classification 
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of the ramification points, because f is locally equivalent to the ramification 
element. 


Proof of the supplement to Lemma 2.5. We apply part 2) of the above remark 
to the symmetric polynomial 


S(z1,.--,24) = II (zi; — 2;)? 


1<i<j<d 


and obtain the following result. 

When the restriction of g on one fiber f—1(b) (b € C —S) is injective, then this 
is true for all fibers with finitely many exceptions. 

We can express the property described in the supplement briefly but meaning- 
fully as follows. 

Notation. (Assumptions as in the supplement.) The function g is injective 
on the generic fiber of f. 


Now the proof of the supplement is clear too. We choose a point x € X that is 
general enough. Then the polynomial 


is different from zero and has d distinct roots (namely, the values of g on 
f-+(f(2)). This implies that Rg (f(x)) 4 0. Oo 


The Field of Meromorphic Functions 


The field of meromorphic functions M(X) contains the field of constant func- 
tions. For simplicity, we identify a complex number with the corresponding 
constant function. So, M(X) can be considered as an extension field of 


CcM(X). 


The simplest case is the Riemann sphere X = C. In this case M(X) is the 
field of rational functions 


Let C Cc K, where K is an arbitrary field extension of C. Then any element 
f © K, f € C, is transcendental over C. This means that for any polynomial 
P € C[z] which is different from 0, P(f) is different from zero too. This follows 
from the fundamental theorem of algebra, since P already has all its possible 
roots on C. In particular, for an arbitrary rational function 


R= P,QeClz], Q£0, 
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the expression 


R(f) = a 


is well defined. The map f — R(f) defines an isomorphism of fields 

C(z) > C(f) cK 
onto the subfield of K which is generated by f. A field extension is called finite 
(or, sometimes, finite algebraic) if L is a finite-dimensional K-vector space. 


2.7 Definition. A field K D C is called an algebraic function field of 
one variable if there exists an element f € K, f ¢ C, such that the extension 


K>C(f) 
is finite. 


We use the following theorem from elementary algebra. 


2.8 Theorem (theorem of the primitive element). Let K be a field of 
characteristic zero, and let LD K be a finite extension of degree d. Then there 
exists an element f € L such that the powers 


oe ce (d := dimx L) 
form a basis of L over K. 


This theorem implies the following statement. 


Let K be a field of characteristic zero and let L > K be some field extension. 
Assume that there exists a natural number d > 0 such that any element f € L 
satisfies an algebraic equation 


fitaaif?'+...taf + a9 =0 witha; eK (0<j<d). 
Then the extension is finite. 
Otherwise, one could construct an increasing chain of finite extensions of K, 
C C C C 


The degrees 
d; = dim x K; 

become arbitrarily large. On the other hand, the assumption together with the 
theorem of the primitive element shows that 

d; <a. Oo 
2.9 Proposition. The field of meromorphic functions on a compact connected 
Riemann surface is an algebraic function field of one variable. More precisely, 
we can say that if f € M(X) is an arbitrary nonconstant meromorphic function 


of degree d and g € M(X) is a meromorphic function which is injective on the 
generic fiber of f, then 


M(X)=C(f)@C(f)g@...@C(f)g*?. 


The existence of f and g is ensured by the existence theorem (Proposition 2.1). 
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The proof is clear. One the one hand, we have 
dime ) M(X) < d 


(by Lemma 2.5 and the theorem of the primitive element, Theorem 2.8). On 


the other hand, the elements 1,g,...,g¢~! are linearly independent because of 
the supplement to Lemma 2.5. Hence they must be a basis. O 
Examples. 


1) Let L Cc C be a lattice and let X := C/L be the corresponding torus. 
The Weierstrass -function has a degree (= order) of two. Its derivative is 
injective on the generic fiber (otherwise o’ would be even). We obtain 


M(X) = C(g)  9'C(p), 
in accordance with the theory of elliptic functions ({[FB], Theorem V.3.3). 


Let X be the Riemann surface of an algebraic function. The field of mero- 
morphic functions is generated by “the two projections” p and qg; more 
precisely, 


i) 
Ww 


d-1 


M(X) =QC(p)q’. 


v=0 
Now we have collected together all of the tools that we need to show that each 
compact Riemann surface is the Riemann surface of an algebraic function. 


With the notation of Lemma 2.5, we have 


with suitable rational functions R,. Multiplication by a common denominator 
shows that there exists a polynomial P(z,w) € C[z,w] with the following 
properties: 


a) P(f,g) =0. 
b) For almost all z, the degree of P as a polynomial in z is d. 
Additionally, we can achieve the following result. 


c) The coefficients a,(z) of the polynomial 


d 
P(z,w) = > ay (z)w” 
v=0 


do not have a common divisor in C[z]. 
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The the polynomial P is then irreducible. We denote by 
X(P):={(zZ,w)eCxC; P(z,w)=0} 


the algebraic curve which is associated with this curve. We choose a finite set 
S CC large enough that the poles of f and g are contained in T := F~1(3S), 


to obtain a map 
X—-T— X(P), 


ar— (f(x), 9(@)). 


If S is taken large enough, then this map will be injective. We denote its image 
by X0(P). The complement of Xp(P) in X(P) consists of finitely many points. 


The two maps f and g in the following commutative diagram, 


xX T = > Xo(P) 


are locally biholomorphic. In particular, y is holomorphic and hence biholo- 
morphic. 

Making use of the uniqueness of the compactification of a Riemann surface 
(Lemma I.3.8), we obtain the following result. 


2.10 Proposition. Every connected compact Riemann surface is biholomor- 
phically equivalent to the Riemann surface which is associated with an irre- 
ducible polynomial P(z,w) € C[z,w}. 


As we have shown in Propostion 2.9, the field of meromorphic functions of a 
compact Riemann surface is an algebraic function field of one variable. Con- 
versely, we can show that each algebraic function field of one variable is iso- 
morphic to the field of meromorphic functions of a suitable compact Riemann 
surface. Here we say that two algebraic function fields of one variable are iso- 
morphic if there exists a field isomorphism o : K > L which is the identity on 


C. 


2.11 Proposition. Any algebraic function field of one variable is isomorphic 
to the field of meromorphic functions of a suitable Riemann surface. 


Proof. Let K > C be an algebraic function field of one variable, let f € K 
be a nonconstant element such that K is algebraic over C(f), and let g be an 
associated primitive element, i.e. 
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As we have seen in the proof of Proposition 2.9, there then exists a polynomial 
P(z,w) with the property 
P(f,g) =0. 


The associated Riemann surface has the desired property. O 


Homomorphisms of Function Fields 


Let C Cc kK, C C L be two algebraic function fields of one variable. By a 
homomorphism 
yp: Kk SE, 


we understand a map with the properties 
a) o(C)=C for C eC: 
b) o(f +9) = ¥(f) + (9), O(f- 9) = ¥(f)- 9(9)- 


Such a homomorphism is automatically injective. If y is also surjective, then 
y is an isomorphism. Let Y be another connected compact Riemann surface. 
Every nonconstant holomorphic map 


f:xX —Y 
induces a homomorphism 
g=f° MY) MX), gt >gof, 
of the function fields. Every homomorphism is of this form. 


2.12 Proposition. Let X,Y be two connected compact Riemann surfaces. 
Every homomorphism of function fields of one variable 


yp: M(Y) — M(x) 
is induced by a unique holomorphic nonconstant map 
h: X —Y, 


which means that p = h*. 
Corollary. Two connected compact Riemann surfaces are biholomorphically 
equivalent iff their function fields are isomorphic. 


Proof. We choose a nonconstant element f €¢ M(Y) and denote its image in 
M(X) by f = y(f). We choose primitive elements g, 9; 
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We have ; 
d 
y(g) = S- Rif )9", 
v=0 
with certain rational functions R,. We can achieve the result that they are 


polynomials (since g can be multiplied by a polynomial in f). Finally, we 
consider irreducible polynomials P, P in two variables such that 


PU) =0,. PU. ag =o. 


The assignment 
d 
(z,w) Ro @ rate) 
v=0 


defines a map N — N between the algebraic curves which are associated with 
P and P. The diagram 


N N 
(z,w) ) 


h 
\ Sow 
C 


is commutative. We obtain the following result: 
There exist finite point sets T; C X, Tz CY, SC C and a holomorphic map 


hz 


ie ee 


such that the diagram 


commutes, and such that ff are proper. 

It remains to show that h extends holomorphically to the whole of X. By 
means of the classification of ramification points, this can be reduced to the 
following local situation. 


Let h: E’ —+ E’ bea holomorphic function such that the diagram 
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commutes. Then h has a removable singularity at ¢ = 0 and we have h(0) = 0. 
This can easily be shown by means of the Riemann removability theorem or by 
simple calculation with the Laurent series of h. O 


Propositions 2.11 and 2.12 mean roughly the following: 


The theory of compact Riemann surfaces and the theory of function fields of 
one variable are equivalent. 


Nonalgebraic Construction of Compact Riemann Surfaces 


Let X be a Riemann surface and let U C X, V C X be two open disjoint 
subsets together with a biholomorphic map 


yp:U—>V. 
We want to glue the two sets together inside X “via” y. For this purpose, we 


introduce the following equivalence relation: 
Two points x,y € X are called equivalent iff 


either “x=y 
or ceEU and y= (2) 
or yeU and x=p(y). 


We denote the quotient space by this equivalence relation by 
Y:=X/~. 


Obviously, the natural map 
X—Y 
is locally topological. 


We make the assumption that Y is Hausdorff. Then Y carries a structure in the 
form of a Riemann surface, such that the map X — Y is locally biholomorphic. 
The proof is trivial. 

(By the way, this claim shows the importance of the Hausdorff property for 
the theory of Riemann surfaces. If we where to abandon this requirement, we 
would be able to construct very badly behaved objects. For example, we could 
take for X the disjoint union of two copies of the complex plane and glue them 
together along the punctured planes. The result would be a complex plane 
with a doubled origin.) 


Example. We consider, on the Riemann surface X, two disjoint analytic charts 
w:U—>V, y’:U—-V', U,U'CX, 


where V and V’ are assumed to contain disks of radius 2 around 0. Then we 
punch two holes in the surface X: 


X'=X—{xEU; |W(2)| >1/2}-{yeUu;  |o’(y)| < 1/2}. 
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Now we consider the ,,annuli* in V and V’ 
1 
ae) <2: 
><a 


We denote the complements of their inverse images under ~, w’ by 
REU Hee. 


Now we want to glue R and R’. In a first approach, we might think of taking 
w tow’ as the gluing function which is induced by the identity on E. But 
the result would not be Hausdorff. The situation changes if we interchange the 
roles of the inner and outer boundaries of R and R’. This happens if we take 
as the gluing function 


yp: RR, 
g(x) = p'* (W(a)*). 


This is a biholomorphic map, and the quotient space Y is now Hausdorff, as 
the reader may show. 


Intuitively, we have punched two holes in X and connected them by a han- 
dle: 


© 6 


For example, we could take the Riemann sphere for X. The result is then a 
sphere with a handle, and therefore an object which is topologically equivalent 
to a torus. We might conjecture that Y is biholomorphically equivalent to a 
torus C/L. As we shall see later, this is actually true. (One also could use the 
uniformization theorem to obtain a less obvious proof of this.) 


One could ask the question of how the j-invariant could be computed. The 
answer to this obvious question is unknown. 


Anyhow, these nonalgebraic constructions show that the theorem that any 
compact Riemann surface comes from an algebraic function is highly nontriv- 
ial. So, we should not be surprised that its proof uses fundamental potential- 
theoretic existence theorems. 
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Exercises for Sect. IV.2 


1. Let f be a holomorphic function on the punctured unit disk E — {0}. Assume 
that the function z"~' f(z") has a removable singularity at the origin for some 
natural number n. Show that f also has a removable singularity at the origin. 


2. Consider, for a natural number n, the map 
f:E—E, z-ow:=2". 
Show that the pullback of a differential g(w) dw under f equals 
nz" g(z")dz (= f*(g(w) dw). 
3. Let f : X — Y be a surjective and proper analytic map of Riemann surfaces 


and let w be a meromorphic differential on Y. Show that w is holomorphic iff its 
pullback f*w is holomorphic (on X). 


4. Let f : X — C bea nonconstant meromorphic function on a connected Riemann 
surface. Determine the poles and zeros of the differential df. 


Answer. Poles of df occur only at the poles of f. If a is a pole of order n of 
f, then a is a pole of order n + 1 of df. 


Zeros are located at the ramification points of f. The zero order of df equals 
the ramification order minus one. 


3. The Triangulation of a Compact Riemann Surface 


A well-known result of topology states that any surface with a countable basis of its 
topology can be triangulated. The proof of this theorem is not simple. For Riemann 
surfaces, it is simpler but still difficult enough. In Sect. 2 we have shown that compact 
Riemann surfaces can be represented as ramified coverings of the sphere. Using this 
fact, we shall derive a very simple proof of the existence of a triangulation of a compact 
Riemann surface. 


Polyhedra inn 
We choose a standard triangle in the plane; 
to be concrete, we take the convex hull of the ! 
points 0, 1, 1, 
Re 
A={zeEC; y>0, r>0; r+y< Il}. 0 1 


In this section, we denote the segment between two complex numbers a,b by 


[a,b] :={z; z=a+t(b—a), O<t< 1}. 


3. The Triangulation of a Compact Riemann Surface 205 
The three points 0, 1, i are called the vertices, and the segments 

(0, 1], [1,i] and [i, 0] 
are called the edges of the standard triangle A. 


3.1 Definition. A triangle y in a topological space X is a topological map 
yp from A onto a (compact) subset A? C X, 


gah, Bi Nee 


1) We call A® the triangular area which underlies y. 
2) The images of the edges of A are called the edges of y. 
3) The images of the vertices of A are called the vertices of y. 


So triangular areas, edges, and vertices are point sets, but the triangle itself is 
a map. 


3.2 Definition. A (finite) polyhedron is a pair (X,M) consisting of a 
topological space X and a finite set M of triangles in X with the following 
properties: 


1) We have 


X= U AY. 


ypemM 


2) Let p 4 w be two different triangles in M. Then there are three possibilities 
for the intersection A? N AY: 
a) It is empty. 
b) It consists of one joint vertex. 
c) It consists of one joint edge. 


3) Three pairwise different triangles cannot share a joint edge. 


A simple example of a polyhedron is obtained from a 
closed disk by dividing it into k > 3 regular sectors. 


3.3 Definition. Let (X,M) be a polyhedron. We call M a triangulation 
of X if each vertex of M belongs to two triangles of M. 


It is not very difficult to show that a topological space which admits a trian- 
gulation is a (compact) surface. We do not need this; our aim is to show the 
converse, namely that any compact Riemann surface admits a triangulation. 
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3.4 Proposition. Any compact Riemann surface X can be triangulated. 


Supplement. Let S Cc X be a finite subset. It is possible to construct a 
triangulation with the following properties: 


1) Each point of S is a vertex of the triangulation. 

2) For each point s € S,, there exists a disk U ~ E such that the triangular areas 
with vertex s are in one-to-one correspondence with the k sectors (k > 3 is 
suitable) of the disk of radius 1/2 in E (compare the above example). 


First of all, it is rather clear that the proposition is true for the sphere. For 
example, we can start with a regular tetrahedron decomposition: 


a, 


The edges of the triangles involved can be assumed to be segments of large 
circles. In the first step, we arrange a tetrahedron triangulation such that 
the points of S' are contained in the interiors of the triangles (i.e. they are not 
contained in an edge). Then we take a small “disk-like” regular triangle around 
each point of S which is completely contained in the interior of the tetrahedron 
triangle containing s. Then we integrate this small triangle into the tetrahedron 
triangulation in some way, for example as indicated in the figure below. (So, 
we can get k = 3 in the case of the sphere.) 


Now we come to the case of a general Riemann surface. Let f : Y — X 
be a nonconstant holomorphic map between compact Riemann surfaces. We 
assume that the proposition has been proved for X. We then prove it for 
Y. We choose a triangulation of X with the properties of the supplement to 
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Proposition 3.4, where S is the set of the downstairs ramification points. Now, 
on each edge, we choose an inner point (not necessarily the midpoint) and 
refine the triangulation as indicated in the following figure: 


By applying this refinement construction several times, we obtain the result 
that the disk described in Proposition 3.4 is so small that its inverse image is 
a disjoint union of disks and f in each of these disks is of the form q++ q?. We 
can also assume that each triangle of the triangulation is contained in a disk 
which is small in this sense. 


Now we can lift the triangulation of X to Y in an obvious way. A triangle 
p:A—-Y 
belongs to the triangulation which has to be constructed iff the composition 
foyp:A—xX 


belongs to the given triangulation of X. 

It should be rather clear that this gives a triangulation of Y. We call this the 
“lifted triangulation”. The proof needs only the following small consideration 
for the “ramification elements” 


f:E—E, qrog. 


Assume that the unit disk E downstairs has been decomposed into k sectors 
Ai,..., Az by means of the roots of unity of order k. If, correspondingly, the 
unit disk upstairs is divided into kd sectors, then f maps each of these sectors 
topologically onto one of the sectors downstairs: 


qr 
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Appendix to 3. The Riemann—Hurwitz Ramification For- 
mula 


Let (X,M) be a triangulated surface, let E’ be the number of vertices, let K 
be the number of edges, and let D be the number of triangles. The alternating 
sum 

e:=H-K+D 


is called the Euler number of the triangulation. The topological genus p is 
defined by 
e = 2p —2. 


We shall see later that p is a nonnegative integer for triangulated Riemann 
surfaces. A well-known theorem of topology states that the Euler number 
(and hence the genus) is a topological invariant. Different triangulations of a 
given surface lead to the same Euler number (and the same genus). Later we 
shall see by means of the Riemann—Roch theorem that homeomorphic compact 
Riemann surfaces always have the same Euler number, which is independent 
of the chosen triangulations. We will see also the converse: 


Two compact Riemann surfaces are homeomorphic if and only if their Euler 
numbers agree. 


For this reason, it is important to have simple methods for the computation 
of the Euler number. For this purpose we establish the Riemann—Hurwitz 
ramification formula. 


Let f : X — Y be a holomorphic nonconstant map between (connected) 
compact Riemann surfaces. Of particular interest is the case Y = C. Let 
S CY be the set of downstairs ramification points of f and let T := f~!(S) be 
its inverse image in X. We recall that the map f is given in terms of suitable 
analytic charts around ¢ € T and f(t) € S by the formula z + 2", with a 
suitable number n = nz. This number n; is called the ramification order of f 
at t. In our normalization, it is 1 iff f is unramified at t. 


3.5 Theorem. The Riemann—Hurwitz ramification formula. Let 
f : X — Y be a holomorphic map of degree n between connected compact 
Riemann surfaces, let S C Y be the set of downstairs ramification points of 
f, and let T := f—1(S) be the set of their preimages in X. We have (at least 
for suitable triangulations*) the result that the genera p(X), p(Y) satisfy the 
relation 


p(X) =n (p(¥) -1) +145 (me - 2). 


*) The condition in parantheses “at least for suitable triangulations”, which occurs 
several times in what follows, can be deleted as soon as we have proved the invariance 
of the genus of the choice of a triangulation. 
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In the special case of the sphere Y = C, we can start with a triangulation with 
p(Y) = 0. 
Corollary. The number \o,ep(mt — 1) is even if p(X) and p(Y) are integral 
(which is always true). 
Proof. We start with a triangulation as in the proof of Proposition 3.4 and lift 
it, as described there, to a triangulation of X. If the triangulation of Y has 

FE vertices, K edges, and D triangles, 


then the lifted triangulation obviously has nk edges and nD triangles, but the 
number of vertices is not n£; owing to the ramification, this number decreases 


to 
ni — So(n —1). 


teT 
We obtain 
2-22p(Y)=E-K-+D, 
2—2p(X) =nE-nK +nD—S "(nm -1). 
teT 
This shows the ramification formula. 


In the case Y = C, the tetrahedron triangulation leads to e = 2, and hence 
p(Y) =0. The refinements which we have used obviously do not change p(Y). 
Hence it is clear that we can start with a triangulation with p(Y) = 0. O 


Again we point out that, by Euler’s polyhedron theorem, p(C) = 0 holds 
for every triangulation. 
Example. Let 
P(z) =aynz" +...+ a 


be a polynomial without multiple zeros. We consider the Riemann surface of 
the algebraic function 

w = P(z). 
From the construction of the associated compact Riemann surface X — C, we 
can deduce: 


1) The zero set S' of the polynomial P is the set of finite ramification points. 

2) oo is a ramification point iff m is odd. (This would follow also from the 
corollary to Theorem 3.5, since the ramification order can only be one or 
two.) 

Every ramification point has exactly one preimage, and the ramification order 

is two in each case. The total degree is two. Since the genus of the sphere is 0 

(at least for suitable triangulations), we obtain for the genus p of X (at least 

for suitable triangulations) 


nif 2, if n even 


p=20-1) 4144 0 yg if n odd. 


So we obtain the following result. 
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3.6 Theorem. The genus p of the compact Riemann surface associated with 
the algebraic function 


where P(z) is a polynomial of degree n without multiple zeros, is (at least for 
suitable triangulations) 


_ f (n—2)/2 if n is even, 
P={ nay if n is odd. 


For example, if the degree of P is 3 or 4, we obtain p = 1. As we shall see later, 
this means that the surface is topologically a torus. This fits the theory of 
elliptic functions in [FB], Chap. V, where we have shown that the Weierstrass 
g-function defines a bijective map from a torus onto a certain projective curve 
which is related to a polynomial of degree 3. 


Exercises for Sect. IV.3 


1. Show that for every integer p > 0 there exists a (triangulated) compact Riemann 
surface of genus p. 


2. Construct, for a torus X = C/L, triangulations with p = 1 in two different ways: 
a) Construct the triangulation directly geometrically, starting with a fundamental 
parallelogram. 


b) Consider the Weierstrass g-function g : X — C and study its ramification 
behavior. 


3. A Riemann surface X is called hyperelliptic if there exists a meromorphic function 
f:X — C of degree 2. Show that the following statements are equivalent: 
a) X is hyperelliptic. 
b) The field K of meromorphic functions on X can be written as an extension of 
degree 2 of a rational function field, K D> C(z). 
c) There exists a polynomial without multiple roots, such that X is biholomor- 
phically equivalent to the Riemann surface of w? = P(z). 


4. Show that the genus of the compact Riemann surface associated with w” +z” = 1 
is (n — 1)(n — 2)/2. (These surfaces are called “Fermat curves” .) 
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4. Combinatorial Schemes 


The topological nature of the space underlying a polyhedron is given by finitely 
many items of combinatorial data which describe how the triangles are located 
with respect to each other. We want to give a formal description of this. 


Let P be a finite set. We introduce the following terminology: 
1) A vertex in P is an element a € P. 
2) An edge K in P is a subset of two elements from P. 
3) A triangle D in P is a subset consisting of three elements from P. 


Let D be a triangle in P. Then every subset consisting of two elements is called 
a vertex of D. So each triangle has three edges. If a is an element of a triangle 
D or of a vertex K, then we call a a vertex of D or of K. So each triangle has 
three vertices and each edge has two vertices. 


4.1 Definition. A combinatorial scheme S is a pair 


consisting of a finite set P and a set of triangles D in P, such that the following 
conditions are satisfied: 


1) Each point P € P is a vertex of at least one triangle in D: 
P=UD. 


2) There are at most two triangles in D which share a given edge. 


Orientation 


Let I be a finite set which contains at least two elements. An ordering of I is 
a bijective map 
a:{l,...,n} TI. 


Two orderings 
a,3:{1,...,n} I 


are said to be orientation-equal if the permutation 
Boa: {1,...,n} — f1,...,n} 


is even. 
An orientation of I is a full class of orientation equal orderings. 


Since the group of even permutations (the alternating group) has index 
2 in the full group of permutations (n > 2), I admits exactly two different 
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orientations. Here we need the concept of orientation only for sets of two or 
three elements. In these cases we can avoid permutation groups and take the 
following as the definition: 


1) An orientation of a set of two elements is an ordering of this set as an 


ordered pair. 
2) A set {a,b,c} of three elements has the following two orientations: 


[a,b,c] := { (a,b,c); (b,c, a); (c,a,b)}, 
[b, a,c] := {(b, a,c); (a,c,b); (c,b,a)}. 


Let J C I be a subset which is obtained by removing one element of J. So, we 
have #J =n—1. Now we assume n > 3. It is possible to restrict an ordering 
of I to J in an obvious way. Since we need this only in the case n = 3, we 
define it in this case directly as follows. We consider the orientation [a, b,c] on 
the three-element set {a,b,c}. The orientations on the two-element subsets are 
given by the ordered pairs (a,b), (b,c), (c,a). 


In the following, we shall consider orientations on the set 
of three vertices of a triangle. Intuitively, we think of this 
as a direction running around the triangle. 


4.2 Definition. | An orientation of a combinatorial scheme (P,D) is a 
map that assigns to each triangle D € D an orientation such that the following 
condition is satisfied: 


If K is an edge in P which belongs to two different triangles 


D,D', then D and D’ induce the two different orientations 
on K. 


Example. Let n > 3 be a natural number. Consider n+ 1 points 
Oe cceeerenre cone 


The n subsets {0,P,,Po4i} (lA<u <n) (Pr41:= P,) are assumed to be the 
triangles. We obtain a combinatorial scheme, called the n-gon. 


If we equip each of the n triangles of the n-gon with 
the orientation 


0, Pa Pe (srs Prat = P,), 


we get an orientation of the n-gon. 
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With each polyhedron (X,M) there is associated a combinatorial scheme 
S=S(X,M) = (P,P) 


in a natural way. The points in S are the vertices of triangles from M. Each 
triangle y € M induces a (combinatorial) triangle D = D(y) in P, namely the 
set of the three vertices of y. By definition, D is the set of triangles which are 
obtained in this way. So, we have a surjective map 


Since two different triangles in M cannot share three vertices, this map is 
injective, and hence bijective. 


4.3 Definition. An orientation of a polyhedron is an orientation of the 
associated combinatorial scheme. 


Intuitively, this means that each triangle obtains a direction that indicates how 
it has to be surrounded. In particular, each edge gets a direction. Triangles 
with a joint edge induce the two different directions on the edge. 


4.4 Proposition. Any compact Riemann surface admits an oriented trian- 
gulation. 


Proof. The tetrahedron triangulation of the sphere is orientable. The refine- 
ment and lifting constructions which we used to construct a triangulation all 
preserve orientations. Oo 


By the way, a better result is true: if a surface admits one orientable trian- 
gulation, then all triangulations are orientable (compare Exercise 4). 


In what follows, we shall consider only oriented combinatorial scheme and 
oriented polyhedra. For combinatorial schemes, there is a natural notion of 
isomorphism. 


4.5 Definition. An isomorphism between (oriented) combinatorial 
schemes 


f:(P,D) > (P',D’) 


is a bijective map f : P —+ P’ such that f and f~! map triangles onto 
triangles, such that their orientation is preserved.. 


Similarly, there is a notion of isomorphism of polyhedra. 
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4.6 Definition. An isomorphism 
F :(X,M) — (X',M’ 
of (oriented) polyhedra is a topological map 
F:X — xX’ 


such that F and F~! map triangular areas onto triangular areas, edges onto 
edges, and vertices to vertices. The orientation of the three vertices of a triangle 
has to be preserved. 


An isomorphism 
Fs (X,M) — (X',M’) 
of oriented polyhedra induces in a natural way an isomorphism of the associated 
combinatorial schemes, 
ff: S(X,M) — S(X', M’). 


We need a reverse result. 


4.7 Proposition. Let (X,M), (X’,M’) be two oriented polyhedra and let 
(P,D), (P’,D’) be the associated combinatorial schemes. Each isomorphism 


f:(P,D) — (P',D’) 
is induced by an isomorphism of the polyhedra 
F:(X,M) — (X',M’). 


In particular, X and X' are homeomorphic when the “combinatorial data 
agree” (in the sense that the associated combinatorial schemes are isomor- 


phic). 


Proof. We take the triangular surfaces of the polyhedron (X,M) in an ar- 
bitrary order A,,...,A,, and denote the corresponding triangular surfaces 
(X',M") by Aj, «-«,A}- 


Claim. There exist topological maps 


with the following two properties: 
1) Vertices and edges of A; are mapped under f onto the corresponding ver- 
tices and edges of Ai. The orientation of the three vertices is preserved. 


2) If A; and a “precursor” A;, i < j, have a nonempty intersection, then Fj 
and F; agree on this intersection. 
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Proof of the claim. The maps F),...,/;, are constructed inductively. We 
assume that F),...,F;, 7 < j, have already been constructed, such that the 
properties 1) and 2) are correspondingly satisfied. We then have to construct 
a topological map F; : A; —- AM‘, such that it coincides on certain vertices 
and edges with given topological maps. (In the worst case, all triangular areas 
which have a nonempty intersection with A; are precursors.) The existence 
of the map F; follows easily from the following statement about the standard 
triangle. 


Let h be a topological map of the boundary of the standard triangle onto itself 
which permutes the vertices. Then h extends to a topological map from the 
whole standard triangle onto itself. 


Proof. First of all, it is easy to see that there exists a homeomorphism of A 
which maps the boundary onto itself and induces a prescribed permutation of 
the vertices. For example, a reflection along the diagonal permutes the vertices 
1 andi. Hence we can assume, without loss of generality, that the three vertices 
are fixed. We can also assume that the map h is the identity on two of the 
three edges, since we can compose h with three maps of this type. Now we are 
in the following situation: 

Let A be the standard triangle with vertices 0,1,i and let h : [0,1] — [0,1] be 
a topological map which fixes 0 and 1. Then h can be extended to a topological 
map H : A — A which is the identity on the two remaining edges. 

The proof is simple. We construct h in such a way that it defines an affine map 
from the segment [i,t] for t € [0,1] onto the segment [i, h(t)]. Oo 


Proof of Proposition 4.7. Now the maps F; can be glued together to form a 
map Ff: X — X’. It is easy to show that this map is topological (compare 
Exercise 5). Oo 

Our next goal is to show that each combinatorial scheme can be realized by 
a polyhedron. This polyhedron will be constructed by gluing several triangular 
areas together. 


Gluing of Spaces 


The gluing of spaces is based on the “quotient topology”. Let X be a topological 
space and ~ an equivalence relation; we can then define the quotient space 
(Sect. 1.0.3). 


We now consider a slightly more general case, where R is an arbitrary 
relation. This means only that R is a subset of X x X. Then «Ry just 
mean that (z,y) € R. We can then consider the equivalence relation which is 
generated by R. This is the smallest equivalence relation which contains R, 
and can be defined as the intersection of all equivalence relations containing R. 
In the following, we denote by X/R the quotient space of X with respect to 
this equivalence relation. As a rule, X/R will not be Hausdorff even if X is. In 
our applications, the Hausdorff property of X/R will will always be clear, and 
we shall tacitly assume that it has been proved. 
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Now let X and Y be two Hausdorff spaces with two subsets A C X and 
BCY. We also assume that a topological map f : A — B is given: we assume 
that X and Y are disjoint, and define the topology on X UY in such a way 
that X and Y are open (and closed) subsets. Now we consider the relation 


R:= {(a, f(a); ae A}. 


We can consider the quotient space Z = (X UY)/R. We say that Z arises by 
gluing X and Y along A and B by means of f. We have natural maps X — Z, 
Y — Z, which are injective and continuous. If A and B are closed, then these 
maps are also closed (the images of closed sets are closed). We then obtain the 
result that the maps 


X—Z, Y—-Z, A—Z, BZ 
are topological onto their images. 


4.8 Proposition. Any oriented combinatorial scheme is isomorphic to a 
combinatorial scheme which is associated with a polyhedron. 


Corollary. The isomorphy classes of oriented combinatorial schemes and ort- 
ented polyhedra are in one-to-one correspondence. 


Proof. We equip the (finite) set D of triangles of the given combinatorial scheme 
with the discrete topology (every subset is open). The Cartesian product of D 
and the standard triangle A, 


X:=DxA, 


is a compact space. It is the disjoint union of Ap := {D} x A. One can think 
of Ap as a copy of the standard triangle A, so that ¥ is the disjoint union of 
finitely many copies of the standard triangle. The three vertices of the standard 
triangle are oriented counterclockwise, i.e. [0,1,i]. For each D € D, we choose 
a bijective orientation-preserving map from D onto the vertices of A. Using 
the natural bijective map A“ Ap, we can look at it also as a bijective map 
from D onto the three vertices of Ap (the points which correspond to 0, 1, i). 
We define in ¥ a certain relation R, whose purpose is to glue certain vertices 
and edges. 


1) Let D, D’ be two different triangles in D which share precisely one vertex. If 
a € Ap and b € A}, are the corresponding vertices, we want to glue them. 
Hence we define aRb. 


2) Let D, D’ be two distinct triangles from D which share an edge. We choose 
a topological (for example an affine) map f : K — K’ of the corresponding 
edges of Ap and A‘, such that the starting point and endpoint of K are 
mapped to the endpoint and starting point, respectively, of K’. We then 
also define aR f(a) for a € K. 
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It is easy to check that the quotient space 
X:=X/R 


is Hausdorff. Since it is the image of a compact space, it is compact. For each 
triangle D € D, we get a triangle 


p:A—->X, 
namely the composition of the natural maps 


A— Ap — XS AX/R. 


It should be clear that this construction gives a polyhedron with the desired 
properties. oO 


Exercises for Sect. IV.4 


1. let (X,M) be a polyhedron. Show that if X is connected, then (X,M) has either 
no or precisely two “opposite” orientations. 


2. Let y: V — V’ bea biholomorphic map between two simply connected domains 
of the plane, let a be a closed curve in V, and let a € V be a point which is 
surrounded by the curve with winding number one. Show that the image curve 
yoa also surrounds y(a) with winding number +1. 


3. Let g : E — C be an injective continuous map of the closed unit disk into the 
complex plane. The winding number of the curve 


a(t) = p(exp(2mit)) = (0<t <1) 


around a point b = y(a), a € E is +1 independent of a. Formulate an analogous 
statement for the standard triangle instead of E. 


Hint. The fundamental group of (E,b) is generated by a. Therefore the 
winding number of @ divides the winding number of any other curve around b. 


4. Show that any triangulation of a compact Riemann surface is orientable. 


Hint. Since one can take suitable refinements, there is no loss of generality 
in assuming that the union of two triangles with a joint edge is contained in the 
domain of definition of an analytic chart. Define the orientation of a triangle in 
such a way that the winding numbers with respect to the analytic chart around 
inner points are +1. This possible because of the result of Exercise 3. It follows 
from the result of Exercise 2 that this orientation is independent of the choice of 


218 IV. Compact Riemann Surfaces 


the analytic chart. Applying the result of Exercise 2 once more, we can see that 
an orientation of the triangulation is obtained. 


5. Let X = A, U...UA, be a finite closed covering of a topological space and let 
f : X — Y bea map into another topological space Y. Show that f is continuous 
iff all restrictions f; = f|A; are continuous. 


5. Gluing of Boundary Edges 


A topological model of the torus can be obtained by gluing opposite sides 
of a tetragon together. In a similar way, we shall construct for any connected 
compact surface with an oriented triangulation a topological model which arises 
from an n-gon by gluing boundary edges in a suitable way. 


We start with an arbitrary oriented combinatorial scheme S = (P,D). 
Those edges which belong to only one triangle are called boundary edges. Ver- 
tices which belong to a boundary edge are called exterior vertices. 


5.1 Definition. A boundary gluing » of an oriented combinatorial scheme 
S consists of an even number 2n of boundary edges, which are divided into n 
unordered pairs {K, L}. 


A boundary gluing of a polyhedron is a boundary gluing of the underlying 
combinatorial scheme. 


Each of the 2n edges kK has exactly one complementary edge L. We want to 
glue complementary edges in a combinatorial scheme to obtain a combinatorial 
counterpart of the gluing of vertices of polyhedra in the geometrical sense, 
which is what we are interested in. We start with the latter construction. 


So, let (X,M.) be a polyhedron with a boundary gluing. For each edge from 
K with a complementary edge L, we choose a topological map K > L which 
reverses the direction. Then we consider the generated equivalence relation ~ 
and take the quotient space X’ = X/ ~. As in the case of Proposition 4.7, we 
can show the following. 


5.2 Remark. The topological space X' = X/ ~ which is associated with 
the polyhedron (X,M) with a boundary gluing, up to homeomorphism, does 
not depend on the choice of the gluing map K > L. In particular, a topological 
space which is determined up to homeomorphism can be associated with each 
combinatorial scheme with a boundary gluing (using Proposition 4.8). 


The space X’ does not inherit a structure from X in the form of a polyhedron 
in any case, since the composition of a triangle p € M with X — X’ need not 
to be injective. To get a better understanding of this phenomenon, we consider 
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the gluing on the level of combinatorial schemes. For this, we define a relation 
~ on the set of vertices. The relation a ~ b means that a and b are both 
exterior vertices and that there exist complementary edges K and L such that 
a is the starting point (or endpoint) of K and 6 is the endpoint (or starting 
point, respectively) of L. 


Example. We consider the “torus gluing” of a rectangle (gluing of opposite 
vertices). 


a 
Here, {a,b} has to be glued to {c,d} and ? 
{b,c} to {a,d}. So we have 
a~b, crwd, and, bx~e, 
but not a ~ c. The relation ~ is not an 
equivalence relation. 
c 


Hence we have to consider the equivalence relation which is generated by 
~. We denote the quotient set with respect to this equivalence relation by 
P' = P/d. There is a natural projection P — P’. This means that we have 
identified certain exterior vertices in the set P. 


There is the obvious idea of equipping P’ with a structure in the form of a 
combinatorial scheme. By definition, a triangle D’ C P’ should be the image 
of a triangle D C P. But this does not always define a structure in the form 
of a combinatorial scheme, as the example of the torus gluing has shown, since 
here all four exterior vertices are identified. So, in this case, P’ consists of one 
point only. The images of triangles are not triangles. 


5.3 Definition. A boundary gluing © of S = (P,D) is called polyhedral if 

the following conditions are satisfied: 

1) If DED is a triangle in P, then its image D’ Cc P' =P /® is a set of three 
elements. 

2) If we denote the set of all these triangles by D’, then the pair S' = (P’,D’) 
is a combinatorial scheme. 


A boundary gluing of a polyhedron is called polyhedral if this is the case for the 
underlying combinatorial scheme. 


The map 
D—D', Dr—-D 


is then bijective. The images of the triangles » € M, which means that 
their compositions with the canonical projection X — X’ define a polyhe- 
dron (X’,.M’). Obviously, its associated combinatorial scheme is isomorphic 


to (P’,M’). 
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In this way, we can describe polyhedra and the gluing of boundary vertices by 
purely combinatorial data. This gives us the possibility of rigorous mathematical 
proofs of facts which, initially, are clear only intuitively. Nevertheless, for the 
purpose of visualization by figures, we prefer to draw polyhedra instead of finite 
sets. But one should bear in mind that only combinatorics plays a role. 


As we have seen, boundary gluings need not be polyhedral. But this is not 
an essential restriction if we allow certain refinements which do not change the 
topological nature of the polyhedron and its quotient space. To be more precise, 
we allow two types of “elementary” refinements of a combinatorial scheme with 
a boundary gluing (P,D,»). The case without any gluing is included (© = 0). 


The first type is that in which two adjacent refinements can be changed into 
four triangles as indicated in the following figure: 


D-L 


In the second type, there must be a boundary edge, drawn in bold in the 
following figure: 


<-< 


If this boundary edge belongs to , the same construction has to be performed 
for the complementary edge. 


Such an elementary refinement converts a combinatorial scheme with a 
boundary gluing (P1,P,,51) into another combinatorial scheme (P2,D2), 
which is well defined up to isomorphism. It should be clear how the gluing 
“1 induces a gluing M2. This has to be done in such a way that the quotient 
spaces X}, X4 in the sense of Remark 5.2 are homeomorphic. More generally, 
(P,D,%) is called a refinement of (P,D,™) if there is a chain of elementary 
refinements 


(P,D, =) & (Pi, Di, 1) >... (Pn, Dn, Bn) & (P,D,E). 
A simple consideration shows that the following is true. 


5.4 Remark. Any combinatorial scheme with a boundary gluing admits a 
polyhedral refinement. 


The same is true for polyhedra with a boundary gluing. As a consequence, the 
quotient space in the sense of Remark 5.2 can be equipped with a structure 
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in the form of a polyhedron. We now illustrate by an example how boundary 
gluings can be described on the combinatorial level. We consider the gluing of 
adjacent edges in a tetragon: 


aL 


Since this is not polyhedral, we consider a modified tetragon: 


Modified tetragon Tetrahedron from above 


| 
It is easy to see that the two tetragons have a common refinement. The bound- 
ary gluing of the second version is polyhedral. Its gluing is isomorphic to the 
tetrahedron triangulation of the sphere. Using Proposition 4.7, we see that 


they are homeomorphic. Hence we have obtained — just from inspection of 
combinatorial data — a rigorous proof of the following statement. 


5.5 Remark. If adjacent edges of a tetragon are glued together, then a space 
which is homeomorphic to the sphere is obtained. 


Following this pattern, we can obtain a topological classification of compact 
Riemann surfaces. This will be done in the next section. 
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6. The Normal Form of Compact Riemann Surfaces 


All of the surfaces are assumed to be connected. In the middle of this section 
we shall describe a very simple combinatorial scheme, namely the n-gon, n > 3, 
with external vertices P,, P2,..., P, and an inner vertex Po at the center. The 
triangles are [Po, Pi, Pisa], 1 < i < n, where we set Pyii := Py. We have 
already seen that a sphere can be obtained from a tetragon by gluing adjacent 
edges, and a torus can be obtained by gluing opposite edges. Now we shall 
show a more general result. 


6.1 Lemma. Any compact surface with an oriented triangulation, in par- 
ticular any compact Riemann surface, is homeomorphic to the quotient of an 
n-gon by a boundary gluing, such that all exterior edges belong to this gluing. 
As a consequence, n has to be even. 


Proof. We consider an oriented triangulation of the given surface X. First of all, 
we make use of the connectedness of X. It is easy to see that the triangles can 
be ordered in such a way that each triangle shares an edge with its precursor. 
This leads us to construct a combinatorial scheme ¥,, inductively: 
a) X, is a single triangle. 
b) 4X; arises from *%;_1 by gluing a triangle to the corresponding edge. 
To obtain the original combinatorial scheme, of course, more pairs of boundary 
edges in ¥;, have to be glued. 

It easy to show by induction on n that ¥,, can be transformed by elementary 
transformations into a standard n-gon. For example, the following figure shows 
how a pentagon arises from a tetragon by gluing on a triangle. 


Xp XD DP BO 


Now it is clear that the following is true: 


If X is a surface with an oriented triangulation, then there exists an even 
natural number n and a boundary gluing & of a standard n-gon such that all 
exterior edges participate, and such that the quotient space X(X) and X are 
homeomorphic. 


We make the following assumption. 


Assumption. The number n has been chosen to be minimal for this property. 
We also exclude the case of a tetragon (n = 4) in which two adjacent vertices 
are glued. (This case leads to the sphere, as in Remark 5.5). 


Claim. Under this assumption, it cannot happen that two adjacent exterior 
edges are glued. 
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Proof. We assume that two adjacent edges in the n-gon have to be glued. We 
then have n > 6. We can show that X is then homeomorphic to a quotient of 
an (n — 2)-gon. It is sufficient to illustrate this for a hexagon. In the following 
figure, the adjacent vertices which have to be glued together are drawn in bold. 


The two auxiliary dashed lines produce a refinement of the standard hexagon 
such that the gluing of the adjacent edges becomes polyhedral. The following 
figure shows the deformed hexagon, which indicates that the quotient becomes 
a tetragon. 


Hexagon (refined, 10 triangles) Tetragon 


ES 


A simple transitivity property states that the total boundary gluing can be 
performed in two steps. We first glue two adjacent edges and then the rest. 
The gluing of the remaining edges of the hexagon induces a boundary gluing 
of the tetragon. The proof of the claim should be clear now. Oo 


A boundary gluing » of the n-gon P,, induces an equivalence relation on 
the set of the n exterior vertices. Two vertices are equivalent iff they define 
the same point in the quotient space X. For example, for the torus gluing of a 
tetragon, all four exterior vertices are equivalent. 


Usually, the exterior vertices decompose into several equivalence classes. It 
is our next goal to construct a new boundary gluing »’ of P,, such that the 
quotient spaces X (1) on X (X’) are homeomorphic and that, for the new gluing, 
all exterior vertices become equivalent. For this, we assume that all exterior 
vertices are not yet equivalent. We choose an equivalence class of vertices with 
a maximal number m of elements. By assumption, m < n. The following 
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construction will increase m. So, iterative application leads to a boundary 
gluing where all exterior vertices are equivalent. 


In the maximal equivalence class A, there exists a vertex a such that at 
least one of its two neighboring vertices is not contained in A. Otherwise, all 
exterior vertices would be equivalent. So, there exists a boundary edge K which 
contains a but its other vertex b is not contained in A. The vertex b belongs 
to another boundary edge L, which has, besides b, a vertex c. The edge L’ 
which is complementary to L is different from K, since adjacent edges are not 
allowed to be glued. We cut the triangle with vertices a,b,c from the n-gon to 
obtain an (n — 1)-gon as indicated in the following figure: 


b 


- K 


b 
, kK 
c 
a 
a 

L~ Ya 

= 
Now we glue the cut-off triangle to the (n — 1)-gon by identifying ZL and L~, 
as indicated in the next figure: 


XN 


Again we obtain an n-gon with an obvious boundary gluing ~’ such that X(=,,) 
and X(/,) are homeomorphic. (One can argue on a topological and combina- 
torial level.) The equivalence class of a contains m + 1 elements. 


Our considerations so far show: 


Every compact surface with an oriented triangulation which is not homeomor- 
phic to a sphere is homeomorphic to the quotient space of an n-gon with respect 
to a boundary gluing %, such that adjacent edges are never glued together and 
such that all exterior vertices are glued to one point. 

In the following constructions, these properties will be preserved. 

Let K and K~ be two complementary edges. 

Claim. There is a second pair L, L~ of complementary edges such that the 
edges kK, L, K~, L~ are oriented counterclockwise. 
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Proof of the claim. We consider one boundary edge L such that K, L, K’ are 
oriented counterclockwise. Since K and K~ are not adjacent, such an edge 
exists. If, for all such L, the complementary edges L~ were such that kK, L~, 
K~ were also oriented counterclockwise, then the number of equivalence classes 
of exterior vertices would be greater than one. But this is not the case. O 


For the rest of the presentation, we need two types of constructions which 
will not change the topological nature of the quotient space. These can be de- 
scribed in the language of combinatorial schemes. We are satisfied to illustrate 
them with figures. 


First construction. We want to arrange that there exists a counterclockwise 
ordered quadruple K,L,K~,L7~ such that K,L,K~ are then adjacent. 


For this, we cut the polyhedron along a segment which lies between the end- 
point of L and the starting point of L~. We obtain two cut boundaries Ky, Ky 
(drawn in bold in the figure below). Now we glue K and K~ together. In- 
stead of k,L, K~,L~, we now have the four boundary vertices L, ky, L~, Ky; . 
These are oriented counterclockwise and the three K, L, K~ are adjacent. This 
is what we wanted to have. 


K 


Second construction. We want to produce a quadruple K,L,K~,LZ~ which 
is oriented counterclockwise and is such that all four K,L,K~,L~ are then 
adjacent. 


For this we start with two pairs of complementary edges such that K, L, 
K~,L are oriented counterclockwise and that kK, L, K~ are adjacent. Then 
we cut the polyhedron along the segment between the endpoint of D~ and the 
starting point of L. After that, we glue K and K~ together. If we denote 
the new cut edges by S and S~ in the correct ordering, then the edges L~, S, 
L, S~ are oriented counterclockwise and they are adjacent. This is what we 
wanted to have. 
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L- LT 

The two constructions together show that there exist two pairs of comple- 
mentary edges kK, L, K~, L~ which are oriented counterclockwise and are 
adjacent. If there are still boundary edges in the complement (n > 4), then we 
can find, by the same construction, a second quadruple of the prescribed type. 
By repeating this construction, we finally obtain a situation where the set of 
all boundary edges is the disjoint union of such quadruples. These quadruples 
can be ordered counterclockwise, and we are led to the so-called normal form. 
oO 


The Normal Form 


6.2 Definition. Let n = 4p, pe N. We order the exterior vertices of the 
Ap-gon Pap in their natural order (counterclockwise), 


Pisa 05 Paps 


and define Pap+4i:= Pi. We then divide the 4p boundary edges into groups of 
four as follows: 


Ky = (Pi, Po), [1 = (Po, P3), Ky = (Ps, Pa), Ly = (Pu, Ps), 
etc.; in general, 


K, = (Pa_3, Pa_2), Ly = (Pai-2, Pas-1), 
Ke = (Pg Pay. Le = (Pa Paes): 
We consider the boundary gluing 
K; - K;, L; —- L;. 


The 4p-gon, together with this boundary gluing, ts called the normal form. 
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In the case p = 1 we obtain a torus. In general, we should think of a surface with 
handles, where each block K;, Li, K; ,L; produces one handle. We illustrate 
this below for an octagon, which we draw in a modified form. The figure 
visualizes that the quotient space consists of two tori which have been linked 
by a tunnel. 


Octagon Quotient space 


oS 


In this way, we obtain the topological classification of compact Riemann 
surfaces (more generally a classification of compact topological surfaces which 
admit an oriented triangulation). 


6.3 Theorem. A compact Riemann surface is homeomorphic either to a 
sphere or to the quotient space of a 4p-gon (p > 0) with respect to the normal 
form (Definition 6.2). 


We shall see later (Appendix to Sect. 7) that the number p is uniquely de- 
termined. It is called the topological genus of the surface. In the case of the 
sphere, we additionally set p = 0. 
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The Canonical Curves 


We denote by ¥(p) the regular 4p-gon in the plane. Our Riemann surface 
is homeomorphic to the quotient of V(p) by the standard gluing (the normal 
form). We have a natural projection 


mw: X(p) — X. 


The edges K; of X(p) are segments, which we parametrize in their natural 
orientation (counterclockwise) by the unit interval. To be concrete, we take 
the affine parametrization. The image curves in X are closed curves, 


a, : [0,1] —> X, 
and, correspondingly, the image curves of the edges L,; are closed curves, 
Bi: [0,1] — xX. 


All of these 2p curves have the same starting point and endpoint q, namely the 
point which arises from gluing the 4p vertices together. Two different curves of 
the system aj,...,Q@p, $1,..., (8p) have no common point other than this single 
point. We call this system of curves the canonical system (with respect to the 
representation of X in the normal form). 


Let R Cc X be the union of the images of these 2p curves. This is a com- 
pact subset. The interior of ¥(p) is mapped topologically under 7 onto the 
complement Xo = X — R. As a consequence, Xo is simply connected. 


6.4 Proposition. The fundamental group m(X,q) is generated by the 2p 
curves of the canonical system 


Q1,---, Ap, Pty xay pe 


Proof. Let a be a closed curve in X which starts and ends at q. 


Every point x € X has a suitable small simply connected neighborhood 
U which can be obtained — depending on its three possible positions — as the 
image of the shaded areas in the following figure: 


céR ceER, c#q t=q 
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The union of these shaded areas is, in each of the three cases, the full inverse 
image of U C X. The topological nature of U is described in the following 
figure. (This could be performed in a mathematically rigorous way using the 
language of combinatorial schemes. ) 


The segments drawn here describe UM FR in each of the three cases. This 
figure makes it clear that any two points in U can be combined inside U by a 
curve which meets R only for finitely many parameter values. Now the proof 
of Proposition 6.4 can be given in two steps: 


First step. There exists a curve @ which is homotopic to a and is such that 
G(t) is contained in R only for finitely many t. 


We choose a partition 
O< ajo <a, <...<a,=1 


such that each piece a[a;—1, a;] (1 < i < n) is contained in a small neighborhood 
of the kind described. Now the desired deformation is easy to perform. 


Second step. From the first step, we can assume that a is the composition of 
finitely many curves a‘) : [a,,b,] ~ X such that a”)(t) is contained in R 
exactly for the boundary values t = a, and t = b,. Hence, with the exception 
of these two points, the curve a‘) runs in the interior, Xo. This part is 
topologically equivalent to the interior of the 4p-gon. Hence the restriction 
a) |(a,,b,) can be lifted to a curve a”) : (a,,b,) — 4(p) which runs in 
the interior of the 4p-gon. For a sufficiently small ¢ > 0, the starting piece 
a) |[a,, a, +€] (and analogously, the end piece) runs in a small neighborhood 
of the nature described. For reasons of connectedness, a”) (ay, ay +e) must 
then run in one of the shaded segments of circles in the figure at the start of 
the proof. This shows that a”) extends continuously to the closed interval. 
We denote this extension by &”) : [a,,b,] > ¥(p) again. The starting point 
and endpoint of the curve are on the boundary of the 4p-gon. This is simply 
connected and the boundary is connected. Therefore @‘”) is homotopic to a 
curve whose image is contained in the boundary of the 4p-gon. Hence a”) and, 
as a consequence, @ are homotopic to a curve whose image is contained in R. 


Third step. Now we can assume that: 
1) The image of a is contained in R. 
2) q@ passes through q only finitely often. 


So, a is the composition of finitely many closed curves which, except at the 
starting point and endpoint, do not meet g. We can assume that a(t) equals 
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the base point q only for t = 0 and t = 1. Obviously, R — {q} consists of 
2p connected components, namely the images of the members of the canonical 
system without q. Now it is clear that a runs in the image of one a, or f,. 
These images are homeomorphic to circles. Now the claim follows from the fact 
that the fundamental group of a circle is cyclic. Oo 


We still must clarify how the curves of the canonical system meet in the 
base point qg. At this point, it is useful to use the notion of free homotopy, 
which is meaningful only for closed curves. 


6.5 Definition. Two closed curves a, 3 : [0,1] —+ X in a topological space 
X are called freely homotopic if there exists a family of closed curves 


a,: [0,1] — X, O0<s<1, 
such that the map 
HT: (0,1] x [0,1] —- X, HA(s,t)=a,(t), 


1s continuous. 


In contrast to the usual bounded homotopy, we do not demand that the base 
points of the curves are fixed. The notion of free homotopy is correlated with 
the notion of “fillable” (Definition III.4.6). 


The curves of the canonical system exist in pairs (a,,6,). We call a, the 
partner of 3,, and conversely. 


6.6 Proposition. Any curve of the canonical system is freely homotopic to 
a curve whose image is disjoint with all images of the curves of the canonical 
system with one exception, namely the partner. 


Proof. As shown in the figure, we shift the 
boundary edge K in the 4p-gon a little. 
Oo 


The statement Proposition 6.6 is enough for our purposes. Nevertheless, it is 
helpful to have in mind the following more precise statement about the position of 
the curves. This can also be seen from the 4p-gon. 


7 
Two partners cross over in q: - 
7 
7 
In the other case, they bang together: A 
ZN 
7 \ 


(In the above figures, one of the two curves is drawn dashed, and the other not.) 
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Exercises for Sect. IV.6 
1. Study all possible boundary gluings of the octagon and determine p in each case. 


2. Give an example of a boundary gluing of a hexagon such that the quotient space 
is a sphere. 


7. Differentials of the First Kind 


Let X be a (connected) compact Riemann surface. We fix a homeomorphism 
from X onto the quotient space of the 4p-gon with respect to the standard 
boundary gluing and denote by 


Tw: X(p) — X 


the canonical map. The canonical system a1,..., 3, is a system of closed curves 
on X, all with the same base point q. 


We denote by 2(X) the vector space of everywhere holomorphic differenti- 
als. (These are called “differentials of the first kind”.) 


In this section, we want to prove a precursor to the Riemann—Roch theorem, 
namely the following important theorem. 


7.1 Theorem. The set Q(X) of holomorphic differentials is a complex vector 
space of dimension p: 
dime Q(X) = p. 


Corollary 1. The number p is determined by X. 
We call p the genus of X. 


Corollary 2. Topologically equivalent compact Riemann surfaces have the 
same genus. 


For the proof of Theorem 7.1, we have to consider line integrals of differentials. 
The notion of a differential w € A‘(X) was introduced in the appendix to 
Chap. II (Sect. 13). The line integral {, w along a piecewise smooth curve was 
also defined there. We recall that the total differential df € A'(X) was defined 
for a C®-function f : X — C. We saw Stokes’s theorem for curves (Theorem 
11.13.18), 


/ df = f(a(1)) — f(a(0)). 
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We are interested mainly in the case of holomorphic differentials w. We recall 
the definition of the line integral in this special case. If y : U — V is an analytic 
chart and a a smooth curve which runs in this chart, i.e. a: [a,b] > U, then 


fom fia we= fede). 


In the general case, we cut a into finitely many pieces which run inside analytic 
charts, and sum the individual integrals. 


We need a homotopic version of the Cauchy integral theorem. In this 
connection, it is useful to define the line integral for holomorphic differentials 
along arbitrary continuous, not necessarily piecewise smooth, curves. 


7.2 Lemma (homotopic version of the Cauchy integral theorem). Let 
w be a holomorphic differential on a Riemann surface X. Then the integral of 
w along an arbitrary continuous curve can be defined in such a way that for 
piecewise smooth curves we obtain the old definition and that integration along 
homotopic curves leads to the same result. 


Supplement. Jf a,( are two freely homotopic closed curves in X, then 
; we i i, 
a B 


The simple proof is completely analogous to the case of the plane. We refer 

o [FB], Chap. IV, Proposition A2, for details. For the sake of completeness, 
we sketch the proof here. First of all, we define the integral along an arbitrary 
continuous curve by approximating by a piecewise smooth curve. For this, we 
decompose the parameter interval by means of a partition 0 = ag <---a, =1 
into finitely many subintervals such that each piece of the curve is contained 
in a disk. Inside each disk, we replace the piece of the curve by a smooth curve 
(drawn in bold in the figure below). Using the Cauchy integral theorem for 
disks, it is easy to show that the integral along the approximating curve does 
not depend on the approximation. 


7 N 
7 N 
/ \ 
! 
I 
\ / 
\ / 
N 7 
XN 2 


For the proof of Lemma 7.2, the following has to be shown. Let H : Q — X be 
a continuous map of a rectangle into X. The image of the boundary of Q can 
be considered, in an obvious way, as a closed curve a in X. We have to show 
Ja w= 0. This is clear if the image of Q is contained in a disk. In general, we 
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decompose @ as in the following figure into sufficiently small rectangles, and 
sum the corresponding integrals. 


There is no need to take the rectangles so that they are of equal size. Hence 
we can avoid a finite number of points, and we obtain in this way the following 
generalization of Lemma 7.2. 


7.3 Remark. The homotopic version of the Cauchy integral theorem, Lemma 
7.2, holds also for meromorphic differentials if the following conditions are 
satisfied: 


a) The integration contour does not contain any poles. 
b) The residues of all poles vanish. 


After these preparations, we come to the important notion of a period of a 
holomorphic differential. By definition, the set of periods is empty in the case 
p = 0. In the case p > 0, we define the periods as follows. 


7.4 Definition. Let w € Q(X) be an everywhere holomorphic differential. 


The numbers 
A; = le and B,;= 3 


are called the pertods of w. 


Of course, the periods depend on the choice of the normal form. We shall se 
later how they transform if the normal form is changed. 


7.5 Lemma. An everywhere holomorphic differential w € Q(X) is determined 
by the real part of periods. In other words, the pertod map 


OX) — BR, we Re(Ay,...5Ap, Biyro.4Bp), 


is injective. 
Corollary 1. Q(X) is a real vector space of dimension < 2p. 


Corollary 2. (Q(X) is a finite-dimensional complex vector space of dimension 
<p. 
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Proof of the lemma. Let w be an element of the kernel of the period map. 
The determination of the fundamental group and the homotopic version of the 
Cauchy integral theorem show the following. 


If we join the base point q to an arbitrary point x © X, then the integral 
zx 


u(x) = Re fw 


q 


does not depend on the choice of the curve. 
The well-defined function wu is locally the real part of an analytic function 
and hence harmonic. By the maximum principle for harmonic functions, wu is 
constant. We obtain w = 0. Oo 


7.6 Proposition. Let A,,...,Ap,Bi,...,Bp be a 2p-tuple of real numbers. 
There exists an everywhere holomorphic differential w € Q(X) whose periods 
have the following real parts: 


A;=Re fw and By=Re fw (1<i<p). 
4 Bi 


Theorem 7.1 then follows from Lemma 7.5 and Proposition 7.6. For the proof 
of Proposition 7.6, we have to use the central existence theorem for harmonic 
functions (Theorem II.12.2). (Again we point out that we need this existence 
theorem only for compact, and not for arbitrary zero-bounded Riemann sur- 
faces. In this case, the proof is simpler. We do not need the tedious Nevan- 
linna’s lemma, (Lemma II.10.4), but only the simpler variant in Proposition 
II.10.2.) 


We recall that by Proposition 6.6, all curves a;, 3; with the single exception 
a, (but including (61) are freely homotopic to curves @;, 3; which are disjoint 
with 6,. We want to replace the curve G, by a homotopic “polygonal path” 
(G7. This means the following in this connection: there exists a partition of the 
parameter interval 0 = aj < a, <... <a, =1 such that there exist disks 


pi: U; =, U2(0) _ {z EC; |z| < 2} with ¥([@i-1, Gi) Cc U;, 


such that the pieces 67 = (*|[a;-1,a;] correspond in the disk U2(0) to the 
segment from —1 to +1. It is clear that this construction can be done in such a 
way that G7 like 6, is in the complement of the curves Q2,...,Qp, Bi, whe ae 
After these preparations, we come to the following proof. 


Proof of Proposition 7.6. We can assume that all real parts except for one 
vanish: 


Ay 1: Apo aoe Ay By wee By 0. 
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Now we use the existence theorem (Theorem II.12.4). In the complement of 
the image of 3% there exists a harmonic function u; with the property that the 


function 
; 1 
uf (2) — Arg (24>) 
z—1 


extends to the full disk U2(0) as a harmonic function. It cannot be extended 
continuously to any point of (—1,1). 


We define u to be the sum of the uj,...,u,. Then wu is continuous in the 
complement of the image of (3°. 


Now we consider the differentials associated with u; and u in the sense of 
Remark 1.8 and denote them by w;, 1 <i <n, and w (= w;+---w,). Locally, 
a harmonic function is the real part of an analytic function. The associated 
differential is the total differential of this function. The differential associ- 
ated with the harmonic function Arg((z + 1)/(z — 1)) is the analytic function 

i/(z+ 1) +i/(z— 1). Hence w; extends to a meromorphic differential on X. 
It has only two poles, and these are of order one with opposite residues. When 
these are summed, they cancel. Hence the differential w which is associated 
with wu is holomorphic on the whole of X. (We can think about this in the 
following way. The function wu jumps when crossing 3. But this disappears 
after differentiation.) 


We know that each curve from the canonical system, with one exception 
a1, is freely homotopic to one of the curves q;, 9; which run completely in the 
complement of GF. This implies that 


Re fw=Re [w= fdu=o (i> 1), 


ay ay 


and correspondingly for all Bi. For the proof of Proposition 7.6, it is sufficient 
to show that the integral of w along a; does not vanish. We argue indirectly 
and assume that the integral is zero. By Lemma 7.5, w is then identically zero, 
and hence the function u is constant. This contradicts the fact that wu does not 
extend as a continuous function to the whole of X. This completes the proof 
of Proposition 7.6. oO 


We shall now illustrate Theorem 7.1 with an example which was of great 
importance during the historical development of the subject. We study the case 
of a hyperelliptic Riemann surface X. This is the surface which is attached to 
the algebraic function via ue Here P is a polynomial of degree 2p + 1 or 
2p + 2 without multiple zeros. Recall that X is a compact Riemann surface 
with two distinguished meromorphic functions 


f Meee tt 
g oo _ P(z) om 
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By means of f, the surface X is of degree 2 over the sphere. On this surface, 
\/ P(z) appears as a (single-valued) meromorphic function g. The genus of X 
is p (Theorem 3.6). We can consider on X the meromorphic differentials 


{dp Z@dz 


66 ” 


g P(z) 


It can be shown (Exercise 3) that these are holomorphic on the whole of X as 
long as m < p. Since these differentials are linearly independent, they have to 
generate 0(X). 


7.7 Remark. Let X be the Riemann surface for “\/P(z)”, where P is a 
polynomial of degree 2p +1 or 2p +2 without multiple zeros. The differentials 


m 
gE dz 


P(z) 


*y O0<m<p, 


define a basis of Q(X). 


Exercises for Sect. IV.7 


1. Show that the homotopic version of the Cauchy integral theorem holds for all 
differentials w € A'(X) with the property dw = 0. 


2. A C®-function is called a primitive of a differential w € A'(X) if df = w. Show 
that w admits a primitive if the integral of w along every closed curve vanishes. 
Show that we obtain such a primitive if we integrate w along a curve which starts 
at a fixed base point and ends at a variable point. Show that if w is holomorphic, 
then this primitive is holomorphic too. 


3. Let X be the Riemann surface with respect to “,/P(z)”, where P is a polynomial 


of degree 2p + 1 or 2p + 2 without multiple zeros. Show that 
™d 
“ é z a 0) < m < Pp; 
P(z) 


is holomorphic on the whole of X. 
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Appendix to Sect. 7. The Polyhedron Theorem 


Let (P,D) be a combinatorial scheme together with a boundary gluing %&, 
such that all boundary edges are included. As a consequence, the number of 
boundary edges is even. We define the following notation: 


2R := number of boundary edges; 
K  := _— number of “interior” vertices; 
A := number of equivalence clasess of exterior vertices; 
E  := number of interior vertices; 
D  := number of triangles. 
We call 


e:= D-(K+R)+E+A 
the Euler number of (P,D,&). 


First example. Let X be a compact surface with an oriented triangulation M. 
The associated combinatorial scheme (P,P) has no boundary edges. In this 
case, 

e(P,D)=D-K+E 


= #triangles — #edges + #vertices 


is the Euler number, which we have considered already. 


Second example. Let (P,D) be the standard 4p-gon with the normal gluing. 
In this case, 


2R=4p, K=4p, A=1, 
E=1, and D=4p. 


Hence 


e = 4p — (4p + 2p) + 2 = 2 — 2p. 


7.8 Remark. If, from some oriented triangulation of a compact surface, 
we produce a normal form that is a 4p-gon, then the Euler number e does not 
change in any of the constructions defined in Sects. 5 and 6. 

Corollary. If a compact surface admits an oriented triangulation (for example 


if it admits a structure in the form of a Riemann surface), then the Euler 
number is independent of the choice of the oriented triangulation. 


Corollary ( Euler, c. 1750; Legendre, 1794). The Euler number of any 
triangulation of the sphere ts 2. 

Corollary. Let f : X — C be a nonconstant meromorphic function on a 
compact Riemann surface. Then the topological genus p can be computed by 
means of the Riemann—Hurwitz ramification formula (Theorem 3.5). 
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Now the question arises of which compact topological surfaces admit a struc- 
ture in the form of a Riemann surface. Actually, it can be shown that every 
orientable surface with a countable basis of topology admits such a structure. 
(Here, the notion of the orientability of a topological surface still has to be 
defined.) We shall prove only the following proposition. 


7.9 Proposition. Every compact surface with an oriented triangulation 
admits a structure in the form of a Riemann surface. 


For the proof, it is enough to show that for each p > 0 there exists a compact 
Riemann surface. Take, for example, the hyperelliptic Riemann surface for 


we = 22Ptt 4. Oo 


Exercises for Sect. IV.7 
1. Describe a boundary gluing of a 12-gon which leads to p = 1. 


2. Compute all boundary gluings of a decagon for p = 0. 


8. Some Period Relations 


Again we start with a compact Riemann surface X which is realized by a 
standard 4p-gon *¥(p) in the normal form. We have described the canonical 
system a,;,3; and defined the periods of a differential w with respect to this 


system as 
A= fw, B= fw (l<i<p). 
4 Bi 
For a basis w1,..., Wp, of the C-vector space of all holomorphic differentials, we 
can consider the period matrix 
1 1 
AW re Al) BY we B®) 
P= : : : : 
1 
Al) i AL) BS dou, BY) 


For an arbitrary holomorphic differential w, the period vectors of w are linear 
combinations, with integral coefficients, of the rows of P. Since a holomorphic 
differential vanishes if all its periods are zero, we have the following result. 


8. Some Period Relations 239 


8.1 Remark. The period matrix P (with respect to the given canonical system 
and the given basis of Q(X)) has rank p. 


The periods underlie certain strong restrictions which are called “period rela- 
tions”. In this section, we shall prove only those period relations which are 
needed for the proof of the Riemann—Roch theorem. Further period relations 
will be derived in connection with Abel’s theorem (Sect. 11). 


We denote the canonical projection of the 4p-gon onto X by 
mw: X(p) — X. 


Let w be a differential which is holomorphic on the whole of X. We want to 
associate with this differential a continuous function 


f:X(p) — C. 


For this, we choose an arbitrary point a in the 4p-gon. For every other point x 
of the 4p-gon, we choose a curve a in V(p) from a to x. For example, we can 
take a straight segment. We then define 


By the homotopic version of the Cauchy integral theorem, the integral does 
not depend on the choice of a. For two arbitrary points x,y from “(p), we can 
consider the straight line @ from x to y. We have 


TO8 


We apply this in the special case where x lies on an edge Kj; and y is the 
complementary point on the edge K; . The image of the segment from x to y 
is a closed curve in X which is freely homotopic to (; (the image of LD; in the 
correct orientation). We obtain 


Fu) - fa) = fw 
By 
and a corresponding equation for the edges L,, L; . 


8.2 Lemma. Let w be a holomorphic differential on X. The associated 
(continuous) function 
f:X(p) — C 


has the following property: 
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Let x be a point on K; and let x~ be the complementary point on K, ; then 


Bi 


Correspondingly, if y is a point from L, and if y~ is its complementary point 
on L; , then 


The proof of the Riemann period relations becomes transparent if we assume 
that the map 7 is smooth in the following sense: a function on ¥(p) or, more 
generally, on an open subset (with respect to the induced topology) U Cc X(p) 
is called smooth if its restriction to the intersection of U with the interior of 
X (p) is (infinitely often) differentiable and if if all partial derivatives of f extend 
continuously to U. By means of charts, we then define the notion of a smooth 
map into an arbitrary differentiable surface. 

For the following proof, we want to assume in an initial approach that wr : 
X(p) = X is smooth in this sense. 

This is not really what we need; actually, it is sufficient to know that 7 is 
piecewise smooth. In the appendix to this section, we shall explain what this 
means and show that piecewise smooth normal forms m7 : ¥(p) — X exist. 
We recommend the reader not to worry about this and to ignore this problem. 
After reading the appendix, it will become clear that the proof works in the 
piecewise smooth case. 

By a smooth differential w = fdx + gdy on X(p), we understand a pair 
of smooth functions f,g : ¥(p) — C. For such smooth differentials, Stokes’s 


theorem*) holds: 
¢ w= ; dw. 
) X(p) 


OX (p 


If w is a C™-differential on X, then, as usual, we define the pulled-back diffe- 
rential 7*w as a smooth differential on 1 (p). 


8.3 Lemma. Let w be a holomorphic differential and let w’ be a differential 
with dw’ = 0. Then 


fone -Slfafe- fof 


ai ay 


*) Stokes’s theorem was formulated for triangles in Remark II.13.21. For the n-gon, 
it follows by summing over the triangles. 
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Proof. We consider the function f : X(p) — C which is obtained by integrating 
w. Clearly f is smooth. We also consider the pulled-back differentials © = 7*w 
and w' = m*w’. Because dw’ = 0, we have d( fa’) = @ Aw’. We apply Stokes’s 
theorem and obtain 


Here we have oriented K; counterclockwise but Kk; clockwise (which produces 
the sign). By Lemma 8.2, the values of f differ at corresponding points of the 
two edges only by an additive constant f[ g, Ws Hence the contribution of the 


pair of edges is 
fo faa fo fu. 
Bo OK Bi 


a 


Correspondingly, we obtain for the contribution of the pair L;, L; the expres- 


sion 
- fw fut 
ai Bi 


By summing, we obtain the claim. Oo 


Period Relations of the Fist Kind 


Now let w, w’ be two holomorphic differentials on X. Then w Aw’ = 0, and we 
obtain the following proposition from Lemma 8.3. 


8.4 Proposition. Letw andw” be two holomorphic differentials on X. Then 
we have the period relation 


Pp 
YS fefe=d fo fer 
tN ees Bi aoe 4 


For the proof of the Riemann—Roch theorem, we need a slight generalization 
of Lemma 8.2 and Proposition 8.4. This corresponds to the fact that w is 
allowed to be meromorphic, i.e. poles are allowed. These should be contained 
in the complement of the canonical system. We also require that all residues 
of w vanish. Then we can apply the homotopic version of Cauchy’s theorem 
(Remark 7.3) to produce, by integration, a meromorphic function fp on X —R 
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with the property dfp = w. We pull it back by means of 7 to obtain a function f 
which is continuous in the interior of the 4p-gon up to finitely many exceptional 


points. If a is a curve which runs inside the interior of the 4p-gon and does not 
meet an exceptional point, then 


By means of this integral representation, we can extend f to a continuous 
function on the closed 4p-gon, 


fiX@)-S—C. 


8.5 Lemma (variant of Lemma 8.2). Let w be a meromorphic function 
on X whose poles are contained in the complement R of the canonical system 
and such that all residues vanish. The associated continuous function 


f:X(p)-S— SC 


has the same behavior on the boundary as that described in Lemma 8.2. 


The proof is the same as that of Lemma 8.2. O 


8.6 Proposition (variant of Proposition 8.4). As in Proposition 8.4, w! 
is assumed to be a holomorphic differential, but the differential w is assumed 
only to be meromorphic, where the possible poles are in the complement of 
the canonical system. The residues are assumed to be zero. Furthermore, we 
assume that for every pole a of order m(a) of w, the differential w’ has a zero at 
a of order at least m(a)—1. Then the period relation formulated in Proposition 
&.4 remains true. 


It follows from the above assumption that the differential fow’ is holomorphic 
in the complement of the canonical system. This suffices to imitate the proof 
of Proposition 8.4. oO 
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Exercises for Sect. IV.8 
1. How does the period matrix change if the basis of Q(X) is changed? 


2. Let X = C/L be a torus. Give a basis of Q(X) and a concrete canonical system, 
and compute the corresponding period matrix. 


Appendix to Sect. 8. Piecewise Smoothness 


Let A c C be a closed triangular area. For our purposes, we need a notion of 
a piecewise smooth map 
f:A—xX 


from A into a Riemann surface X which corresponds in some sense to the 
notion of a piecewise smooth curve 


a: [0,1] —+ X. 


We consider a point in the interior of each of the three edges 
of A and divide A by means of the segments between these 
points into four triangles. We call this a subdivision of level 
one of A. 


By dividing each of the four triangles in the same way into four subtriangles, 
we obtain a subdivision of level two and so on. 


8.7 Definition. A map 
f:A—xX 


from a triangular area into a Riemann surface X is called piecewise smooth 


if there exists a subdivision of some level such that the restriction to each of 
the 4” subtriangles is smooth. 


8.8 Proposition. The normal form of a Riemann surface can be realized in 
such a way that the canonical projection 


X(p) — X 


(more precisely, its restriction to each of the 4p triangles) is piecewise smooth. 
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For the proof, we simply have to observe that all of the constructions which 
we performed during the construction of the normal form can be formulated in 
the piecewise smooth world. 


The advantage of a piecewise smooth realization 
p:X(p) xX 


is that differentials w on X can be pulled back to V(p) and that one can apply 
the Stokes’s theorem to the pullback p*w. We now explain this briefly. 


Let w be a smooth differential on a triangular area A C C. The integral 
along a piecewise smooth curve a: [0,1] — A is given by 


fe = pre dt, 
a 0 
(*) h(t) = fla)ar(4) + gla))aa(t). 


Now we consider a piecewise smooth realization of the Riemann surface X by 
a 4p-gon, 
1: X(p) — X. 


Let w be a smooth differential on X. We want to define the pulled-back dif- 
ferential p*w on X(p). We have a triangulation of V(p) which arises from a 
standard decomposition of the 4p triangles, such that the restriction of f to 
each triangle of the triangulation is smooth. Then f*w can be defined as a 
smooth differential on each of these triangles. We obtain a differential which 
is piecewise smooth in the following sense. 


8.9 Definition. A piecewise smooth differential w on the 4p-gon X(p) is a pair 
consisting of a triangulation of X(p) arising from standard decompositions of 
the 4p triangles and a map which assigns to each triangle A of the triangulation 
a smooth differential wa on this triangle. These differentials have to fit together 
in the following sense. 


Assume that A, A’ are two triangles of the triangulation with a joint edge 
K and that a: [0,1] — K is a smooth parametrization of the edge. Then the 
integrands of the line integrals of wa and wy (see (*) above) agree. 


/ 
K K 


where the integral has been taken in the same direction in both cases. 


In particular, we have 


So, piecewise differentials can jump if we pass from one triangle to a neigh- 
boring one. But these jumps are not visible by integration along edges. 


9. The Riemann—Roch Theorem 245 


For piecewise smooth differentials w on V(p), the surface integral 


[ow 


X(p) 


and the boundary integral 


OX (p) 


can be defined in an obvious way. The following version of Stokes’s theorem 
follows immediately from Stokes’s theorem for triangles by summing. 


8.10 Theorem (Stoke’s theorem). Let w be a piecewise smooth differential 


on the 4p-gon; then 
¢ w= / dw. 
X(p) 


OX (p) 


In the following, we tacitly assume that 7: 4(p) — X is piecewise smooth. 


9. The Riemann—Roch Theorem 


Let X be aset. We consider the free abelian group D(X) generated by X. The 
elements of D(X) are maps 
D:X —Z 


such that 
D(a) = 0 for almost all a € X 


(i.e. for all up to finitely many). Obviously, D(X) is an abelian group by means 
of the usual addition of maps. 


Special case. For X = {1,...,n}, we have D(X) = Z”. 


We call the elements of D(X) divisors. With each point a € X we can 
associate a divisor 
(a) € D(X), 


namely 


This defines an injective map 


X — D(X), ar (a). 
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Sometimes we identify X with its image in D(X). 


Caution. If X already carries a structure in the form of an abelian group, then 
(a+ 6) and (a) + (b) may be different. 


Each divisor D € D(X) can be written in the form 


D= D(a)(a) (finite sum). 
acx 


So, each divisor can also be written in the form 


eC he meee me (1 een 


where the {a1,...,@, } and { b),...,6,, } are disjoint. Finally, we define the 
degree of a divisor by 


deg(D) = > D(a). 


acx 


Obviously, 
deg : D(X) — Z 


is a group homomorphism. And obviously, 


deg ((a1) + +--+ (@n) — (61) — +++ — (Om)) =n —m. 


Now let X be a (connected) compact Riemann surface. With each meromorphic 
function 
f:X—C 


which is different from zero, we can associate a divisor (f) by 
D(a) = Ord(f; a) 


So we have 
D(a) >0 = aisa zero of f, 


D(a) <0 = aisa pole of f. 


If we denote the zeros by a1,...,@n (each written as often as the multiplicity 
prescribes) and, correspondingly, the set of poles by bi,...,bm, then 


(f) = (a1) + +++ + (an) — (b1) — +++ — (Om): 


As we know, meromorphic functions have the same numbers of zeros and poles. 
Hence we have the following result: 


The degree of the divisor (f) of a nonvanishing meromorphic function is 0. 
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9.1 Remark. Let f,g © M(X) — {0} be two meromorphic functions which 
are different from 0. Then 


(f) + (9) =(f +9). 


The divisor of a constant function is the zero element in D(X). 


9.2 Definition. A divisor D € D(X) is called a principal divisor if there 
exists a meromorphic function with 


D=(f). 


As we know that f is determined by D up to a constant factor, then because 
of Remark 9.1, the set of principal divisors 


H(X)={DED(X); D=(f); fe M(X)} 
is a subgroup of D(X). The factor group 
Pic(X) = D(X)/H(X) 


is called the divisor class group of X. Since the degree of a principal divisor is 
zero, the degree 


deg : Pic(X) —> Z, [D] -— deg(D), 
is well defined on the divisor class group. 


The Riemann—Roch Space 
Let D, D’ be two divisors on X. We define 


D>D' <= D(a)> D(a) for allac X. 


The Riemann—Roch space of a divisor D is the set of all meromorphic functions 
f € M(X) with the property 


(f)2—-D, 
together with the zero function. This means, symbolically, that the inequality 
(0) =>—D 
is always assumed to be true, so we can write 
LID) ={fEM(X); (f) 2—-D}. 


9.3 Remark. The set £(D) is a C-vector space. 


248 IV. Compact Riemann Surfaces 


The proof is trivial. O 


We shall see that L(D) is of finite dimension. The space £(D) essentially 
depends only on the divisor class of D. More precisely, we have the following: 


The map 
L/D) > L(D+(f)), gto gv, 
is an isomorphism. 
The Riemann—Roch problem is the determination of the dimension 
I(D) := dime L(D). 
The Riemann—Roch theorem is a partial answer to this question. 
Remark. Assume that 
D:=n-(a); neN. 
Then £L(D) consists of all meromorphic functions which have a possible pole 
only at a and are such that its order is <n. 
Exercise. Let X = C/L be a torus. Show that 
1 for n = 1, 
nay) = e for'n = 2. 


9.4 Theorem (Riemann—Roch inequality, B. Riemann, 1857). We 
have 
I(D) > deg D—p+1, p = genus of X. 


This is an existence theorem for meromorphic functions. To make this clear, 
we consider again the case D = n(a), and obtain the following corollary. 


Corollary. For each point a € X, there exists a meromorphic function f which 
is holomorphic outside a and has a pole of order <p+1 ata. 
The Riemann-Roch theorem is stronger than the inequality in Theorem 9.4. 
It also gives information about the “defect” 

h(D) := I(D) — deg(D) + p— 1. 
To formulate this, we need the canonical class, which is an element of Pic(X) 
of fundamental importance. 

Let w be a meromorphic differential which is different from zero. We have 
seen that it makes sense to speak of zeros and poles and of their orders. This 
means that we can attach to w a divisor 

K :=(w) € D(X). 


Such a divisor Kk is called a canonical divisor. Let f be meromorphic function 
which is different from zero; then 


(f-w)=(f) +). 
As we know, f-w runs through all meromorphic differentials for fixed w and 
variable f. We obtain the following result. 
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9.5 Remark. All canonical divisors belong to one divisor class. 


9.6 Definition. The divisor class of a meromorphic differential 1s called the 
canonical class of X. 


A fundamental refinement of the inequality h(D) > 0 is the equation 
h(D) =1(K — D), 

which means the following. 

9.7 Theorem (Riemann—Roch theorem, G. Roch 1876). We have 


dim £(D) — dim £(K — D) = deg(D) — p+ 1. 


Corollary. deg K = 2p — 2. 


Remark. In the case of a torus X = C/L, we can consider the holomorphic 
differential “dz”. The associated divisor is the zero divisor. It has degree 0 
in accordance with Theorem 9.7. But on the Riemann sphere C (p = 0), the 
differential dz has a pole of second order at oo (because d(—1/z) = —2z7dz); so 
we have deg(dz) = —2, again in accordance with Theorem 9.7. 


Corollary. In the case deg(D) > 2p — 2, the Riemann—Roch inequality is an 
equality, 
dim £(D) = deg(D) —p+1. 


The space £(D) is different from zero only if deg(D) > 0. This means that 
there are finitely many “exceptional numbers” 
for which the Riemann—Roch theorem gives “only” an inequality. 
The proof of the Riemann—Roch Theorem 
In addition to 
we introduce the “complementary” space 
K(D) := {w meromorphic differential; (w) > D}. 


Obviously, 
dim K(D) = dimL(K — D). 
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Hence the Riemann—Roch theorem can be written as follows: 
dim £(D) — dim K(D) = deg(D) — p+1. 


One special case of the Riemann—Roch theorem is obvious. 
First step. Special case: D < 0. 


In this case, we have £(D) = 0. The space K(D) consists of all meromorphic 
differentials which, for all points a € X with D(a) < 0, have poles of order at 
most —D(a) and are holomorphic elsewhere. We know that the principal parts 
of a meromorphic differential (with respect to some analytic chart), up to the 
necessary condition on the residues (their sum must vanish), can be freely 
prescribed. On the other hand, a meromorphic differential is determined by its 
principal parts up to an everywhere holomorphic differential. This gives us 


dim K(D) = —(deg(D) + 1) +p, 


and this is the Riemann—Roch theorem. 
Second step. Special case: D = 0. 
In this case, we have 


dim £(D) = 1, dim K(D) = dim Q(D) = p, 


and hence the Riemann—Roch theorem is true again. 


Third step. Let D be an arbitrary divisor and let a € X be a given point. 
We do not exclude the case in which a occurs in D. We want to compare the 
divisors 

Dand D'! = D+ (a). 


Clearly, we have D < D’ and hence 
L(D) Cc L(D'). 


We claim that 
dim (£(D')/£(D)) <1. 


For the proof, we consider a linear map 
L(D') — C, 


whose kernel is £(D). For the construction, we consider a disk around a, 


p:U — E, at+—0, 


and consider the Laurent expansion of f with respect to this disk, 


ia », Ge 


n>=— Oo 


9. The Riemann—Roch Theorem 
Let e := —D(a). If f occurs in £(D’), then 
Qn FOS n>e-1. 
A function f € £(D’) is contained in £(D) iff 
dn #0 > n>e. 


The map 
L£(D') — C, fo ae, 


has the desired property. 
Corollary. The spaces L(D) (and hence K(D)) are finite-dimensional. 


An analogous consideration shows that 

K(D') C K(D) and dim (K(D)/K(D’)) <1. 
Fourth step. We introduce the defect 

6(D) = dim £(D) — dim K(D) — deg(D) + p—1. 
The Riemann-Roch theorem states that 
6(D) =0. 
In this step of the proof, we show that 
6(D’) < 6(D) (D' = D+ (a)). 
We have 
§(D) — 6(D’) = 1 — dim (£(D')/L(D)) — dim (K(D)/K(D!)). 

If the claimed inequality is false, we must have, by the third step, 

dim (£(D")/£(D)) = dim (K(D)/K(D’)) = 1. 


Therefore there exist elements 


feLlD'’), fEeL(D), 
we K(D), w ¢ K(D'). 
It is easy to show that: 


a) f-w is holomorphic outside of a; 
b) f-w has a simple pole at a. 
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But this is incompatible with the residue theorem (the sum of residues of f+ w 
is 0). 


By induction, we now obtain the more general result 
DAD SoD) a0, 
For an arbitrary divisor D, we find divisors 
D,>0, D2<0 


with the property 
Dg <D<Dy. 


We obtain 
0 = 6(D2) > 6(D) => 6(Dy). 


So, for the proof of the Riemann—Roch theorem, it is sufficient to show that 
6(D1) > 0 for D > 0. 
Fifth and last step. We have to show that 
dim £(D) — dim K(D) > deg(D) — p+1 for D > 0. 


For the proof, we construct a suitable vector space Z(D) of meromorphic dif- 
ferentials, in which the two spaces £(D) and K(D) are hidden. 


Definition. The vector space Z(D) consists of all meromorphic differentials w 
with the following two properties: 


a) Let a € X, D(a) > 0. The pole order of w at a is at most D(a) + 1. 
b) All residues of w vanish. 


From the existence theorem for meromorphic differentials and from our knowl- 
edge of the dimension of the space of all holomorphic differentials, we immedi- 
ately obtain 

dim Z(D) = deg(D) + p. 


With every f € £(D) there is associated an element of Z(D), namely df. The 
map 
L(D) > T(D), fr df, 


is C-linear; its kernel consists of constant functions. We want to construct the 
image of £(D) as the kernel of a suitable map. For this, we have to assume 
that none of the points a, D(a) > 0, lies on the canonical system (i.e. on the 
union of the images of the curves a1,...,Qp, 31,.-., 3p). This is possible by a 
slight modification of the canonical system. Now we can consider the map 


T(Dy—> CC, wr (Ay,...,Ap, Buys, Bp), 
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where 
Ay= fw By = fw (l<j <p). 
aj By 
The kernel of this map consists of all w € Z with vanishing periods A;,..., Bp. 


By the homotopic version of Cauchy’s integral theorem (Remark 7.3), the inte- 
gral of w along each closed curve vanishes. Therefore w admits a meromorphic 
primitive f. It lies in £(D): 

The kernel of the map above is precisely the image of L(D). 


Readers who are familiar with the idea of exact sequences can reformulate this 
as the exactness of 


I C — L£(D) — TD) + Cc”. 


For the central argument, we now have to make use of the period relations 
of Proposition 8.4 in the version stated in Proposition 8.6. They imply the 
following result. 


Let w’ € K(D) be a differential with the periods 


Then, for allw € Z(D), 


Ay A, +...4+ ApA, + BiB, +...+ BpB, =0. 


So, for each element w’ € K(D), we have obtained a linear equation which all 


elements of the image 
I(p) —+ Cc”? 


satisfy. If w,...,w!, is a basis of K(D), then we obtain d such equations. The 
matrix of this system of linear equations is the period matrix 


AY AQ pO By 
A’. Alo! pO! pla! 


By Remark 8.1, this matrix has the rank d. We obtain the result that the 
dimension of the image of Z(D) under the period map cannot exceed 


2p — dim K(D). 
From the equation 


dim Z(D) = dim Kernel + dim Image, 
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follows that 

deg(D) + p < dim £(D) — 1+ 2p — dimK(D). 
This is the claimed inequality 


5(D) > 0. 


This completes the proof of the Riemann—Roch theorem. O 


Exercises for Sect. IV.9 


1. Consider, for an element f € £(D), the Laurent expansions in all a with D(a) > 0 
with respect to arbitrarily chosen charts. Since f is determined by finitely many 
Laurent coefficients, obtain an easy proof of the finiteness of the dimension of 


L(D). 
2. Give a direct proof of the Riemann—Roch theorem for the Riemann sphere. 


3. Prove the Riemann—Roch theorem for a torus X = C/L by means of Abel’s 
theorem for elliptic functions. 


10. More Period Relations 


We now apply the formula of Lemma 8.3 to the complex conjugate differential 
w’ = w. In local coordinates, this is defined by 


h(z)dz := h(z) dz with dz = dx — idy. 


From the definition of the line integral along a curve a, we immediately obtain 


the formula 
/ w! = i, w!. 
a a 


In local coordinates, w /A @ is calculated as 
—2i|h(z)|?dx dy. 


The next statement follows from Lemma 8.3. 
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10.1 Proposition. Let w be a holomorphic differential on X. Then 


i os 
im” fu for 0. 
w=16, Bi 


The equality sign holds iff w = 0. 
As an important consequence of the inequality in Proposition 10.1, we prove a 


variant of the existence and uniqueness theorem for holomorphic differentials. 


10.2 Theorem. The map 


Q(X) — CP, wre fons fe ; 


is an isomorphism. 
(One can replace the a-periods by the G-periods analogously.) 
Hence a holomorphic differential is determined by: 


1) the real parts of all 2p periods, or 
2) the p a-periods, or 
3) the p G-periods. 


10.3 Proposition and Definition. With respect to a given canonical system, 
there exists a basis 
W1y+++,Wp 


of Q(X) with the property 
| gf) fis, 
PE Gi ap et ai 


We call wy,...,w , the canonical basis of Q(X) which belongs to this canonical 
system. 


The period relations in Proposition 8.4 and 10.1 can be rewritten in the fol- 


lowing form. 


10.4 Proposition. Let w1,...,Wp be a canonical basis (with respect to a 
given canonical system). We consider the “period matrix” 


Z= (Zij)i<iggp: 21g = i 
Bi 
We then have: 
1) The matrix Z is symmetric: Z = Z’. 
2) The imaginary part Y :=Im Z is positive definite. 
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We recall that a symmetric real matrix Y is called positive definite if the 
following two equivalent conditions are satisfied: 


1) For every n-tuple of real numbers a,,...a@, which are not all zero, we have 
n 
S- YijQia; > 0. 
i=l 


2) For every n-tuple of complex numbers a,,...@, which are not all zero, we 


have 
n 
> Yig WA; > 0. 
i=1 


Now we want to investigate how the matrix Z changes if the canonical system 
is changed. So, assume that a second canonical system 


Q4,---,Qp,81,--+5 Bp 


is given. We consider the associated canonical basis 


z=(fm) 
[a 1<i,j<p 


Bi 


10.5 Definition. A 2px 2p matrix M is called symplectic if it satisfies the 
relation 


Bape erat 0 2B 
M'IM =I with t= (5 a 


Here E denotes then x n unit matrix and 0 the zero matriz. 


In principle, the coefficients of symplectic matrices could be elements of an ar- 
bitrary commutative ring with unity. At the moment, only integral coefficients 
are of interest to us. 


10.6 Remark. The set of all symplectic matrices is a group Sp(p,Z). It is 
called the symplectic modular group. In the case p = 1, it agrees with the 


elliptic modular group SL(2, Z): 


Sp(1, Z) = SL(2, Z). 
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The Intersection Pairing 


As a further application of the period relations Proposition 10.1, we construct 
the intersection pairing. For this, we choose a base point q on the Riemann 
surface. Then we consider the fundamental group 7(X,q) with respect to this 
base point. 


For a holomorphic differential w, the integral 


w(a) := Re [ w 


a 


depends only on the homotopy class of a. Hence we obtain a homomorphism 
of 7(X,q) into the additive group of real numbers. So, we have associated with 
each w an element of 


H'(X,R) := Hom(z(X,q), R). 
10.7 Proposition. The natural map 
Q(X) — H1(X,R) 


is an isomorphism. 


This proposition is a reformulation of the proved result that a holomorphic 
differential is determined by the real part of its periods and that these can be 
prescribed arbitrarily. 


We obtain the result that H'(X,R) is a real vector space of dimension 
2p. An element of H'(X,R) is determined by its values on the curves 
Q1,.-+,Qp31,.-., 8, of a canonical system. These values can be prescribed 
arbitrarily. Hence we can consider, in H'(X,R), the dual system 


Oi nae Ops Mite een eg: 


This means that a; takes the value 1 for a; and the value 0 for all other 2p — 1 
elements (and similarly for 3*). 


Now we use isomorphism of Proposition 10.7 to define the “intersection 
pairing” on H'(X,R). First we define it on Q(X) by 


(w,w") = Re fw Ka, 
= 


where w A w@’ denotes the alternating product. 


By means of Proposition 10.7, we transport this pairing to H'(X,R). 
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10.8 Proposition (Frobenius’s theorem). Let 
Q1,.++,Qp; G1,--., Bp 
be the canonical system with respect to an arbitrary normal form. We have 
(0558; )=—(8;,0,)—1 (1 Si sp). 
All other brackets are zero. 
Proof. We have to compare two R-bases of H!(X,R), namely 
Qi 210g Oey Mi genres 


and the images of 
W1,...,Wp,1W,..., IW. 


The transition matrix can be computed by means of the relations in Lemma 
8.3 as 
E 0 : 
& ) (Z =X + iY). 
The matrix of the products of the second matrix is (again by Lemma 8.3) 
0 Y 
-Y QO} 


Transformation to the first basis gives Proposition 10.8. O 


Frobenius’s theorem gives a fundamental relation between two canonical 
bases. So, let 
Oy getgOy sy ixeg Py 
be the dual basis of a second canonical system. To simplify the formulae, we 
define 
Ong = By Ole =P, (lat =p): 

There exists an integral 2p x 2p matrix M = (m,,;) which describes the relation 
between the two systems, 

2p 

ai" => y Miz OQ; 
j=l 


From Frobenius’s theorem, we immediately obtain the following result: 
The transition matriz M = (mij) is symplectic. 

We denote the canonical bases of Q(X) with respect to the two canonical 
systems by 


/ 

os 

The matrix which describes the change from the first to the second is denoted 
by A: 


a / 
W122 Wp} Wy... W 


p 
— So aiju; (l<i<p). 
j=l 


A direct computation gives the following result. 
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10.9 Proposition. There exist 


a) a matric A € GL(n,C) and 
b) an integral symplectic matrix M € Sp(2n, Z) such that 


A-(E,Z)-M =(E,Z). 


As we have seen in connection with the theory of the elliptic modular group 
({FB], Chap. V), the equation above means that in the case p = 1, there exists 
an elliptic modular substitution 


M € SL(2,Z) 


which transforms Z into Z. In the case p > 1, we shall see that the integral 
symplectic group will do the same in general. For the moment, we shall only 
define the corresponding equivalence relation. 


10.10 Definition. Let 
H, := {z ECP). Z=7' Ys 0} 


be the set of symmetric complex p x p matrices with positive imaginary part. 
Two points Z,Z € Hy, are called equivalent if there exist matrices A € 
GL(n,C), M € Sp(n, Z) with the property 


A-(E,Z)-M =(E,Z). 


Obviously, this is an equivalence relation (see Exercise 1). 
Notation. Let 
Ap = Hp/ ~ 
be the set of equivalence classes with respect to this equivalence relation. 


In the case p = 1, the space HH, is the usual upper half-plane, and 
A, = H,/SL(2, Z) 


is its quotient by the elliptic modular group. 


So, we have associated a well-defined point 
T(X) € Ap 


with each compact Riemann surface. Biholomorphically equivalent surfaces 
lead to the same point. 

Notation. Let M, be the set of all biholomorphy classes of compact Riemann 
surfaces of genus p. 
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10.11 Remark. The assignment X — 7(X) gives a map, called the period 
map, 


T: Mp — Ap. 


A fundamental theorem of Torelli states that the period map 7 is injective. We 
shall not prove this theorem in the case p > 1. The case p = 0 is relatively 
simple. By the uniformization theorem, every Riemann surface of genus 0 is 
biholomorphically equivalent to the Riemann sphere. So, Mo consists of a 
single element. The case p = 1 is somewhat more involved. Complex tori C/Z 
are surfaces of genus 1. From the theory of elliptic functions, we know that the 
subset M‘, Cc M, of all isomorphy classes given by tori is mapped bijectively 
to 
Ai = H/SL(2,Z). 

Hence, in the case p = 1, Torelli’s theorem is equivalent to the following state- 
ment: 


Every Riemann surface of genus 1 is biholomorphic equivalent to a complex 
torus C/L. 

We shall prove this result later as an application of Abel’s theorem. (There is 
another proof which uses the uniformization theorem. ) 


Hence, in the case p = 1, the period map is not only injective but also 
bijective. The situation for p > 1 is different. One can show that A, is a 
complex space of dimension 


p(p +1) 


dime Ap = 5 


(= number of “variables” in H,) 


and M,, is a complex subspace of dimension 
dim¢g M, = 3p — 3. 


Hence, for p > 2, M, is a thin subset of Ap. 


The so-called Schottky problem asks for a description of M, inside A, by 
equations and inequalities. 


There is another essential difference between the cases p= 1 and p> 1. Let 
P = P&P) « E.2P) 


be a complex p x 2p matrix whose columns are R-linearly independent. We 
can ask whether there exist matrices A € GL(n,C), U € Sp(n, Z) with the 
property 

A-P-U=(E,Z), Z€ Hp. 
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For p = 1, this is always case. But in the case p > 1, this is not true, as the 
following rough dimensional argument explains. The number of free complex 
parameters of P modulo A and U is 


p-2p-p? =p", 


but the complex dimension of H, is only p(p+1)/2. For p > 1, the two numbers 
are different. More detail will be given in Chap. VI about abelian functions. 


Exercises for Sect. IV.10 


1. Verify that an equivalence relation has been defined in Definition 10.10, and show 
that in the case p= 1 it leads to the usual equivalence mod SL(2, Z). 


2. The choice of a lattice basis defines a normal form on X = C/L. Determine the 
associated canonical basis of Q(X). 


11. Abel’s Theorem 


The Riemann—Roch theorem does not tell us when a divisor of degree 0 is 
a principal divisor. The case of a torus C/Z here is exceptional. Since the 
canonical class is trivial, we have 


dim £(D) > 0 for deg D > 0. 


From this result, it is easy to deduce the difficult direction in Abel’s theorem for 
elliptic functions and, conversely, the Riemann—Roch theorem for tori follows 
easily from Abel’s theorem for elliptic functions, as we already have pointed 
out. 

It is more complicated to find an analogue for Abel’s theorem for an arbi- 
trary Riemann surface of genus p > 1. 


The Jacobi Variety 


In this section, we use the notion of a “period” in a slightly modified form. Let 
W1,--.,Wp bea basis of the space Q(X) of everywhere holomorphic differentials, 
and let a be a closed curve X. The p-tuple 


is called a period of X with respect to the given basis. 
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11.1 Definition. A subset L of a finite-dimensional real vector space is called 
a lattice if there exists a basis €1,...,€n such that 


DL=Ze,+---+ Zen. 


By a lattice in a finite-dimensional complex vector space, we understand a 
lattice of the underlying real vector space. 


11.2 Remark. The set L of all periods 
b= Ewij2+25W,) CC” 


with respect to a given basis of Q(X) is a lattice. 


Proof. If a runs through all curves of a canonical system, then we obtain 2p 
periods, which, as we know, are linearly independent over R. Any period can 
be written as an integral linear combination of these 2p periods. O 


We consider the 27-dimensional torus 
Jac( Xx) = CL, 
and call Jac(X) the Jacobi variety of X. The Jacobi variety does not depend 


in an essential manner on the choice of the basis. If w{,... itt is a second basis 
and L’ is the associated lattice, then we have 


A(L)=TL', 
where A is the matrix which transforms w ,...,wp into w},... ce The iso- 
morphism 
A:C? —-+C? 


then induces a bijection of tori 


A:C?/L — C?/L’. 


If we prefer, we can describe the Jacobi variety in a basis-invariant form as follows. 
Let 
Q(X)* := Hom, (Q(X), C) 
be the dual space of Q(X). With each closed curve a in X we associate an element 
of this dual space, namely the linear form 


wr fi 
a 
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The set of these linear forms is a lattice L C Q(X)*, and the Jacobi variety is 


Jac(X) = O(X)*/L. 


We choose a point g € X and define a map 
A= Aq: X — Jac(X) 


as follows. First we associate with a point a € X the tuple 
a a 


feves for 5 


q q 


where we have chosen a fixed curve from g to a. This tuple is determined up 
to a period from L. Hence the coset in Jac(X) is well defined. We call the 
period map. 


We shall make essential use of the fact that, as in the case p = 1, the torus 
C?/L has a structure in the form of an abelian group. This is defined in such 
a way that the natural projection 


Cc? CP? /L 


is a homomorphism. This fact gives us the possibility to extend the map A to 
a map 
A: D(X) — Jac(X), 


which is defined on the set of all divisors. We simply define this map by 
— a D(a)X(a) (finite sum). 
acx 


The diagram 


) —__* _» Jae(X 


ih a 


commutes. The map A has been constructed in such a way that it is a homo- 
morphism of groups. 


11.3 Remark. Let D(X) be the set of divisors of degree zero. The restric- 
tion of A to D(X), 
A: D(X) — Jac(X), 


is independent of the choice of the base point q. 


The well-known Abel’s theorem states the following. 
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11.4 Theorem. A divisor D € D(X) is the divisor of a meromorphic function 
if and only if the following two conditions are satisfied: 


1) deg D =0, i.e. DE D(X). 

2) A(D)=0 (in Jac(X)). 

This theorem can be formulated as a theorem about integrals of algebraic 
functions without talking about Riemann surfaces. The second condition was 


proved in this form by N.A. Abel in 1828. The converse was proved for the 
first time by A. Clebsch in 1865. 


Before the proof, we formulate some corollaries. 


Corollary 1. The map 
A: X —> Jac(X) 


is injective in the case p > 1. 


Proof of Corollary 1. Let a,b € X, such that 


ax#b, XA(a) = X(b). 


But this would be a function of degree one; it would give a biholomorphic map 
from X onto the Riemann sphere. Oo 


Corollary 2. Let p=1. The map 
A: X — Jac(X) = C/L 


is a biholomorphic map of Riemann surfaces. In particular, every Riemann 
surface of genus one is biholomorphically equivalent to a torus C/L. 


Abel’s theorem for elliptic functions is a consequence of the general theorem 
stated in Theorem 11.4. For the proof of the second corollary, we simply 
observe that the map 4 is holomorphic. It is injective, but also surjective, since 
its image is open and compact in C/L. Hence 4. is bijective, which implies that 
it is biholomorphic. 


The Proof of Abel’s Theorem 


This proof rests on a certain period relation for the so-called normalized 
(abelian) differentials of the third kind,*) which we shall now derive. 


*) One subdivides the meromorphic differentials in those of the first kind (everywhere 
holomorphic), those of the second kind (the residues of all poles vanish), and those 
of the third kind (all poles are simple). 
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Consider a normal form with a corresponding projection 
17: X(p) — X, 


and denote by 
Q1,-++,Ap, Digestg Op 


the corresponding canonical system. Let a,b be two different points on X. By 
an abelian differential of the third kind with respect to these two points, we 
understand a differential w = wa, with the following properties: 

1) w is holomorphic outside {a, b}. 

2) w has poles of order one at a and b. 

3) Res, w = — Res, w = 1. 

We know that such a differential exists. Of course, w is determined only up 
to an everywhere holomorphic differential. We assume that neither of the two 
points is contained in the canonical system. We can then normalize w in such 
a way that 


fee fork =1,...,p. 
Ak 


After this normalization, w is uniquely determined. We call it the normalized 
abelian differential of the third kind. This normalized differential satisfies an 
important period relation. 


11.5 Lemma. Let 


Tw: X(p) — X 
be the natural projection with respect to a given normal form, let ay1,...,Qp, 
G1,...,8p the corresponding canonical system, and let wy,...,Wp be the cor- 


responding canonical basis of Q(X). Let a,b be two points which do not lie 
on the canonical system, and let way be the corresponding normalized abelian 
differential of the third kind. We then have 


a 


fea =2ni fon (L< k= 9), 


Br b 


where, on the right-hand side, the integral is taken along some path from b to 
a which does not meet the canonical system. 


Note. This integral does not depend on the choice of the curve, since the 
complement of the canonical system is simply connected. 


Proof. In the complement of the canonical system, w;, admits a (holomorphic) 
primitive 
fe: Xo —C, w= dfy. 
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We denote the corresponding function in the interior of the 4p-gon by 
Sx i €(p)° — C, 


and similarly for the pulled-back differential of wa,. We know that f;, extends 
to X(p) as a continuous function. From the behavior of f;,, we obtain 


¢ Fistor = f was 
) Br 


OX (p 


We want to compute the integral on the left-hand 
side by means of the residue theorem, and prefer for 
this purpose to argue on the Riemann surface and 
not on the 4p-gon. For this, we shrink the 4p-gon by 
a factor 0 < r < 1, which can be arbitrarily close to 
1. The shrunken 4p-gon is denoted by %,.(p). We run 
through 0%,(p) in the usual orientation and denote 
the image curve in X by O(r). 
A simple continuity argument shows that 


¢ fia = lim | ¢ frwa- 
OX (p) o(r) 


The curve O(r) runs in the complement of the canon- 
ical system. We draw a small circle around each of 
the points a and 6 and join the circles by a segment. 
This gives a closed curve a in Xo — {a,b} which is 
freely homotopic to O(r). It is easy to prove this in 
the 4p-gon. 


By the homotopic version of the Cauchy integral theorem for the Riemann 
surface Xo — {a,b}, we obtain 


¢ Srwad = f fisoaw 


O(r) 
The integral along a equals the sum over the residues of 
FiWar; 


so it equals f(a) — f(b). Since f;, is a primitive of w,, we obtain 
b 


fla) = f0) = f wx. 


a 


This proves the lemma. O 


Besides Lemma 11.5, we need another lemma which generalizes the fact that 
the winding number (defined by the index integral) is an integer. 
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11.6 Lemma. Let f: X — C’ be a holomorphic function without zeros on a 
Riemann surface X. The integral 
1 / df 
27 f 


is an integer for every closed curve a. 


Proof. If f has a holomorphic logarithm F', we have 


fap 4 
= F = 3q (F(a(d)) — F(a(0))) 


a 


for an arbitrary (not necessarily closed) curve a. 


In general, each point of X admits an open neighborhood in which f admits 
a holomorphic logarithm. The construction of the analytisches Gebilde now 
shows that there exists a Riemann surface X and a covering 


gi xX 3X 


such that the pullback f = f op admits a holomorphic logarithm F. We lift 
a to a curve @ on X and obtain, by means of the transformation invariance of 
the line integral, 


i fai fd 1 ve. P 
a = F(a : 
271 f ami jf 27 ( ) 
Now F(a(1)) and F(&(0)) are both logarithms of f(a(0)) = f(a(1)). They 
differ by an integral multiple of 277i. O 


After these preparations, we now prove one direction of Abel’s theorem, 
namely that the conditions 1) and 2) are necessary. For the condition 1), this 
is already known. It remains to show the following. 


Claim. If f is a nonzero meromorphic function, then 


A((f)) =0 (in Jac(X)). 


Proof. We choose a normal form of X: 
X(p) — X. 


We may assume that none of the poles or zeros of f is contained in the canonical 
system. (Even though we have not mentioned it elsewhere, it should be clear 
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that the construction of the normal form can be performed in such a way that 
finitely many points are outside the canonical system.) 


We also choose some base point q in which f has neither a pole nor a zero 
and which also avoids the canonical system. We write the divisor of f in the 


form 
(f) = (a1) +... + (@n) — (61) — --- — (bn), 


where a; are the zeros and b; the poles of f. Then we consider the differential 


dp < 


Here wg, denotes the normalized abelian differential of the third kind. This 
differential is holomorphic everywhere. Hence we have 


d n % 
T= Seana ~ Wiga) + Do Ce 
k=1 k=1 


with suitable constants c,. Here (w),...,w,) denotes the canonical basis (with 
respect to the given canonical system) of Q(X). Now we compute the image of 
the principal divisor (f) in the Jacobi variety Jac(X). For this, we consider 


D ak br 
A; = ) fe = ic 5 
at NG q 


1 


where the curve is chosen in the complement of the canonical system. The 
tuple 
A= Migiaiy hg) ECP 


is a well-defined representative of A((f)) € Jac(X). Now the period relation 
for the abelian differentials of the third kind shows that 


i f¢ As 
se al f ai ote f ee 
By bl 8 


Obviously, A := (Aj,...,A,) is an element of the period lattice if the following 
two conditions are satisfied: 


1 fdf 
a) a ra Se Z, 
Bj 
1 
b) —cr € Z. 


271 
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[on 


then a) and b) follow from Lemma 11.6. Oo 


Making use of 


It remains to show that the following claim is true. 


Claim. The conditions 1) and 2) in Theorem 11.4 are sufficient. 
We start with a divisor 


D Sai 420 4G) 


We choose a further base point bg which is different from a,,...,@n,61,.--,5n, 
and which is not contained in the canonical system. We consider the differential 


nm 


n 
Wi= y (Gato — Ctybe) + y ChWk, 


k=1 k=1 


with constants c;, which still have to be determined. Then we consider the 


function f, where 
a 


f(a) = exp / w. 
bo 


If this expression does not depend on the choice of the curve from bp to a, then 
f is meromorphic on X with a divisor (f) = D. What remains to be shown is 
the following: 


Let A(D) = 0 in Jac(X). Then the constants cy can be chosen in such a way 
that ; ‘ 
w fe (l<k<p), 


ae - oe 
271 2771 
Ak Ak 


are integral numbers. 
We have 


fore (l<k<p) 


Ok 


and, because of the period relations in Lemma 11.5, 
Pp Bis be Pp 
ferry for foe +o fo, 
By R= Ng q Rah hy 
Now we use the assumption 


A(D) = 0in Jac(X). 
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This means that 


with integers n;,m,. If we define 


Ck = —2TimMg, 


everything has been shown and Abel’s theorem is proved. O 


Exercise for Sect. IV.11 


1. How does the map A: D(X) — Jac(X) change if the base point is changed? 


12. The Jacobi Inversion Problem 


Let Pic) (X) be the group of divisor classes of degree 0. From Abel’s theorem, 
it follows that the natural map 


A: DO — Jac(X) 
induces an injective map 
Pic (X) — Jac(X). 


It is natural to ask whether this map is also surjective. We shall see that the 
answers is yes. The map 


Pic (X) — Jac(X) 


will turn out to be an isomorphism. One can interpret this as follows: the 
bijection equips Pic (Xx ) with a structure in the form of a complex torus. 


Actually, we shall prove more. For this, we introduce the symmetric power 
of a set X. The nth Cartesian power is defined by 


X™=Xx...x X (n times). 


The symmetric group (the permutation group of the digits 1,...,n) S, acts on 
X” by 
a(x, see :Xn) = (5-174); sey Gas): 
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If we identify two n-tuples iff they differ by such a permutation, we obtain the 
so-called nth symmetric power, 
DOP) ea TS 

12.1 Remark. The assignment 

x”) + D(X), 

(Q1,--+,4n) +> (a1) +... + (Gn), 

defines a bijection of the nth symmetric power X“ with the set of divisors 
with the properties 

D>0, degD=n. 
Now, let X be a Riemann surface with base point g. We consider the map 

A= A,X) = Jeet X), 

which has been defined by 


ay an 
Agi @iy-2<50n) = portent fo 
q q 1<j<p 


The Jacobi inversion theorem*) states the following. 


12.2 Theorem. Let X be a compact Riemann surface of genus p. 
1) The map 
Ap: X) —+ Jac(X) 
is surjective. Its fibers are connected. 
2) There exists an open, dense subset U C X) such that the restriction 
of Ap to U defines a topological map from U onto an open, dense subset of 
Jac(X). 
Of course, X) = X? /Sp has been equipped here with the quotient topology 
of the p-fold Cartesian product (equipped with the product topology). 
(Why the pth and not another symmetric power? This is explained by a 
dimensional consideration: Jac(X) is a torus of complex dimension p.) 
Jacobi’s theorem tells us that A, is “nearly bijective”. But only in the case 
p = 1 is it really bijective. The analysis of the “degeneration locus” of A, is 
very interesting but difficult. 


Before the proof of the inversion theorem we give an important corollary. 


*) This name is not correct historically. In Theorem VI.13.13, we will see that 
the map A,, defines a bijection between the meromorphic functions on X (?) and on 
Jac(X). This is the true solution of the Jacobi inversion problem. We shall treat 
this question and will give more historical background in connection with the proof 
of Theorem VI.13.13. 
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12.3 Corollary. The map 

A: Pic (X) > Jac(X) 
is bijective. 
Proof of Theorem 12.2. 


First step. There exists an open, dense subset U of the p-fold Cartesian 
product XP such that the restriction of A, (more precisely, its composition with 
the natural projection X? — X‘?)) is locally topological. 


For the proof, we use an argument from calculus. Let U,V Cc C” be open 
subsets and let y : U —+ V be a map with the following properties: 


1) The functions 
ed ee ee (l<ujp<n) 


are holomorphic for fixed z,...,2y—1, 2v-41,--+;2n; the (complex) partial 
derivatives are continuous. 


2) The matrix of the complex derivatives 


a) 
Joly, z) = ($e) 
YS I<p,v<n 


is invertible for all z € U. 


Claim. Then ¢ is locally topological. 

For the proof, we observe that it follows from the existence and continuity of 
the complex partial derivatives that y is continuously partially differentiable in 
the sense of real analysis. Let Jp (y, z) be the real 2n x 2n Jacobi matrix. From 
the Cauchy—Riemann differential equations, we obtain a formula to compute 
Jr from Jc. We can use this to show that 


det Je (vy, z) = |det Jo(y, 2)|. 


Hence the claim follows from the real theorem of invertible functions. We used 
the same method in [FB], Chap. I, to reduce the theorem of invertible functions 
to its real analogue, and also used this kind of argument in the appendix B of 
Sect. 1.6 (“A Theorem of Implicit Functions” ). 


For the proof of the first step, it is sufficient to construct for each nonempty 
open subset U C X? a nonempty open subset Up C U such that the restriction 
of A, to Up is locally topological. We can assume that U is of the form U = 
U, x... x Up with disks 


yp, :U0; — E. 


Our holomorphic differentials w, correspond, in these disks, to holomorphic 
functions 


fu: E—C. 
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The period map is changed by a translation only if we change the base point 
q. Hence we can assume that the base point corresponds to (0,...,0) € E?. In 
these coordinates, the period map is described by 


Rg 


(Bijele Ag Big ny Sp) ag Ap Bigs ees Bed) 5 


KP 5 Cf, 


pe 
Avlery--s%)= 2 f $0 a. 
p=1 a) 


The complex Jacobian of this map is 


(fu(2))- 
The functions f, are linearly independent, as are the w,. We have to show 
that they are invertible for at least one tuple (z1,...,2p)) € U. This is an easy 
consequence of the linear independence of the functions f;,..., fp (see Exercise 


1). 
Second step. Surjectivity of Ap. 
Consider a point 


C =(Cj,.«05C,) = CP /L= Jac X)- 
We have to construct a divisor 
D>0, degD=p, 


such that 
AQ(DJ=C im CP /L. 


For the proof, we consider a tuple (a),...,a@,)) € X? such that a full neighbor- 
hood of this tuple is mapped topologically onto an open subset of Jac(X) by 
A, (see step 1). Consider 


C" = Ap(ai,-.+54p) (= Ap((ai) +++ + (@p)))- 
For sufficiently large n, the point 
C'+C/n 


is contained in this open subset of Jac(X) and hence in the image of A,. Hence 
there exists a p-tuple 


(Ois222gbg) EA" 
with 
Ap(b1,..-,0p) = C’ +C/n=A,(a1,...,a)) +C/n 
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or 


C= n(Ap((b1) + ++ (bp) — (a1) — +++ = (@p)))- 


Now we consider the divisor 


D := n(b1) +--+ +n(bp) — n(ai) — --- — n(ap) + p(q). 


Its degree is p. From the Riemann—Roch theorem, we obtain the existence of 
a meromorphic function 


feL(D), fF. 


The divisor 


D=(f) + D=(f) + (1) +--+ (6p) — (aa) — ++ — (a) + 0g) 


is > 0 and has degree p. By Abel’s theorem (the “necessary” part), we have 
A((f)) = 0 and hence - 
A(D) =C. 


Remark. We have used the Riemann—Roch theorem for the proof of the surjectivity of 
Ae By using fundamental results of complex analysis for several variables, we could 
have avoided the Riemann—Roch theorem. Those who are already familiar with the 
following argument will understand it immediately. A, (X?) is an analytic subset of 
Jac(X) which has dimension p, by the first step. Hence it must agree with Jac(X). 


Third Step. The fibers A; '(C) of the map 
Ap : X®) —+ Jac(X) 


are connected. 


This will complete the proof of the Jacobi inversion theorem, since by step 1 
there exists an open, discrete subset in X?, and hence also an open, dense 
subset in U Cc X), such that each point a € U is isolated in its fiber 


a€ A>" (A,(a)). 


Since the fiber is connected, it can consist only of the point a. This means that 
the restriction of A, to U is injective. By the first step, we can choose U in 
such a way that the map U — Jac(X) is open. Then the image V C Jac(X) is 
open and U — V is topological. 


Proof of the third step. Let D € X“). We consider D as a divisor: 
D> 0, deg D = p. 


Let 
Fe LD) — {0}: 
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Then D’ = D+ (f) also has the property 
D' > 0, deg D' = p. 


By Abel’s theorem, D and D’ have the same image in Jac(X). We obtain the 
following result: 
The map 

Hei D)={0p a, fe Dy), 


defines a surjective map from L(D) — {0} onto the fiber AZ‘ (A,(D)) which 
contains D. 


More precisely, we have the following. If we identify two elements of £(D) — {0} 
which differ only by a constant factor, we obtain the associated projective space 
P(L£(D)). The above map induces a bijection 


P(L(D)) > Az*(A,(D)). 


The space £(D) is a finite-dimensional vector space and hence carries a well- 
defined topology. (We choose a basis, identify £(D) with C“, and transport the 
usual topology from C4. This topology on £(D) is independent of the choice 
of the basis.) 

For the proof of the connectedness of the fiber, it is sufficient to show the 
following: 


The map 


1s continuous. 


The proof of the continuity rests on the continuity of the roots by variation of 
an analytic function. 

We want to prove the continuity at a given element f € £(D)—{0}. For this, 
we take f as the first element of some basis f = fi,..., fa. Now we consider, 
on £(D), the maximum norm with respect to this basis. The topology on £(D) 
can be defined by this norm. From the assumption, we have 


(f)+ D= (a1) +---+ (an) 


with certain (not necessarily pairwise different) points a; ¢ X. Let U C X (p) 
be a neighborhood of the image point. We have to construct ¢ > 0 such that 


llg— fll<e— (9) +DEU. 


Since the map X” — X°) is open and continuous, we can assume that U is the 
image of a set of the form W, x---x W, with open neighborhoods a; € W; Cc X. 
Hence we have to show that 


llg—fll<¢ => (g)+D=(b1)+---+ (bn) with Bb € W;. 


276 IV. Compact Riemann Surfaces 


Since we can shrink the neighborhoods W;, we can realize them in the following 
way: 
a; = a; => W; = W;, a; Fai => WNW; = 9. 


We can assume that W; is biholomorphically equivalent to a disk and (after 
shrinking this disk) that it has a “good” boundary. A further assumption which 
we can make is that f has neither poles nor zeros on the boundary of W;. A 
simple compactness argument now shows that ¢ > 0 can be chosen so small 
that every g with ||g — f|| < € also has no zeros or poles on the boundary of 
On an open neighborhood W of W, U...U W,, we find a meromorphic 
function h which fits D there. This means Ord(h,a) = D(a) for all a € W. 
The functions F := fh and, more generally G := gh for arbitrary g € L(D) 
are holomorphic on W. We know the numbers of the zeros of the function in 
U;. These numbers are n;, where n; describes how often a; occurs among the 
@1,-.--,@m. On the other hand, the number of zeros is given by the integral 


1 dF 
27 F° 
OU; 
Since the zero-counting integral is always an integer, we obtain by a continuity 


argument 
1 ie 1 ie — 
mi! G mir ™ 
aU aU 


a i 


Hence the function has precisely n; zeros in U; (counted with multiplicity). If 
we use the index j with a; = a; for them, we obtain in total n zeros by,...,bn, 
with b; € W;, which represent the divisor of G inside W, U... UW,,. Hence the 
divisor (g) + D inside W, U... UW,, agrees with the divisor (b1) + ...+ (bn). 
Since we know (g) + D > 0 everywhere, we obtain generally 


(g) + D> (br) +--+ (bn). 


Equality must hold, since the degrees are equal. This proves the claimed con- 
tinuity. O 


Functions with Several Periods 


Let X be a compact Riemann surface of genus p > 0. We consider a noncon- 


stant meromorphic function 
f:X —C. 


This is holomorphic on the complement of a finite subset S = f~'(oo), 


fo: Xo — C, Xo = X —S. 
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The function fo induces in an obvious way a map 
fo: x?) +t, 


In the appendix to this section, we define by means of elementary symmetric 
functions a topological map E : C\”) %C”. We compose this map with fo to 
obtain a map F': X) — C?. This is nothing but a p-tuple of functions 


Figa ia SC. 
We compose this with the “inverse map” of 
X) —. Jac(X) 
to obtain a p-tuple of functions A;,..., A, which are defined on an open, dense 


subset of Jac(X) = C?/L. Pulling them back to C”, we obtain 


a) an open subset U Cc C” with the property 


acU = at+g€U forallg € L; 


b) a p-tuple of functions 


Ai, Apt —Se 


with the property 
A, (z+ 9) = A(z) for z € L. 


In this way, we obtain functions with 2p periods. 


In the case p = 1 it is clear that we are dealing with elliptic functions. So, 
for p > 1, we are forced to deal with the following problems: 


1) Develop the notion of a meromorphic function of several complex variables. 
2) Show that the functions A;,...,A, are meromorphic on C?. 


3) Develop a theory of meromorphic functions on C? which have L as their 
period lattice. 


These questions determine the subjects of the rest of this book. 
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Appendix to Sect. 12. Continuity of Roots 
We denote by 


Ey, = > oF c.g gh l<v<n, 
kyt...tky,=v 


the elementary symmetric polynomials. The induced map 
E:C™——C", z+ (Fi(z),...,En(2)), 


factorizes for trivial reasons through the symmetric power 


Oe Oke Free 
a Je 
cm 


12.4 Proposition. The map which is induced by the elementary symmetric 


functions 
E 


ci) ~, En 
is topological. 


Remark. Instead of elementary symmetric functions, we could take the power 
sums 


T(z) = 2 (l<v<n) 


(since it can be shown by elementary algebra that the T, can be written as 
polynomials in the EF, and conversely). 


Proof. 

1) The continuity of E follows from the definition of the quotient topology on 
COT Si: 

2) E:C™ — C” is bijective. 

3) We define the inverse map as follows. Let (ao,...,Q@n—1) € C”. We consider 
the normalized polynomial with these coefficients and factorize it: 


X” + An—1 +++: a9 = (X — ay)+...+ (X — ay). 


The zeros a,,...,@,, are determined up to their ordering. So, they define a 
point in C™). It is well known that the coefficients a; up to the sign, are the 
elementary symmetric expressions in the zeros. This proves the bijectivity. 


13. Multicanonical Forms 279 


4) E : C” — C” is proper, i.e. the inverse image of a compact subset is 
compact. This follows from a version of the continuity of roots, which we 
know already (Lemma I.3.5). 

A continuous, bijective, and proper map is topological, since the images of 

closed subsets are closed (and hence the inverse images of closed subsets under 

E~' are closed, which shows that E~! is continuous.) O 


Exercise for Sect. IV.12 


1. Let 
G19*+3In it M—C 
be n linearly independent functions on some set M. Show that there exists a 
finite subset VY C M, consisting of n elements, such that the restrictions 


GiB ante Bale 


are linearly independent. 


Appendices to Chapter IV. 
Dimension Formulae for Spaces of Modular Forms 


13. Multicanonical Forms 


Let X = (X,A) be a Riemann surface. We recall the notion of a holomorphic 
differential. 


By definition, a holomorphic differential is given by a family 


W = (Wy)yeA (yp: Uy — Ve) 
of holomorphic functions w, : Vz, — C such that, in the intersection Up N Uy 
of two charts y, wv € A, the transformation formula 
"Wy = Wy with y:= poy" 
is valid. This means that if a ¢ U,; M Uy is a point in the intersection and if 
z= (a), w = W(a) are the corresponding chart points, then 


wy (w) = 7'(z)wy(2). 
This notion can be generalized if the derivative y/(z) is replaced by a power. 


In this way, we arrive at the notion of a higher differential or a multicanonical 
form. We prefer the latter terminology. 
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13.1 Definition. A (holomorphic) multicanonical form of weight m € Z on 
an analytic atlas A is a family 


W= (Wy)yeA (p: Ug — Vo) 


of holomorphic functions w,:V,— C such that for any two charts p,w € A 
the transformation formula 


wy(w) = 7'(z)™we(z) 
(z= y(a), w= V(a) witha ec USN Vy) 


is valid. 


Multi-canonical forms of weight 0 are 0-forms which can be identified with 
holomorphic functions on X. Multi-canonical forms of degree 1 are holomorphic 
differentials. 


13.2 Supplement (supplement to Definition 13.1). We can replace 
“holomorphic” by “meromorphic” in the definition and obtain in this way the 
notion of a meromorphic multicanonical form. 


Some of the rules for differentials immediately carry over to multicanonical 
forms. We have to observe that the powers of the derivative satisfy the same 
chain rule as the derivative itself. We collect together the most basic rules 
below: 


1) Every holomorphic (or meromorphic) multicanonical form extends in a 
unique manner to a multicanonical form on the maximal atlas. Hence one 
can talk about multicanonical forms on a Riemann surface. 


2) If U c X is an open Riemann subsurface, we can define in a natural way 
the restriction w|U of a multicanonical form on X to U. If X = U,V; is 
an open covering and if, on each U;, a multicanonical form w; of some fixed 
weight k is given, then we have the following. 

There exists a multicanonical form w on X with w; = w|U; for all i iff 


w|(U; M U;) = w,|(U; M Us) for all 7,7 


holds. 


3) If f : X — Y is a holomorphic map of Riemann surfaces, then for a mul- 
ticanonical form w on Y, we can define a pullback f*w on X. This is 
a multicanonical form of the same type. This pullback has the following 
properties (and can be characterized by these properties): 


a) In the case of the canonical inclusion f : U < X of an open subsurface, 
f* is the restriction in the sense of 2). 


13. Multicanonical Forms 281 


b) If f: X > Y and g: Y — Z are two holomorphic maps of Riemann 
surfaces, then 


frog* =(gof)*. 


c) Let U c C be an open subset of the plane, considered as a Riemann sur- 
face. Then the holomorphic (or meromomorphic) multicanonical forms 
on U correspond to the holomorphic (or meromorphic) functions on U. 
If f is a meromorphic function on U, then we may write 


w = f(z)(dz)™ 


for the corresponding multicanonical form of weight m. 
Let y: U — V bean analytic map between open subsets of the complex 
plane, let 

w = g(w)(dw)™ 


be a multicanonical form of weight m on V, and let 
prw = f(w)(dw)™ 


be the pulled-back form; then 


Algebraic Computation Rules for Multicanonical Forms 


1) Multicanonical forms w,w’ of the same weight can be added: 
(ww) g i= wy -w,: 


A multicanonical form of the same type is obtained. 


2) A holomorphic (or meromorphic) multicanonical form w can be multiplied 
by a holomorphic (or meromorphic) function: 


(aja = {obs 


A multicanonical form of the same type is obtained. 
The latter operation admits an important generalization: 


3) Let w,w’ be multicanonical forms of weight m,m’. We can define the prod- 


uct ww’ by 
a ! 
(ww), = WepWip 


and we obtain a multicanonical from of weight m+ m’. 
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Since this product is different form the alternating product of differential forms, 
we sometimes write 
w @ w! = ww" 


and call w @ w’ the tensor product of the two forms. This tensor product is 
commutative, associative, and distributive for trivial reasons. So, we can define 
the powers 


@Qn 


wr =w:=w---w (n times). 


This notation is compatible with the notation f(z)(dz)™ already introduced 
for open subsets of the plane. 


Let X be a connected Riemann surface and let w be a meromorphic mul- 
ticanonical form which is not identically zero. As in the case of functions and 
differentials, it can be shown that none of the components wy, vanishes. This 
observation allows us to define the multicanonical form w~! of weight —m by 


on"), = (e) 
Invariant Multicanoncal Forms 


Let y: X — X be a biholomorphic self-map of a Riemann surface X and let 
w a multicanonical form on X. We call w invariant under y if y*w = w. More 
generally, let [ be a group of biholomorphic transformations of X; we then call 
w invariant under I if it is invariant under all y € T: 


y*w =w for ally ET. 
As for functions and differentials, we have the following lemma. 


13.3 Lemma. Let T be a group of biholomorphic transformations of a 
Riemann surface X which acts freely on X, let Y = X/T be the quotient 
surface, and let a: X — Y be the natural projection. The assignment 


Wr Tw 


defines a one-to-one correspondence between the set of holomorphic (or mero- 
morphic) multicanonical forms on Y and the set of T-invariant holomorphic 
(or meromorphic) multicanonical forms on X. 


In the special case X = D C C of an open subset of the plane, the invariance 
property y*w = w for a multicanonical form w = f(z)(dz)’™ means nothing 
more than 


fay (2) = fz). 
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In particular, if D = H is the upper half-plane and y is the Mobius transfor- 
mation 


b 
ie ie= -(¢ e 


L(2,R 


then the invariance means 


f(Mz)(cz +d)?” = f(z). 


Functions with such a transformation property are familiar to us from the 
theory of elliptic modular forms. 


13.4 Proposition. Let TC SL(2,R) be a subgroup whose image in Bihol H 
acts freely. The holomorphic (or meromorphic) forms of weight m on the Rie- 
mann surface 

X =H/T 
are in one-to-one correspondence with the holomorphic (or meromorphic) func- 
tions on H with the transformation property 


f(Mz) = (cz +d)?" f(z) for all M €T. 


Functions which have a transformation property of this type are called au- 
tomorphic forms with respect to [. Modular forms are nothing more than 
automorphic forms with respect to special groups I’, namely congruence sub- 
groups of the modular group, where, in addition certain conditions usually have 
to be required. 

The question arises of whether the theory of Riemann surface helps with the 
theory of modular forms. In fact, we can determine the dimensions of vector 
spaces of modular forms in many cases. 

In the first step, we associate a divisor with a multicanonical form. Let 
w be a meromorphic multicanonical form on the Riemann surface X, and let 
a € X be a given point. We choose an analytic chart py: U, — V, at a, ie. 
a € U,. We assume that w, does not vanish identically. If X is connected, this 
means that w is not identically zero. The order of the function w, at the point 
z := (a) is independent of the choice of y, since the order of a meromorphic 
function does not change if one multiplies it by a holomorphic function without 
zeros. Hence we can define the order of w at a by 


Ord(w; a) := Ord(wy; 2). 
If X is aconnected compact Riemann surface and w does not vanish identically, 
then the order is defined at all points. It is different from zero only on a discrete 


subset. Hence it is finite if X is compact. So we can associate with w a divisor, 
which we denote by (w). We obviously have 


(ww) = (w) + (w'). 


The following remark justifies the terminology “multicanonical form” . 
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13.5 Remark. Let X be a (connected) compact Riemann surface and let K 
be a canonical divisor on X (the divisor of a meromorphic differential). The 
divisor of an arbitrary nonzero multicanonical form w of weight m is equivalent 
to mk. As a consequence, we have 


deg(w) = m(2p— 2) (p= genus of X). 


Proof. We choose a meromorphic differential wo which is different from zero. 
Then w/w?” is a multicanonical form of weight 0, which corresponds to a mero- 
morphic function which has a degree 0. O 


We can also see that the divisors of two multicanonical forms w,w’ of the 
same weight which are different from 0 are equivalent, since we have w’ = fw, 
with a meromorphic function f. Then w’ is holomorphic if and only if 


(f) = -(’). 


Hence the vector space of all multicanonical forms of weight m, which we denote 
by Q®™(X), is isomorphic to the Riemann-Roch space £((w’)) and hence to the 
space £L(mK), where K is some canonical divisor. This gives us the possibility 
to compute the dimension of 2.®™(X) by means of the Riemann—Roch theorem. 
For the moment we shall restrict ourselves to the case where the degree of a 
canonical divisor is positive, i.e. the case p > 1. 


13.6 Theorem. Let X be a compact Riemann surface of genus p> 2. The 
dimension of the vector space of all holomorphic multicanonical forms of weight 
mM 1s 


0 form <0, 
dim Qe" (X) =< p form=1, 
(p—1)(2m—1) form>1. 


We translate this result into the language of automorphic forms as follows. 


13.7 Corollary. LetT C SL(2,R) be a subgroup whose image in Bihol H acts 
freely, and is such that H/T is compact. The dimension of the vector space of 
all automorphic forms of weight k, t.e. of all holomorphic functions f : H — C 
with the transformation behavior 


f(Mz) = (cz+d)* f(z) for all M €T, 


equals 
(p—1)(kK—1) (p= genus of H/T). 


for even k > 2. This dimension is equal to 0 fork <0, 1 fork =0, and p for 
k =2. 


(Uniformization theory implies p > 2.) 
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14. Dimensions of Vector Spaces of Modular Forms 


We want to use the Riemann-Roch theorem to compute the dimensions of 
spaces of modular forms with respect to congruence subsgroups of the modular 
group. All that we need about modular forms can be found in [FB], Chap. VI. 
The main difficulty comes from the fact that H/T is not compact. To overcome 
this difficulty, we compactify this space. Before this, we have to verify that this 
space is Hausdorff (compare Sect. III.2, Exercises 6 and 7): 


14.1 Remark. LetT be a subgroup of the modular group SL(2,Z). The 
quotient space H/T is Hausdorff. 


Proof. Let a,b € H be two points which are inequivalent mod IT. We have 
to show that there are two neighborhoods U(a),U(b) such that no point from 
U(a) is equivalent to a point from U(b). (The images of U(a),U(b) are then 
disjoint neighborhoods of the images of a, b in the quotient.) We give an indirect 
argument and assume the contrary. There then exist sequences a, — a, by, — b 
such that a, and 6, are equivalent, i.e. M,a, = b,, M, € I. There exists a 
number 6 > 0 such that both sequences are contained in the set defined by 


jzj)<d*, y>d. 


Because of [FB], Lemma VI.1.2, the sequence M,, is contained in a finite set. 
Taking a subsequence, we can assume that it is a constant MM. Taking limits, we 
get Ma = 6}, in contradiction to the assumption that a and 6 are inequivalent. 
oO 


This proof shows a little more: for every point a in the upper half-plane, 
there exists a small neighborhood U(a) such that M(U(a))M U(a) 4 @ implies 
that M is contained in the stabilizer of a (14(a) = a). This shows the following. 


14.2 Lemma. Let Y be a subgroup of the modular group which, besides 
the unit matrix E’ and possibly —E, does not contain elements of finite order. 
Its image in BiholH acts freely. As a consequence, H/T carries a structure 
in the form of a Riemann surface. The natural map H — H/T is locally 
biholomorphic. 


We give some examples of such groups below. 
14.3 Remark. The so-called principal congruence subgroup of level dE N, 
T'[q] := Kernel(SL(2, Z) —> SL(2, Z/qZ)), 


is a subgroup of finite index, which for q => 2 does not contain elements of finite 
order which are different from +E. 
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Proof. The kernel of a homomorphism into a finite group always has a finite 
index. The elements of finite order of SL(2, Z) are known ([FB], Proposition 
VI1.1.8). This description proves the remark. O 


By a congruence subgroup, we understand a subgroup of SL(2, Z) which con- 
tains ['[q] for suitable g. Congruence subgroups have a finite index in SL(2, Z). 
The space H/T is not compact, as the construction of the fundamental domain 
of the modular group and its basic properties show. We want to compactify it 
by adding a finite number of points. For this, we extend the upper half-plane 
by cusps: 

H*=HUQ, Q=QU {oo}. 


We recall that the modular group also acts on H* by means of the usual 
formulae. Hence we can consider, for an arbitrary subgroup [ of the modular 
group, the set 

Ap =H" /T. 


The points which have been added are the cusp classes, i.e. the elements of the 
set 


Spr := Q/T. 


We know ([FB], Lemma VI.5.3, Corollary) that this set is finite. In the case 
of the full modular group, it consists of one element. We want to introduce a 
topology on Xp. It will be defined as the quotient topology of a certain topology 
on H”*. This topology will have the property that H is an open subset and that 
the topology induced by H™* is the usual topology on H. We also want to have 
that the full modular group acts topologically on H*. 


The essential part of the construction is to define the neighborhoods of the 
cusp ioo. In particular, we must define when a sequence z, € H converges 
to ico. From the theory of modular forms, we can expect that this means 
Im z, — oo (and not |z|,, > 00; the topology to be constructed will not be 
the topology induced by the Riemann sphere, which is also the reason why we 
prefer the notation ico instead of oo). So, the sets 


Us, = Uc U fico} 


with 
Uo ={4, Ime>cC} (CS 0) 


should be typical neighborhoods of ico. Since we want the modular group to act 
topologically, the typical neighborhoods of a cusp k = M(ioo), M € SL(2,Z), 
should be the transformed sets M(UGé) = M(Uc) U {kK}. These sets, called 
horocycles, can easily be described. 


14.4 Remark. Let M € SL(2,Z), M(ioo) = € Q. Each set of the family 
M(Uc), C > 0, is an open disk in the upper half-plane which touches the real 
axis at kK: 
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After these preparations, it should be clear how the topology has to be 
defined. A set U C H” is called open if its intersection with H is open in the 
usual sense, and, if the cusp & = M(ioo) is contained in U, a horocycle M(Ué) 
is contained in U for suitable C’. It is easy to prove that this is a topology. We 
can also characterize this topology as follows. 


14.5 Remark. On H* = HUQ, there exists a unique topology with the 
following properties: 


1) The upper half-plane is an open part; the topology induced by H* gives the 
usual topology on H. 


2) The modular group acts topolologically on H*. 


3) A subset U C H is a neighborhood of ico iff it contains a set UG (for suitable 
C). 


Again we point out that the topology on H* is an unusual one, since it is not 
induced by the topology of the Riemann sphere. The set of cusps is discrete in 
H™*. Its importance follows from the following statement. 


14.6 Proposition. LetT be a subgroup of finite index of the modular group, 
for example a congruence subsgroup; then the quotient 


Xp = H*/T 


7s compact. 


Proof. In the first step, we have to show that Xp is Hausdorff. For this, we 
have to show that two I-inequivalent points a,b € H* admit neighborhoods 
such that no point of one of the neighborhoods can be equivalent to a point 
of the other. We can assume that one of the points is a cusp; without loss of 
generality, we assume b = ioo. Again we use an indirect argument and assume 
that there exist sequences a, — a and b, — b = ioo such that a, and 6, are 
equivalent, i.e. M,an = bn, M, € I. We have to distinguish the two cases of 
whether a is a cusp or not. We shall treat only the somewhat more difficult 
case, where a is a cusp. We choose N € SL(2, Z), with Na = ioo. There exists 
6 > 0 such that both of the sequences b,, and Na,, are contained in the set 
defined by y > 6. We can modify the elements a, and b,, by applying elements 
of the stabilizers [, and Ty, respectively. This shows that it is possible to 
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assume that both sequences are contained in the set defined by |2| < 6~1. Now 
the same proof as for Remark 14.1 works. 

In the next step, we show that Xp is compact. For T = SL(2,Z), this 
follows easily from the form of the fundamental domain. If F denotes the 
usual fundamental domain of the modular group, then F* := F U {ioo} is a 
compact subset of H*. Its image is the whole of Xp and hence this is compact. 
In the general case, we use the fact that the natural projection 


Xp — Xgv2,z) 


is proper. This proves the compactness. oO 


We shall show more, namely that Xp is a compact surface. (The existence 
of a mere compactification is not very remarkable, since we always have the 
possibility of a one-point compactification.) To prove this, we have to investi- 
gate the structure of Xp close to a cusp class. Here we can restrict ourselves 
to the cusp ioo, since an arbitrary modular substitution M € SL(2, Z) induces 
a topological map 


Xp — Xyrmu-1, [a] [Mal]. 


If we choose the constant C' large enough, two points of Ug are T-equivalent if 
they can obtained from each other by translation. In other words, the natural 
map 

Uc/T xo — H/T 


is then injective. Here [.,, denotes the stabilizer of ico, i.e. all matrices MET 
with the property c= 0. These are of the form 


UG = Uc U {ico}. 


The closure of Uc in H* is 


The natural map 
Ué/Txo — Xp = H*/T 


is injective too. It follows from the definition of the quotient topology that it 
is continuous and open. So, it defines a topological map from UZ/T'4. onto an 
open neighborhood of the cusp class [oo] in Xp. Let R be the smallest positive 
number R such the translation z + z+ R is contained in the group T. We 
consider the disk U,(0) of radius r := exp(—2z7i/R) in the complex plane. The 
function z — exp(27iz/R) defines a bijective map 


Vail — 0x0)". 
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If we associate the origin with the cusp, we obtain an extension to a bijective 
map 
UG/T os — U,(0). 


Now the topology of H* has been defined in such a way that this map is topo- 
logical. By composing it with the embedding into Xp, we obtain a topological 
map of the disk onto a neighborhood of [ico] in Xp. Its inverse map is a chart 
on Xp. It is obvious that this chart is analytically equivalent to the charts 
which define the analytic structure of H/T’. The reason is based simply on the 
fact that the exponential map is locally biholomorphic. Collecting the above 
considerations together, we obtain the following result. 


14.7 Proposition. For every congruence group [ which, besides EF and 
possibly —E, contains no elements of finite order, there can be constructed a 
structure in the form of a compact Riemann surface on Xp = H*/T, such that 
the following conditions are satisfied: 

1) H/T is an open Riemann subsurface, and the natural map H — Xp is 
locally biholomorphic. 

Let C > 0 be large enough that the natural map Uc/Tx — H/T is in- 
jective. Let U,(0) + UG/To be the inverse map of the map induced by 
z— exp(27iz/R). Then the composition 


i) 
Ww 


U,(0) — 7 Xp 


defines a biholomorphic map from the disk U(0) onto an open neighborhood 
of the cusp class ico in Xp. 


w 
Ww 


The map 
Xp — Xuru-i 


which is induced by an arbitrary modular substitution M € SL(2,Z) is bi- 
holomorphic. 


It is clear that the analytic structure of the surfaces Xp is determined by the 
conditions 1)-3). 


Let f € {1k} be a meromorphic modular form of even weight k = 2m (in 
the sense of [FB], Definition VI.2.1) and let wy be the associated multicanonical 
form on H/T’. We want to show that wy extends meromorphically to Xp. For 
this, we investigate wy at the cusp ioo. We pull back wy to the chart domain 
U,(0)* and obtain a multicanonical form g(q)(dq)™. Here g(q) denotes the 
component of wy with respect to this chart. So, we have to show that g(q) 
has an inessential singularity at the origin. We pull g(q)(dq)™ back to Uc by 
means of the function g := exp(27iz/R). This gives f(z)(dz)™. The rule for 
the pullback of a multicanonical form gives 


f= €al = (=) q’"9(q): 
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Now we see that g is meromorphic at the origin. The factor g™ induces only 
a shift of the orders. For example, let m = 1. We see that g has a removable 
singularity at the origin iff f vanishes at the cusp ioo. 


14.8 Proposition. The vector space Q(Xp) of the holomorphic differentials 
on Xp is isomorphic to the space of cusp forms |T',2|o of weight two. As a 
consequence, we have 


dim[[’,2]o =p (= genus of Xp). 


Let f be a meromorphic modular form different from zero. In [FB], Sect. V1.2, 
we defined the order Ord(f;a@) for an arbitrary point a € H*. We recall that if 
a is a point in the upper half-plane, then Ord(f;a@) is the usual order. If a is 
the cusp ioo, then the order is defined by means of the Fourier expansion. For 
this, let us consider the smallest positive number R > 0 such that 


1 R -1 R 

17 * O04 
is contained in I’. Since the weight of f is even, we have f(z+ R) = f(z) and 
we have an expansion 


fii = bs ang” (q = e2™2/R), 


n=—Co 


We define 
Ord(f;ico) := min{n, an # O}. 


If « = M(ioo), M € SL(2, Z), is an arbitrary cusp, we can replace T by MI.M~! 
and f by f|M to define 
Ord(f;«) = Ord(f|M; ico). 


It is easy to see that this definition is independent of the choice of M. So, 
Ord(f; a) is defined for all a € H*. It is trivial to show that this definition 
depends only on the T-equivalence class of a. So, we can define 


Ord(f;z) := Ord(f;a), «= [a] € H/T. 
Only for finitely many « € Xp is the order different from zero. So, we have 


associated with a modular form f # 0 a divisor, which we denote by (f). Let 
us collect these results together. 


14. Dimensions of Vector Spaces of Modular Forms 291 


14.9 Remark. With any meromorphic modular form f 4 0 of even weight 
k = 2m we can associate a divisor (f) on the compact Riemann surface Xp, 
such that the following conditions are satisfied: 


1) The modular form is entire iff (f) = 0. It is a cusp form iff (f) = do ses,(s)- 
2) If wy is the multicanonical form on Xp which is associated with f, then 
(f) = (ws) +m So s. 
se€Sp 
In particular, 
deg((f)) = m(2p — 2 + h). 


Furthermore, we have 


(fg) = (f) + (9). 


Now we choose, for each weight k = 2m, a nonzero meromorphic modular 
form. We can take, for example, fo = (Gg/G4)"”. Then any other f of the 
same weight is of the form f = Afo, with a modular function (= modular form 
of weight zero) h. The form f is entire if (h) > —(fo), ie. f is contained in the 
Riemann-Roch space £((fo)). We obtain the following result. 


14.10 Proposition. Let K be a canonical divisor on Xp; then 


BA =£ (mic +m > ‘ 


seSp 


and, correspondingly, 


Po 6 (mae+ (m1 S- ‘) 


seSp 


From the Riemann—Roch theorem, we obtain the following proposition. 


14.11 Proposition. Let TI be a congruence subgroup of the modular group 
which, besides E and possibly —E, does not contain an element of finite order. 
For evenk > 0, we have 


k 
dim|T’, k] = 5 (2P 2+h)+1-—p 


and 4] 
: — J dim[l,k] —h for k > 2, 
ana eae k])—h+1 fork=2. 


Here h denotes the number of cusp classes and p the genus of Xp. 


Next we want to determine, for many groups, the genus p =: p(I) and the 
number of cusp classes h =: h(T). 
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The Topological Genus 


In the definition of the order of a modular form, a natural number R occurred, 
namely the smallest positive number such that the translation z + z+ R 
belongs to [. Every other translation is then a multiple of R. If the negative 
unit matrix is contained in I, then the stabilizer of the cusp ioo equals 


Ty tv er: M(ic0) = ico} = {+ (4 —) vez}. 


This a subgroup of index R of the stabilizer ioo in the full modular form. We call 
R the width of the cusp co. For an arbitrary cusp & = M(ioo), M € SL(2,Z), 
we define the width of « as the width of ioo with respect to the conjugate 
group MI'M~—?. It should be clear that this definition is independent of the 
choice of M and, moreover, depends only on the T-equivalence class. We use 
the notation 

R(k) = Rp(K) = width of x. 


It is clear that this definition is independent of the choice of M and that it 
depends only on the T’-equivalence class. If the negative unit matrix is contained 
in T, then the cusp width R(«) equals the index of the stabilizers of the cusp, 


[SL(2, Z)x : Te]: 


14.12 Remark. Let k = M(ioo), M € SL(2,Z), be an arbitrary cusp of 
T. The width of the cusp co of MT M~! depends only on & and not on the 
choice of M. It is called the width of the cusp & of 1. It depends only on the 
T-equivalence class of k. 


The sum of all cusp widths 


RL) := So Rp(2) 


xeSp 


is of great importance. 


14.13 Remark. LetT be a congruence group which contains the negative unit 
matriz. The sum of all cusp widths equals the index of T in the full modular 
group: 

R(T) = [SL(2, Z) :T). 


Proof. Let 
Ky, = Mj, (ico),..., hy = My(ioo) 


be a system of representatives of the cusp classes. For each representative k,, 
we choose a system of representatives N,1,...Nv,r, of the cosets of I, in 
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SL(2, Z),,.. Obviously, M,N,,, runs through a system of representatives of I 
in SL(2, Z). Oo 

We recall that there exists a modular form of weight 12 with respect to the 
full modular group which has no zeros in the upper half-plane and vanishes at 
the cusp oo of first order. We consider it as a modular form with respect to 
a congruence subgroup T; the vanishing order at the cusp co then equals the 
width of the cusp ico. We obtain the following result. 


14.14 Proposition. Let T be a congruence subgroup which contains the 
negative unit matrix and is such that its image in Bihol H acts freely. Let R(T) 
be the sum of all cusp widths of T. We have 


R(L) = [SL(2,Z) : T] = 6(2p —2 +A). 


14.15 Corollary. For even k > 0, we have 


dim|I’, k] = —|SL(2, Z) :T]+1-—p. 


k 
12 
The assumption —F € TI is harmless, since we can replace [ by the group 
IT'U-TI. The two groups have the same modular forms of even weight. 

The basic numbers p and fh can easily be determined for the principal con- 
gruence group of level two. This group has index of 6 in the full modular group. 
The width of the cusp ioo is 2. Since ['[2] is a normal subgroup, all widths are 
2. We obtain the result that I'[2] has three cusp classes. The genus can be 
determined using Proposition 14.8 by means of the structure theorem ([FB], 
Theorem VI.6.3). It follows that every cusp form of weight two vanishes for 
T'[2]. This result can also be derived in a purely topological manner by means of 
the polyhedron theorem, since we can use a fundamental domain to construct 
a triangulation. We see the following. 


14.16 Lemma. We have 


The index and number of cusp classes can be computed if we have a coset 
system of I in the full modular group. We perform this computation here for 
the principal congruence subgroup I'[q], where we use the fact that 


SL(2,Z) —+ SL(2,Z/qZ) 
is surjective and that, as a consequence, 
1 
[SL(2,Z) : Tf] =#SL@,Z/qZ) = + TT] (1 _ =) . 


l prim , Iq 


This is a special case of a result which will be proved later (Proposition VII.6.5). 
We shall use this result here. 
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14.17 Proposition. For the principal congruence subgroup of level q > 2, 


we have: 
su,2) rial =#T] (1-3). 
n= 50 (1-z), 


q—6 
=1+ ——A. 
aaa 


The dimension formulae 


hold for even k > 2. 

Corollary. In the cases q <5, the genus is zero. 

Proof. It is better to work with the group I'[q] = I'[q] U—I[q]. The number 
of cusp classes is the same, but the index has to be divided by two. Since the 


cusp widths are all g, the formula for the number of cusp classes follows from 
the formula for the index. 


For the determination of the genus, we apply the Riemann—Hurwitz ramifi- 
cation formula. First we consider, for an even level g, the natural map 


Xr[q) — Arp): 


We determine its degree. It is easy to see that each point of H/T [2] has 


inverse images. So this is the degree of the map. The only ramification points 
are the cusps. The ramification order at each cusp is q. 


If q is odd, we apply the Riemann—Hurwitz ramification formula to 


Xr[2q) — AI): O 


15. Dimensions of Vector Spaces of Modular Forms with Multiplier Systems 295 


15. Dimensions of Vector Spaces of Modular Forms 
with Multiplier Systems 


In this section, we want to give up the restriction that the weights of the 
modular forms are even. We also want to admit multiplier systems. Let v be a 
multiplier system of weight r/2, r © N, with respect to a congruence subgroup 
T. We use the notation of [FB], Sect. VI.5. Again we have to define a divisor 
on Xp for a meromorphic modular form f € {T,r/2,v}. For this, we have 
to define the order of f at the cusp ico. Again let R be the smallest positive 


number such that 
1 R —1 R 
Ot Ot 


is contained in I. A difficulty arises, since f need not have a period R. We 
only have f(z+ R) = ef(z), with a certain root of unity ¢. This difficulty 
arises even for the trivial multiplier system when the weight k is odd and when 


na =) is contained in I’. We then have 


0 
1 R fl R 
(AR) ah Ber 


— (ayo (4 7 (7 A jer. 


In general, we call the root of unity ¢ the irregularity of the cusp ioo. It depends 
only on the triple ([,r/2,v). The occurrence of the irregularity is responsible 
for the following extra considerations. 


We write the irregularity in the form 
gae™. OX gi, 


The function z+> exp(27ia) has the same transformation property as f under 
the translation z + z+ R. Hence the function z + f(z) exp(—27iaz) has 
period R and admits a Fourier expansion 


oo 
iae™’ _ ~ a e2tinz/R 
= ma ; 


n=—Co 


Now we define 
Ord(f,ico) = min{n; an #0}. 


We should point out that this definition is artificial in some sense, because it 
depends on the representation of ¢ in the form exp(27ia). Another normalization of 
a would lead to another order. One should bear in mind that in our general setting, 
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modular forms no longer have an interpretation as multicanonical forms as in the case 
of even weight and the trivial multiplier system. 


Analogously to the case of even weight and the trivial multiplier system, 
we now define Ord(f;a) for an arbitrary cusp a by transforming it to ico 
and considering a conjugate group and the conjugate form. This definition is 
independent of the choice of the substitution which is needed to transform a to 
ico. For a point a in the upper half-plane, we again use the usual order of the 
meromorphic function f at a. In this way, we again obtain, for any modular 
form f, a divisor (f). 

But, in contrast to the case of even weight and the trivial multiplier system, 
there is no requirement that the formula (fg) = (f) + (g) remains true. Obvi- 
ously, however, this formula is true if one of the two forms has no irregularity. 
In particular, we have the following fact. 


15.1 Lemma. Let f © {T,k,v} be a meromorphic modular form which 
is different from 0, and let h € {1,0} be a fully invariant nonzero modular 
function. Then 


(hf) = (h) + (f). 


From this we obtain the following result. 


15.2 Lemma. If there exists a nonzero meromorphic modular form f € 
{T,k,v}, then 
[',k, vu] = L((f)). 


We shall not discuss the existence of an (only) meromorphic modular form 
here, since this will obvious in all our applications. It remains to determine 
the degree of the divisor (f). An obvious idea is to take a natural number NV 
such that Nk is even and f% has a trivial multiplier system. From the results 
of the previous section, we get 
N Nk 
deg((f)) = > (2p —2+h). 


So, we need a relation between Ord(f;ico) and Ord(f%,ioo). The expansion 


of f is 
f(z) = e2miez SS anertine/ RB, 
We obtain 
f(2N = mina ey gern) 
The number Na is integral. We see that 
Ord(f%; icc) = aN + N Ord(f, ioc). 


15.3 Remark. Let k = M(ioo), M € SL(2,Z), be an arbitrary cusp of T. 
The irregularity at ico of (MT'M~?, y™) is independent of the choice of M. We 
call it the irregularity of ((,r/2,v) at the cusp x. Moreover, the irregularity 
depends only on the T'-equivalence class of k. 
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Now we obtain the following result. 


15.4 Proposition. LetT be a congruence subgroup whose image in Bihol H 
acts freely. Let f € {T,k,v} be a meromorphic modular form and let N be a 
natural number such that Nk is even and such that all occurring cusp widths 


divide N. Then 
(f%) =N(f)+ S> Na(s). 
se Sp 


In particular, 


dea(f) = (2p -2 +h) — Yo als. 


Here R(s) denotes the cusp width and e(s) = exp(27ia(s)) the irregularity (in 
the standard representation 0 < a(s) < 1). 


15.5 Corollary. Jn the case k > 2, we have 


dim[T’, k, v] = 5 (ap 2+h)+1-p S- a(s). 


Exercises for the appendices to Chap. IV 


1. In [FB], at the end of Sect. VI.6, we proved the following formula for r > 2: 
dim{I'[4, 8], r/2, uy] = 4r — 2. 


Reprove this formula in the case r > 4 by means of Corollary 15.5. 


2. Let IP Cc SL(2,Z) be a congruence subgroup whose image in Bihol H does not 
necessarily act freely. As we have seen in Exercise 4 for Sect. III.2, the quotient 
H/T also carries a natural structure as Riemann surface in this case. 


Show that X, for an arbitrary congruence group admits a unique structure in 
the form of a Riemann surface, such the natural projection 


H — X, 


is holomorphic. 


3. In the case of the full modular group [ = SL(2,Z), the Riemann surface X, is 
biholomorphically equivalent to the Riemann sphere. 


Give three different proofs: 
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1) Use the j-function (compare Exercise 7 for Sect. III.2). 


2) Using the uniformization theorem, it is sufficient to show that the genus of 
X; is zero. This can be done by means of Euler’s polyhedron formula, using 
a suitable triangulation of the fundamental domain. 


3) Apply the ramification formula to Xpy9 = Xpyy: 


4. Compute the genus p(I’) of X; for an arbitrary congruence subgroup by means of 
the Riemann—Hurwitz ramification formula using the natural projection 


Xp — Xgri2,z) = C. 
If —E is not contained in [, then the result is 


[SL(2,Z):T]) a ob kh 
12 4 3 2 


Here a = a(I) and b = B(T) denote the numbers of T’-equivalence classes of fixed 
points of order two and three, respectively. By definition, the order e(a) of a point 
a € His the order of the image of [., in BiholH. This is the order of T, if —E 
is not contained in I’, and half of it otherwise. Of course, it depends only on the 
T-equivalence class. 


p(T) =14 


5. Show that the formula 
dim[I’, 2]) = p(T) 


holds for all congruence subgroups. 


6. Show that, for even k, the formula 


‘ _ J dim{P, kl], +h for k > 2, 
Gralla ead klpth—1 fork=2 


holds for all congruence subgroups. 


7. Show that, for even k > 0 and arbitrary congruence groups, we have 


ana a-no—n+ ls ¥ EO Z5)] 


ac€H/T 


Here [x] means the greatest integer < x. Of course, the sum is finite, since e(a) is 
1 almost always. 


8. Use the result of the previous exercise to give a new proof of the structure theorem 
(Theorem VI.3.4 in [FB]). (This states that the ring of modular forms with respect 
to the full modular group is generated by two forms of weight 4 and 6.) 


9. To obtain a dimension formula for a arbitrary weight k € 4Z and for an arbitrary 
multiplier system v, we have to associate an irregularity with the elliptic fixed 
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points a € H in analogy to the case of cusps. Again we assume the existence of a 
meromorphic modular form f. The function 


g(w) = (w—1)* (= *) 


w—1 


is defined in the unit circle. If e(a) is the order of an fixed point, then g transforms 
as 
gw) = ng(w), 
where 
yao". 0x aaa) <1, 
is a root of unity, which now plays the role of the irregularity. This depends only 
on T, v, k, and the T-equivivalence class of a. 


Show that for k > 2, we have 


ac€H/T 


No] 
Paes 
—_ 
| 
is) 
ol 
wm 
ge ale 
| 
Q 
— 
a 
~ 
Se” 


V. Analytic Functions of Several Complex Variables 


The Jacobi inversion theorem leads to functions of several variables with many peri- 
ods. So, we are led to the problem of developing a theory of them which is analogous 
to the theory of elliptic functions. First of all, we need to give an introduction to the 
theory of functions of several complex variables. In this chapter, we give an elemen- 
tary introduction which essentially follows Weierstrass. One of the main topics will 
be the proof of the theorem that any meromorphic function on C” can be written 
as a quotient of two entire functions. Weierstrass called this a very difficult problem. 
The first proof was given by Poincaré. In the case n = 1, it is not difficult to show this 
by means of the theory of Weierstrass products, even for arbitrary domains D Cc C 
instead of C. The case n > 1 is more involved, since the zero sets and pole sets of 
analytic functions of several complex variables are not discrete. 


The investigation of the zero set is related to the division theory of the ring 
of convergent power series. This theory is governed by two central theorems, the 
Weierstrass preparation theorem and the division theorem. The two theorems are 
closely related. They are equivalent in the sense that it is rather easy to derive one 
from the other. The Weierstrass preparation theorem appeared in print in 1886, but it 
already appeared in 1860 in Weierstrass’s lectures. The division theorem is frequently 
called the preparation theorem, but this is historically false. Historical comments and 
amendments can be found in Siegel’s paper “Zu den Beweisen des Vorbereitungssatzes 
von Weierstrass” (Collected Papers, Vol. IV, No. 83) [Si2]. There, it was pointed out 
that the division theorem was proved for the first time in 1887 by Stickelberger and 
was rediscovered by Spéth in 1929. Siegel gave, in the above paper, a simple proof 
of the preparation theorem which rests on a calculation with power series. Here, we 
shall present a different proof which uses the Cauchy integral. 


At the end of this chapter, we shall also give a short introduction to the lo- 
cal calculus of alternating differential forms, which extends the two-dimensional-case 
considered in the appendix to Chap. II. 


1. Elementary Properties of Analytic Functions 
of Several Variables 


We are familiar with the notion of an analytic (= holomorphic) function of one 
complex variable and now want to use it to develop a notion of an analytic 
function of several variables. 
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1.1 Definition. A function 
f:D-C 


on an open subset D C C” is called analytic if it is continuous, and if it is 
analytic in each of the n variables if the rest of the variables are fixed. 


Remark. A nontrivial result of Hartogs states that the assumption of conti- 
nuity in Definition 1.1 is superfluous. 


The following properties of analytic functions can easily be reduced to the 
onevariable case. 


1. The sum and product of two analytic functions are analytic. The function 
1/f is analytic if f is an analytic function without zeros. 


Notation. 
O(D)={f:D—C, fanalytic}. 


So, O(D) is a C-algebra. 


2. Maximum principle. Assume that D is connected. If |f(z)| attains its 
maximum in D, then f is constant. 


Let a € D be a point at which |f(z)| attains its maximum. For the proof, 
we consider the set of all points such that f(z) = f(a). This set is closed, by 
a continuity argument. Using the maximum principle of complex analysis for 
one variable, we can easily show that this set is also open in D. Since D is 
connected, it coincides with D. 


3. If f, : D— C is a locally uniformly convergent sequence of analytic func- 
tions, then the limit function is analytic too. 


4. Identity theorem for analytic functions of several complex variables: 


An analytic function f : D— C on a domain D which vanishes on an open 
nonempty subset is identically zero. 


Proof. There exists a largest open subset U C D on which f vanishes identically. 
If U is different from D, there exists a boundary point a € D of U. For 
the proof, we can replace D by a small open neighborhood of a. Hence we 
can assume that D = D, x ... x Dn, where the D, are domains in C. By 
assumption, there exist nonempty open sets U, C D, such that f vanishes 
on U;, x... x U,. Now we can apply inductively the identity theorem for the 
onevariable case. oO 


Another proof will follow from the local expansibility into power series 
(Proposition 2.2). 


As in the case n = 1, we need the power series expansion of an analytic 
function. This will be the subject of the next section. 
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Exercises for Sect. V.1 


1. Let DC C” bea domain which has a nonempty intersection with R”. Show that 
an analytic function on D which vanishes on DM R” is identically zero. 


2. A function f : U — R onan open subset U C R” is called a real analytic function 
if each point a € U admits an open neighborhood U(a) C C” and a complex 
analytic function f, : U(a) — C” with the property 

f(a) = f,(x) for e € U(a) NU. 


Show that the identity theorem in the form given in Sect. V.1 is true for real 
analytic functions. That is, if U is connected and f vanishes on an open nonempty 
subset of U, then f is zero on the whole of U. 


3. Let f : U — C be a nonconstant analytic function on a domain U C C and let 
P:CxC-—C bean analytic function with the property 


P(Re f, Im f) = 0. 
Show that P vanishes identically. 


4. Show that the image f(D) of a nonconstant analytic function which is defined on 
a domain D C C" is open in C. 


2. Power Series in Several Variables 


When we are studying power series of several variables, it is useful to separate 
the algebraic computational rules from questions of convergence. Many of the 
algebraic properties can be formulated for formal power series. These are power 
series without any assumption of convergence. The coefficients of power series 
are usually complex numbers for us. For the definition of formal power series, 
we can take as coefficients elements of arbitrary commutative rings with unity 
1=1R€ R. Sometimes we require that R is an integral domain, i.e. 


ab=0 a=Oorb=0. 


For the moment, R can be an arbitrary commutative ring with unity. 


A (formal) power series in n variables over R is a map 
F n 
P:No —R, (yy 5 Uy) SF Org yc 


nm? 


which, owing to its later use, is written in the form 


Vv VY 
PH) Gg 
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Here X1,...,X, are merely symbols. 


It is useful to make use of the calculus of multi-indices: 


Vv :=(M,..-,Un); X :=(X,...,Xn), 
lS Vibe. iy) Dea Cree, Cm 


The power series is then of the form 


P= x diy X”. 


vEeNG 


The summation is taken over all multi-indices v € Ng. 


For two power series 


Pay Ga", C= yo, 


vENG vEeNG 


we define the sum and product as follows: 


(1) P+Q:= SO (a + b)X”, 
vEeN> 

(2) P-Q:= S- Gx. C= ‘> dqb3 (finite sum!). 
vENG a+B=v 


It is easy to check that the set of all formal power series with this addition and 
multiplication becomes an associative and commutative ring with unity 


0 fory 4 (0,...,0), 
1= pms v= 
a 7 . for v= (0,..2<5 0): 


vEeNG 


This ring is denoted by 
RIX,..., Xn]. 


We call this the ring of formal power series over R in n “variables”. This ring 
contains the polynomial ring R[X,,..., X,] as asubring. A polynomial is noth- 
ing but a formal power series which has only finitely many coefficients which are 
different from zero. The ground ring R can be embedded into R[X1,..., Xn] 
and hence also into R[Xi,..., X,] in a natural way, r+ r-1. We shall usually 
identify r and r-1. 
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Other Notations for Power Series 
Let P be a power series and let d > 0 be a nonnegative integer. We then define 
a a ae 
yte-+u,=d 


This is a polynomial. It collects together all monomials of degree d which occur 
in P. If P is a polynomial, we have 


P= 3 Pi, 
d=0 


where the sum is finite in reality. A power series is determined by the totality 
of its homogeneous terms Py. Hence we can use the notation 


P=) Pr 
d=0 
If P and Q are power series, we can immediately verify that 


(PQ)a = x Pa, Qa, (finite sum). 


d,+d2=d 


By the order of a power series P different from zero*), we understand the 
smallest d such that Py, is different from 0. If d,, dz are the orders of P, Q, 
then 


(PQ) iads = Pa, Qaa- 


We assume that it is known that the polynomial ring over an integral domain 
is an integral domain too. We obtain the following result. 


The ring of power series over an integral domain is an integral domain too. 
Power Series as Coefficients of Power Series 


Let P be a power series in n variables. We fix one variable, say X,,. For a 
nonnegative integer k, we consider the power series P“*) in n — 1 variables 


P= Yay eee. 


n—-1 


Un=k 


It is easy to check that the map 


Pr>S° PMX 
k=0 


*) A power series is different from 0 if not all of its coefficients are zero. This means 
that it is not the zero element in the ring of power series. 
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defines an isomorphism 
RIX, see Xn] —- RIX, seria Xn-1] [Xn]. 


We identify the two rings and write 


P=S° PY XE. 
0 


[ove] 
k= 


Next, we introduce convergent power series. For this, we assume that the 
ground ring is the field of complex numbers. 


2.1 Definition. A formal power series 


P= S- aye” 


vENG 


is called convergent if there exists an n-tuple of complex numbers (21,.--, Zn); 
which all are different from zero, such that 


— Vy Vv 
P(z1,...,;2n) = y Wiking, ee 


converges absolutely. 


We recall some well-known facts about convergent series. 


Let (as)ses be a family of complex numbers which is parametrized by a 


countable set S. The “series” S* as is called absolutely convergent if there 
ses 
exists a number C’ > 0 such that 


S> las] < C 


sESo 


for each finite subset So C S. In this case the value of the series can be defined, 
for example by ordering the elements of S somehow; 


S= {s1, 82, §3,.-- ae 


The number 
a = Gs, + Asg +s, +... 
ses 


is independent of the choice of this ordering. 


More generally, we consider a family 


fs: X —C 
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of functions on a topological space. The series 
Df 
ses 


is called normally convergent if each point a € X admits a neighborhood U = 
U(a), and if there exist constants m, such that 


|f(x)| < mz, for allaeU andseS 


domes 


ses 


and such that 


converges. The series then converges in any ordering, absolutely and locally 
uniformly (the Weierstrass majorant criterion). 


If the power series P converges absolutely at a point (wi,...,w,) with 
wy, #0 for k = 1,...,n, then, by the majorant criterion, it also converges at 
every point 

(21,---,2n), [Zn] < |we|- 
An n-tuple r = (r1,...,Tn) of positive real numbers is called a multiradius of 


convergence of P if P converges at all points 
(Zijietyen)y [Ze << re for k= 1). ~ gh 
Notation. Let b€ C", r € Ro. The set 


U,.(b) = {ze CC"; |zp — be | <r, for k= ete gt 
= U,,(bi) x ... x Up, (bn) 


is called the polydisk with center b and multiradius r. 


2.2 Proposition. Let b€ C” be a given point and let be r be an n-tuple of 
positive real numbers. 
1) Let P be a power series and let r be a multiradius of convergence. Then the 


series 
P(z—b)= So a(z—)" 
vENS 


converges normally in U,(b) and defines an analytic function there. 
2) An analytic function 
f :U,(b) —C 


can be expanded in the whole of U,.(b) as a power series P which converges 
normally there, so that 


f(z) =P(z-b) = So af(z-d), 


vENG 
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and we have 


Proof. 1) The known proof in the case n = 1 works in the general case. The 
validity of the Taylor formula in 2) also follows from the standard stability 
theorems in the case n = 1. 

2) Since we have seen already the uniqueness of the expansion, we can enlarge 
the polydisk slightly: we can assume that f is analytic in an open neighborhood 
of the closure of U,.(b). We also can assume b = 0. 

The idea is to generalize the well-known proof of the case n = 1 ({FB], 
Theorem IIJ.2.2). For this, we need a suitable generalization of the Cauchy 
integral formula. Again, we shall reduce it by induction to the case n = 1. 

First we apply the usual Cauchy integral formula to the analytic function 
in the single variable z, 

Zn +> f(21,---52n); 


keeping 21,...,2n,—1 fixed. We obtain 
Fi — Sette) 
engin Mn. 
flarcm=so $ ( 


— Zn 
nl=rn 

Now we apply the Cauchy integral formula step by step for the variables 

Z1,---,2n-. We obtain the following formula: 


The Cauchy integral formula in several variables. 


1 7 one 
(27i)” (G1 = 21) seis ce = Zn) 


lail=ri [Cnl=rn 


Now the power series expansion of f can be obtained as in the case n = 1. We 
expand the integrand into a geometric series and interchanges integration and 
summation. The geometric series in several variables can be obtained from the 


usual series 
1 1 
C-2  ¢ cima 22 ( ) 


by termwise multiplication: 


1 1 o_o} aye. 
es ae _ 


(This holds for |z%| < |¢x] =rk, k=1,...,n.) 
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Computation Rules for Power Series 


We collect together some rules for computations with convergent power series 
here. The proofs are the same as in the case n = 1. 


1) Addition and multiplication of convergent power series. We assume that the 


power series 
y a, (z — a) y by (z — a)” 


converge in a polydisk U around a. In U, we then have 


So ar(z— a)” + Sb (z- 0)” = (a, + by) (z — 0)”, 
(So a(z-«) “). (So o.( (z — a) Via S- avb,) (z= a)”. 


n y+pu=n 


This can be expressed as follows: the map 
OU) — Cl[X,..., Xn], 


which associates the formal power series }>a,X” with a function f with 
power series f(z) = 5 a,(z— a)”, is a ring homomorphism. 


i) 
Ww 


Reordering of power series. We assume that the power series 


S- ay(z—a)” 
converges in the polydisk U;(a). Let 
Up(b) C Ur(a) 


be another polydisk which is contained in it. The expansion of the ana- 
lytic function which is defined by the original power series around 6 can be 
obtained by formal reordering using 


(2-a)” = (2-9) + 6- a)" =D ({)e-Hho- ar 


So, in U,(b), we have 
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with 


b, = die (x) (b—a)’-*. 


3) Composition of power series. Let 


yy 8, 
UcC”",VcC™ open, 


be maps whose components are analytic functions, and let 
a€éU, b= f(a). 


We consider the expansions of the components of f 


fi(z) = al (2— a)” 


Vv 


in a neighborhood of a, and the components of g in a neighborhood of 8, 


a2) = D2dule — B. 


The power series expansion of g(f(z)) in a small neighborhood of a can be 
obtained by formal replacement and reordering. 


In contrast to the case n = 1, in the case n > 1 there exists no largest radius of 
convergence which could be called the radius of convergence. This is shown by the 
following example: 


n=0 
The domain 
{(2,2.) €C x C; |z,2,| < 1} 
is the largest open set in which this series converges. It is not a polydisk. In Exercise 
4, we shall obtain the shape of the precise domains of convergence. 
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Exercises for Sect. V.2 


1. Show that every , analytic and bounded function in C” is constant (“Liouville’s 
theorem”). 


2. Expand the function 
1 


(2, — 1)? (2, — 2)8 
into a power series around the origin. 


3. Let Ber a, be an absolutely convergent series. Show that its limit A can be 
characterized without ordering S, as follows: 


For any €¢ > 0, there exists a finite subset Sy C S such that for any finite inter- 
mediate set S, CT CS we have 


|do4,- 4] <e. 


seT 


4. By a Reinhardt domain D C C"”, we understand a domain which is invariant 
under “rotations” of the kind 


(Zp +009 S py) (Get nen) ICl=1 (l<v<n). 
It is called complete if this true for all |¢,| < 1. 


Show the following: 
a) In the case n = 1, the Reinhardt domains are precisely the annuli with center 
0, and the complete Reinhardt domains are the disks. 


b) The largest open set in which a convergent power series )*a,,z” is absolutely 
convergent is a complete Reinhardt domain. It converges normally there and 
defines an analytic function there. 


c) Any function which is analytic on a complete Reinhardt domain can be ex- 
panded in it into a power series. 


Hint. Use the obvious fact that every complete Reinhardt domain is a union 
of polydisks with center 0. 


5. By a Laurent series of several variables, we understand a series 


The sum is taken over all n-tuples of integers (including the negative integers). 


Show the following. We assume that the Laurent series converges absolutely 
in at least one point (w,,...,w,) with w, 40 for 1<v<n. The largest open 
set in which }>a,z” converges absolutely is a Reinhardt domain. The expansion 
converges normally there and defines an analytic function there. Conversely, any 
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analytic function on a Reinhardt domain can be expanded into a Laurent series 
in the whole domain. 


Hint. Every Reinhardt domain can be written as a union of “polyannuli” 
D,x...x D,,. Here the D, are annuli with center 0 in the complex plane. 


3. Analytic Maps 


A map 
f:U—V, UCC", VCC” open, 


is called analytic (or holomorphic) if its components 
fe=DPerOf, pe: V—C, kth projection (1 <k <m) 
are analytic functions. 
3.1 Remark. <A map 
f:U—-V, UcC", VCC” open, 


is analytic iff it is totally complex differentiable at each pointa € U. This 
means that 


f(z) — f(a) = A(z — a) + r(z) 
with a C-linear map 
A: Cc” —C™ 
and a remainder term r with the property 


r(z) 


— 0 forz—a 
I|z — all 


(where ||-|| means the Euclidean norm). 


Proof. It follows from Proposition 2.2 that analytic maps are totally complex 
differentiable. Conversely, as in the real case, totally complex differentiable 
functions are continuous and partially complex differentiable. O 


The linear map A is described by an m Xx n matrix, 
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This matrix is the complex Jacobian 


oft oft 

Oz Oz? 
A=Hha=[ >. : |@. 

Ofn Ofn 

Oz ne O2n 


Each C-linear map is R-linear as well. Therefore we can also describe A by a 
real 2m x 2n matrix! 


From the real chain rule and the fact that a composition of C-linear maps 
is again C-linear, we obtain the complex chain rule as below. 
3.2 Remark. Let 
f:U—-V, ¢g:V—W 
UcC", Vcc”, WCC? open subsets) 
be analytic maps. Then the composition go f is analytic too, and we have 


J(g0 f;a) = J (g; f(a))- J( fa). 


In the same manner, the real theorem of invertible functions implies the com- 
plex version. We simply have to observe that the inverse of an invertible C- 
linear map is C-linear as well. 


3.3 Remark (theorem of invertible functions). Let 
f:U—V, U,V CC” open, 
be an analytic map and let a be a point from U. The following statements are 
equivalent: 
1) f maps a suitable open neighborhood U(a) biholomorphically onto an open 
neighborhood V (f(a)). 
2) J(f;a) is invertible. 
(A map f is called biholomorphic if it is bijective and if both f and f~1 are 
analytic. ) 
Remark. Let 
A: Cc” —C"” 
be a C-linear map. It can be described by a complex n x n matrix. The 
determinant of this matrix is denoted by det(A). We can also consider A as an 


IR-linear map and describe this by a real 2n x 2n matrix. The determinant of 
this real matrix is denoted by detg(A). We have (see Exercise 1) 


detp (A) = |det (A)|?. 


As in real analysis, the theorem of invertible functions implies the theorem of 
implicit functions. We formulate a special case as follows. 
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3.4 Remark. Let f(w,21,...,2n) be analytic on some open subset of C"*". 
Let (b,a1,...,G@n) be a point with 


0 
f(b, a1,-.-,4n) =0 and FF Ob aay. sn) #0. 


Then there exists a holomorphic function y in a small open neighborhood of 
(Q1,..-,@n) with the properties 


b= (a1,..-,4n), fly(Z1,.--,2n),21,-+-;2n) =O. 


We can compare this with the treatment of the case n = 1 in Sect. 1.3, Ap- 
pendix B. 


Zeros of Analytic Functions 


In Sect. 1, we formulated the identity theorem for analytic functions and showed 
how to reduce it to the case n = 1. Another proof can be obtained by means of 
the power series expansion. A reformulation of the identity theorem says the 
following. 


3.5 Remark. Let f : D—C be an analytic function on a domain D Cc C” 
which does not vanish identically. Then the set of zeros contains no inner 
points. 


Corollary. The ring O(D) of holomorphic functions on a domain D Cc C” is 
an integral domain. 


In contrast to the case n = 1, in the case n > 1 the set of zeros of an analytic 
function is never discrete if it is nonempty. We shall see this in Sect. 4. Here 
we consider only a simple example, 


f (21, 22) = 21° 22. 


The zero set of this function is the union of the “axes” C x {0}U{0} x C. This 
is one of the reasons why complex analysis of several variables is much more 
difficult than the one-variable case. One has to be careful with the notion of 
a meromorphic function. A meaningful definition should imply that rational 
functions are meromorphic. For example, z1/z2 should be meromorphic on C?. 
Its zero set (z, = 0) and its pole set (zo = 0) (whatever that means) cross at 
the origin. Hence there is no meaningful way to assign a value to the origin 
and it does not help to allow oo as a value. This consideration shows that in 
the case of several variables we need a different approach compared with n = 1 
for the introduction of the notion of a meromorphic function. 
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Meromorphic Functions 


3.6 Definition. Let DC C” be a domain (a connected and open nonempty 
subset of C”) and let Do C D be an open and dense subset of D. An analytic 
function 

f : Do —C 


is called meromorphic on D if the following conditions are satisfied: 


For each point a € D there exist an open connected neighborhood U and two 
analytic functions g,h: U — C, where h is not identically zero, such that 


f(iZ= oe for allz € UN Do with the property h(z) # 0. 


In this definition we have to observe two fine points: 


1) We did not require that h has no zeros on UM D,. Hence the representation 
f(z) = g(z)/h(z) is valid only in the set 


{zE€UND,; h(z) FO}. 


By the identity theorem, this set is still open and dense in UM Dy. Independently 
of this, one can raise the question of whether this local representation of f can be 
chosen in such a way that h has no zeros in the whole of UM Dy. It can be shown 
that this is true, but for a proof we need deeper insight into the structure of the zero 
set, which is not available at the moment. 

2) We required that D is connected, but not that Dg, is connected. The reason 
for this is as follows. Let g be an analytic function on D which does not vanish 
identically. We can then consider D, := {z € D;  g(z) # 0} and, on Dp, the analytic 
function f(z) = 1/g(z). The notion of meromorphy should imply that this function 
is meromorphic on D. But, at the moment, we do not know that Dp, is connected. 
Actually, this is true, but the proof will come later. For this reason, we did not require 
D, to be connected. Nevertheless, the principle of analytic continuation also holds 
for meromorphic functions, as we now show. 


3.7 Lemma. Let D € C” be a domain and let f : Do — C be an analytic 
function on an open and dense subset of D which is meromorphic on D. If f 
vanishes on an open and dense subset of Do, then it is identically zero. 


Proof. The problem is that there might be connected components of Dp where 
f vanishes identically, and others where this is not the case. We shall give an 
indirect proof and assume that this actually happens. So, let A be the union of 
all connected components of Do on which f vanishes, and let B be the union 
of the other components. The sets A and B are open, nonempty, and disjoint. 
Their union is Dp. The function f vanishes identically on A, but its set of zeros 
is thin in B. (This means that it contains no inner points.) Since Do is dense 
in D, we have D = AU B, where A and B denote the closure of A and B in 
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D. Both of these are closed in D. Since D is connected, the intersection of 
A and B is not empty. As a consequence, there exists a joint boundary point 
a€é D,a€ OANOB. We use the definition of meromorphy at this point; f can 
be written in a small connected open neighborhood as a quotient of analytic 
functions in the above sense, f = g/h. The function g vanishes on UN A. By 
the identity theorem, it vanishes on U and hence on an open nonempty subset 
of B. This contradicts the fact that the zero set of f is thin in B. O 


The Field of Meromorphic Functions 


When a function f : Do — C is meromorphic on a larger domain D, it can of 
course happen that f extends holomorphically to a larger open set Dg C D! C 
D. For this reason, one has to be careful with the definition of a “meromorphic 
function”. 
We consider pairs (D,, fv), v = 1,2, 
fp: DL — C analytic, 


where the D, are open and dense in the domain D and the f,, are meromorphic 
on D. The intersection D, M Dz is again open and dense in D. The two pairs 
are said to be equivalent, 


(Di 5 fi) a (D2, fa), 


if f; and fg agree on an open nonempty subset of D; M Dz. By the above 
identity theorem (Lemma 3.7), they agree on the whole intersection D, 9 Dg. 
It should be clear that this relation is really an equivalence relation. 


3.8 Definition. Let DC C” be a domain. A meromorphic function on D is a 
full equivalence class of analytic functions f : Do — C which are meromorphic 
on D with respect to the equivalence relation described above. We denote the 
equivalence class of (Do, f) by [Do, f]. (Later, we shall write simply f instead 
of [Do, fl). 


If (Do, f) represents a meromorphic function on D, we call Do a domain of holo- 
morphy of [Do, f]. A union of such domains of holomorphy is also a domain of 
holomorphy. Hence every meromorphic function has a unique maximal domain 
of holomorphy. This maximal domain of holomorphy is called the domain of 
holomorphy of the given meromorphic function. 

As we have already mentioned, the intersection of two open and dense sub- 
sets is open and dense again. If (Dj, f,) and (Dae, fo) represent two meromor- 
phic functions, we can define the sum and product of f; and fo as analytic 
functions on the intersection D; M Dg. They are meromorphic on D. The 
definition 

[Di, fi] +[Da, fa] = [Di 9 Da, fi + fa] 
is independent of the choice of the representatives. 


So, the set of all meromorphic functions is an associative and commutative 
ring with unity. But we can state more, as follows. 
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3.9 Proposition. The set M(D) of all meromorphic functions on a domain 
D is a field. 


Proof. If [Do, f] is a meromorphic function which does not vanish identically, 
then 


Dy :={a€ Do; f(a) #0} 


is open and, by the identity theorem of Lemma 3.7, also dense in Do, and hence 
dense in D. The function g(z) = 1/f(z) is analytic on DG and meromorphic 
on D. We have 

[Do, f]-* = (Do. 9)- o 


Every function which is analytic on D is meromorphic on D (f = f/1). If 
we associate the meromorphic function [D, f] with f, we obtain an embedding 


OD) > MD), fre [D, fl. 


We shall identify O(D) with its image in M(D). O(D) consists of all meromor- 
phic functions whose domain of holomorphy is D. M(D) contains the quotients 
of functions from O(D): 


min) > 4 & fa e010). 040}. 


It is an important problem whether M(D) agrees with the quotient field of 
O(D). This is true in the case n = 1. In [FB], this was proved — but only for 
the case D = C — by means of the Weierstrass product theorem. 


The case n > 1 is more involved. It will take us some effort to show that 
in the case D = C” every meromorphic function is the quotient of two entire 
functions. 


Exercises for Sect. V.3 


1. Let A be a complex m x n matrix and let C™ — C” the associated linear map. 
Identify C™ (similarly C”) with R?™ via 


(S435 54S) Caer Sen Und) 


to obtain a linear map R?” — R?”. What is the associated real (2m) x (2n) 
matrix? What are the conditions for a real (2m) x (2n) matrix to be derived from 
a complex m x n-matrix? 


2. Let V a vector space of finite dimension over some field K, and let A: V > V bea 
k-linear map. Then the determinant det, A is well-defined. It is the determinant 
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of the matrix of A with respect to some basis. Now consider kK = C. Since V can 
be considered as a vector space over R, and since a C-linear map is R-linear, one 
can consider det, A and det, A. Show that 
det, A =|det, Al’. 
Hint. Reduce this to the case where a C-basis exists, such that A can be rep- 


resented by a diagonal matrix. Then reduce the statement to the one-dimensional 
case V=C. 


3. Let DC C™ be an open set and let f : D— C” be an analytic map such that 
the (complex) Jacobian has rank n at all points. Show that the image f(D) is 
open in C”. 


4. The Weierstrass Preparation Theorem 


The complex analysis of one variable is distinguished by the fact that the zero sets 
of nonvanishing analytic functions are discrete. This is related to the fact that the 
divisibility properties of the ring of convergent power series of one variable are very 
simple. Every nonzero convergent power series of one variable is the product of a 
power of z and a power series Q which does not vanish at the origin. Such power 
series are invertible in the ring of power series. Hence, in the ring of power series of 
one variable, there is essentially only one prime element, namely z, and P = Q.- 2” 
is the decomposition of P into primes. Hence the ring of power series is simpler than 
the the ring of polynomials C[z]. The prime elements of this ring are the nonconstant 
linear polynomials, and the decomposition into primes is just the decomposition which 
results from the fundamental theorem of algebra, 
P(z) = C(z—-a,)---(z—-a,). 

The polynomials z — a, a # 0, are prime elements in the polynomial ring, but in the 
ring of power series they are units. For example, the inverse of 1 — z is given by the 
geometric series. 


In the complex analysis of several variables, the situation is much more involved. 
This is already visible in the case of the ring of polynomials. In the case n > 1, 
this ring is not a Euclidean ring. Nevertheless, the theorem of unique decomposition 
into prime elements holds. In the algebraic appendix at the end of this volume, we 
shall treat division theory and obtain a proof of this fundamental result of Gauss in 
Corollary VIII.2.4. 

There are two fundamental theorems for the shape of the zero sets and for the 
division theory in the ring of power series of several variables, namely the preparation 
theorem of Weierstrass and the division theorem. Both theorems play fundamental 
roles in the complex analysis of several variables. For example, we shall deduce from 
them that unique prime factorization holds also in the ring of power series. 


There is a close relation between the division theory of the ring of convergent 
power series and the study of the zero set of a power series, since we have 


P\Q = (P(z)=0 => Q(z) = 0ina neighborhood of z = 0). 
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First we notice that every power series P with P(0) = 0 can be written as 
a product of finitely many indecomposable elements. For this, we recall from 
Sect. 2 the notion of the order 


o(P) = min{vy + v2+-++ +n; Qn, FOF. 
Of course, we have to assume that P #0. Additionally, we define 
0(0) := oo. 
If Q, Q(0) = 0, is a second nonunit, then we know that 
o(P-Q) = oP) + 0(Q). 


For the proof, it is convenient to characterize the order in a different manner. 
Recall that a power series P can be written in the form 


P=P,+Po.+::-, 
where P,,, is a homogeneous polynomial of degree m (Sect. 2). We have 
o(P)=min{m; Pa A~0} (P00). 


The claimed relation o( PQ) = o(P) + 0(Q) follows. 


Now the decomposition into a product of finitely many indecomposable 
elements follows by induction on o(P). 


4.1 Definition. A power series P € O, := C{z,...,2n} ts called z,- 
general if 


P(0,...,0,2n) £0. 


A power series is z,-general if it contains a monomial which is independent of 
21,---2n—1. For example, 21 + 29 is z-general but 212 is not. 

Let A = (dyv)i<pv<n be an invertible complex n x n matrix. We consider 
A as a linear map 


n 
A:C”—-C” zr-u, ip Op 2v- 
v=1 


For a power series P € O,, we obtain, by substitution and reordering, the 
power series 
PA(z) := P(A7!2z). 


Obviously, the map 


~w 


On — On, P es PA 
is an ring automorphism, i.e. 
(P+Q)* = PA +94. 


The inverse map is given by A7?. 
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4.2 Remark. For every finite set of convergent power series P € On, P #0, 
there exists an invertible n x n matrix A such that all P4 are zn-general. 


Proof. There exists a point a # 0 in a joint convergence polydisk such that 
P(a) #0 for all P. After a suitable coordinate transformation (a choice of A) 
has been chosen, we can assume A(0,...,0,1) = a. Then all P4 are z,-general. 
oO 


Zeros of Power Series 


For the local behavior of the zeros of analytic functions, it is sufficient to 
investigate the zeros of z,-general power series. The following lemma gives a 
rough description. 


4.3 Lemma. Let P, P(0) =0, be a Z,-general power series, and let d be the 
zero order of P(0,...,0,2n) at zn =0. Choose the number r > 0 such that P 
converges absolutely for |z,| <r and such that P(0,...,0,2n) has no zeros in 
the disk |z,| <r besides 0. Then there exists a number e,0<e <r, with the 
following properties: 


Ll. Piz25+5%nai92_) ~ 0 for |z,|—r and |z,.|<e Uk ven): 


2. For fixed (21,...,2%n—1) with |z| < e, the function zp, - P(2,...,%n) has 
precisely d zeros (counted with multiplicity) for |zn| <r. 


Proof. The first statement is clearly true for any fixed chosen z,, by a continuity 
argument. For the general case, one has to use a simple compactness argument. 


The second statement follows by means of the zero-counting integral of the 
usual complex analysis ([FB], Proposition III.7.1). This integral shows that the 
number of zeros depends continuously on 21,...,2n—1- Since it is an integer, it 
must be constant and hence be equal to the value for z} =... = zn_1 = 0. 

O 


The fact that the parameters z1,...,2,—1 can be chosen arbitrarily can be 
expressed as follows: 


The zero set of an analytic function on a domain D either is empty, the whole 
D, or a complez (n — 1)-dimensional set. 


We shall not give a precise explanation for this, since we do not want to intro- 
duce dimension theory here. 


Let Po,..., Pm be convergent power series in (n— 1) variables, say elements 
of On-1 = C{z,...,Zn—1}; then 


can be considered as a convergent power series in Q,,. In other words, the 
polynomial ring O,,-1[Z,] in one variable over O,,-1 is embedded into O,: 


On-1 [Zn] = On. 
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4.4 Definition. An element P € O,_1[Zn] is called a Weierstrass polyno- 
mial if the highest coefficient is one and if all other coefficients are nonunits: 


P= 244 Pyy2t1+...4P, d>1, 
P,€On-1, P(0)=0 for0<v<d-1. 


A normalized polynomial from O,,-1[2n] is a Weierstrass polynomial if 


PO, 24) See (a > 1), 


nm 


Weierstrass polynomials are z,,-general. 


4.5 Lemma. Let Q € On_1[Zn] be aWeierstrass polynomial and let A € O, 
be a power series with the property 


P = AQ €E On-1[enl- 


Then A € On_-1[Zn] also. 


For arbitrary polynomials Q € O,_1[Z,] instead of Weierstrass polynomials, 
this statement is false, as the example 


shows. 


Proof of Lemma 4.5. First step. In addition, we assume that the degree of P 
(as a polynomial over O,,_1) is smaller than the degree of Q. In this case, we 
show A = 0. We choose r > 0 small enough that all occurring power series 
converge for |z,| <r. Then we choose ¢ > 0 small enough that ¢ < r and that 
each zero 

Q(z1,---;2n) =9, |z|<eforv=1,...,n-1, 


automatically has the property |zn| <r. Then the polynomial 
Zn > P(z1,...; Zn) 


has, for each (n — 1)-tuple (z1,...,2n—1), |2v| < €, at least d = deg Q zeros, as 
Q has, counted with multiplicity. Because deg P < deg Q, we get 


P(z1,..-,;2n) = 0 for |z,p| <¢, v=1,...,n—-1. 


We obtain P= 0 and A= 0. 

Second step. We use a simple but basic fact about division with a remainder 
in the polynomial ring in one variable over a commutative ring R with unity. 
(In our application, R = O,_1). 
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Let P € R[X] be an arbitrary polynomial and Q € R[X] a normalized polyno- 
mial, t.e. the highest coefficient of Q is assumed to be one. We then have 


P=AQ+B, degB<degQ (or B=0)) 


with unique polynomials A,B. (In this context, we define the degree of the zero 
polynomial to be —oo.) 


We apply this simple fact to R = O,_, and to the two polynomials P and 
Q given in Lemma 4.5. Division with a remainder gives 


P=CQ+D, degD < degQ. 
Using the equation P = AQ, we get 
(A-—C)Q=D, deg D < degQ. 


Now it follows from the first step that A = C, and A, like C, is a polynomial 
over O,_1. oO 


We mention already that Weierstrass polynomials are z,-general. Units in 
Oy, are Zn-general too. So, the product of a Weierstrass polynomial and a 
unit is z,-general. The fundamental preparation theorem of Weierstrass states 
that every Z,-general power series is the product of a unit and a Weierstrass 
polynomial. Since z,,-generality is not a restrictive property (Remark 4.2), the 
preparation theorem gives a link between the rings On,—1[Zn] and On. 


4.6 Theorem (Weierstrass preparation theorem) (Weierstrass, 1886). 
Let PEO, = C{a1,...,2n} be a Zn-general power series. Then there exists a 
unique decomposition 


P=U-.- Q, 
where Q is a Weierstrass polynomial and U is a unit (U(0) 4 0). 


The preparation theorem is related to the division theorem, which is sometimes 
incorrectly also called the preparation theorem. 


4.7 Theorem (Division theorem) (Stickelberger, 1887). 

Let Q be a z,-general power series with Q(0) = 0. Let d be the zero order of 
the power series Q(0,...,0,2n) at zn =0 (O<d< oo). Every power series 
P€On,, admits a unique decomposition of the form 


P=RO 45 


where 
a) REO,; 
b) S€O,-1[zn], deg, (S)<d (or S=0). 


Before the proofs of the two theorems, we treat their basic applications to the 
division theory of On. 
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Division Theory for the Ring of Power Series 


We compare the division theory of the rings O,_1[Z,] and O,, here. 


An application of Lemma 4.5 and the preparation theorem is the following 
lemma. 


4.8 Lemma. A Weierstrass polynomial P € On -1[Zn] is a prime element in 
O,, if and only if it is a prime element in On_1[Zn]. 


On the other hand, 1 — z, is a unit in O, but a prime element in O,-1[2,]. 


Proof of Lemma 4.8. 1) If P is a prime element in O,, then Lemma 4.5 shows 
that P is a prime element in O,-1[2n] too. 


2) Conversely, let P be a prime element in O,,-1[z,]. We have to show that P 
is prime in O,,. So, we assume 


P|AB, A,BE Op. 


After a suitable change of coordinates, we can assume that A,B are both z,- 
general. By means of the preparation theorem, we obtain 


A=AgU, BSB, 


where Ao, Bo are Weierstrass polynomials and U,V are units. From Lemma 
4.5, we get P|ApBo in O,_1[Z,] and therefore 


P\Ao or P|Bo in On-1[Zn], 
since P is prime in this ring. So we get 


P\A or P\B im Op: Oo 


Now we prove the following proposition as fundamental consequence of the 
preparation theorem. 


4.9 Proposition. The ring O, of convergent power series is a UFD ring. 


As we have seen already, every power series P can be written as a product 
of finitely many indecomposable elements. So, it remains to show that any 
indecomposable element of O,, is prime. 


Proof by induction on n. The beginning of the induction is trivial, so we assume 
that the proposition has been proved for (n— 1) instead of n. We have to show 
that it holds for n. Of course, we can assume that P is z,-general and then, 
by the preparation theorem, that it is a Weierstrass polynomial. We show first 
that P is indecomposable in O,_1[2n]. So, let P = AB be a decomposition 
in On—il[Zn]. Since P is indecomposable in O,, we can assume that A is a 
unit in On, ie. A(O0) 4 0. It follows from the equation P(0,...,0,2n) = 24 = 
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A(0,...,0, 2n)B(0,...,0,2n) that, up to a constant factor, A(0,...,0,2,) isa 
power of Z,, i.e. A(O,...,0, Zn) = Cz>. Since A does not vanish at the origin, 
we have 6 = 0. We obtain the result that B has a degree of at least d as a 
polynomial in z,. But then it has a degree of precisely d and A must have 
degree 0. Hence A is contained in ©,,_; and is a unit there. 

Now we make use of the induction hypothesis. The ring O,_ is factorial. 
By the theorem of Gauss mentioned earlier (Theorem VIII.2.2), On,—1[Zn] is 
factorial as well. So, P is in On,-1[Z,] and, because of Lemma 4.8, it is also a 
prime element in O,. O 


Proof of the Preparation and Division Theorems 


First step. We start with a special case of the division theorem: the division 
theorem (Theorem 4.7) is true if Q is a Weierstrass polynomial (and not only 
a Zn-general power series). 


For an arbitrary power series P € O,, we have to construct a decomposition 
P=AQ+B, BEOn-ilZn|, deg B< degQ, 


and to show that it is unique. 
Uniqueness. From AQ + B = 0, we get A € O,_1[ Zn] because of Lemma 4.5. 
Comparing degrees, we get A= B= 0. 
Existence. We want to define 
Bivsn5 SwaisG) d¢ 


ae Ft 
A(z, ++52n) , 271 f (oie eS) ae 
Icl=r 


For this, we have to explain how r > 0 has to be chosen. It has to be so small 
that the power series P and Q converge in 


U=42- |lall<e}, (lel = max{|2), vo Loan 
Then there exists a number ¢, 0 < ¢ <r, such that 
Q(z1,.--;2n) #0 for jznl>r, |z,)<eforl<v<n-l. 


The function A is analytic in ||z|| < ¢ and can be expanded into a power series 
there. We denote this power series by A again. What we have to show now is 
that 


B:= P— AQ 
is a polynomial in z,, and that its degree is smaller than that of Q. By means 
of the Cauchy integral formula for P, we obtain (with z := (21,...,Zn—1)) 
1 PR) 1 $ P(ajc) aC 
B n)= d 2M, 
maa P Tonka f Um ge hes 
Icl=r ICl=r 
271 Q(z, ¢ — 2n 
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The variable z,, occurs only inside the large brackets. For fixed z1,...,2,—1,¢, 
we know that Q(21,..-,2n—1,¢) — Q(41,.-., Zn) is a polynomial of degree d = 
deg Q in z,. This has a zero at z, = ¢ and hence is divisible by z, — ¢, such 
that the quotient is a polynomial of degree d—1. Hence B is a polynomial of 
degree < din Zp. 


Second step. Now let P € O, be an arbitrary z,-general power series and let 
Q be a Weierstrass polynomial. Both are assumed to converge in ||z|| <r. We 
also assume that there exist a number ¢, 0 < ¢ < r, such that for each fixed 
(21,+++,2n—1) With |z,| < ¢ for (1 < vy < n—1) the functions 


Zn > Q(21,.--52n),  2n 2 Pla,...,2n) 
have the same zeros (counted with multiplicity) in the disk |z,,| <r. Then 
P=UQ, 


with a unit U. 


Proof. We can choose € so small that all d zeros of Q are contained in |z,| <r. 
By the special case of the division theorem, we have 


P=AQ+B, BEO,_1[z], deg B< degQ. 


We can assume that A and B both converge in |z,| < r. The polynomial 


Zn +> B(z,...,2n) has, for each (71,...,2n-1), lev] < ¢, 1 < vu <n-1, 
more zeros than its degree predicts. Hence it is identically zero. The same 
consideration shows that A is a unit. Oo 


Third step. Proof of the preparation theorem. Let P be a z,-general power 
series, and let d, 0 < d < ow, be the zero order of P(0,...,0,2n) at Zn = 0. 
The numbers 0 < ¢ < r are chosen as in Lemma 4.3. We consider the functions 


rOP(2,0) _ de 


On(21,.-- 3 2n— 1) “aa f ¢ — ioe a a0 el ee 


These functions are analytic in the domain 
EC", fall<e 


By the residue theorem of complex analysis (in relation to the zero-counting 
integral) in one variable, we know that o0(z1,...,2n—1) is the number of zeros 


Zn > P(z1,...; Zn) 


in |z,| <r (counted with multiplicity). As a consequence, oo is an integer, and 
hence constant. We order the d = 00(21,..., 2n—1) zeros arbitrarily, 


t)(2),...,ta(2). 
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Of course, we can not expect that the t,,(z) will be analytic functions in z. But 
a simple generalization of the zero-counting integral gives 


on(z) =t1(z)* +...+ ta(z)*. 


Therefore the symmetric expressions t;(z)*+...+tg(z)* are analytic functions 
in z. By a result of elementary algebra, which we shall use without proof, we 
have the following result. 


The vth elementary symmetric polynomial (1 <v < d), 


EX, Xa) =I Kye Ky, 
1<ji<...<jr<d 


can be written as a polynomial (with rational coefficients) in the 


(1 <k <d is enough). 
Example. 


1 1 
E(X1, X2) = X1X2= 5 [(X1 + Xo)? — (XP + XZ) = slot — 09]. 


In particular, the elementary symmetric functions t;(z),...,ta(z) are analytic. 
We use them to define the Weierstrass polynomial 


Oi 0.15 8a-to tn) = OE Ae), telzyet et Bg ha), 2-1, 600). 


For fixed ||z|| < ¢, the zeros of these polynomials are t;(z),...,tg(z) by the 
(trivial) “Vieta theorem”. By the second step, P and Q differ only by a unit. 
This proves the preparation theorem. O 


Fourth step. Proof of the division theorem. This now follows immediately from 
the special cases proved above (in the first step) together with the preparation 
theorem. O 


We now give another application of the preparation theorem which again 
shows the close connection between zeros and the divisibility of power series. 


4.10 Proposition. Let P,Q be two power series which are different from 
zero. Then the following two statements are equivalent: 


a) In a small neighborhood of the origin, 
Pa) =0=> GC) =0. 


b) There exists a natural number such that P|Q™. 
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Proof. We can assume that P and @ are Weierstrass polynomials. Let d be 
the degree of P. We want to show that P le and perform polynomial division 
with a remainder for this purpose: 


Q’=AP+B, deg(B) <d. 


For any (21,---,2n—1) in a small neighborhood of the origin, B has the same 
zeros as P. The multiplicities of the zeros of B are at least as large as those of 
P. This gives B = 0. O 


Exercises for Sect. V.4 


1. The power series 


co 

Vv 

Zo + y zy 
v= 


is z,-general. Determine the associated Weierstrass polynomial. 


2. Write the elementary symmetric polynomials 
22 T2123 4 2Q%3, 21 %n%y 
explicitly as polynomials in 
21 + 2 + 23, zi +25 +23, +2423. 


3. Show that C{z} contains only one nonzero prime ideal 


4. Show that an analytic function of more than one variable never has an isolated 
Zero. 


5. Representation of Meromorphic Functions 
as Quotients of Analytic Functions 


A meromorphic function on a domain D can be represented locally as a quotient 
of two analytic functions. Hence there exists a covering 


De U U;, Uj; open and connected, 
el 


and analytic functions 


fisg¢:U; — C, gi £0, 
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such that 
7 


Such a representation is not unique! We can try to enforce some kind of unique- 
ness by demanding that f; and g; are coprime. Here, elements o, @ of a com- 
mutative ring with unity are called coprime if 


U;i 


= 


u 


sjoandzja => «eE R*. 
There arises a difficulty: the ring of analytic functions on a domain is not 
factorial (i.e. a UFD domain). Only the ring O, = C{z,...,Z,} of convergent 
power series is factorial. To overcome the difficulty, we need the following 
statement. 


5.1 Proposition. Let 
f.g:D—C, DCC” open, 

be analytic functions and let a € D be a point such that the the power series of 
f and g ata are coprime elements of the ring of convergent power series 

C{X1,...,Xn} (“X, = 2 — ay”). 
Then there exists a neighborhood of a such that the power series expansions of 
f and g at all points b in this neighborhood are coprime. 
We shall now prove another proposition (Proposition 5.2) which will imply 
Proposition 5.1. For this, we denote the power series expansion of f (and 
analogously that of g) at a point a € D by 


[Fle Er C11, nog Reh (1X, = fu— Gy”). 
Now we factorize [f]_ and [g]q into primes, 
(fla = [[[ile? and [gla = TT] losle’ 
j=l j=l 


where [fj]q (and analogously [g;]q) are pairwise not associated. Here two ele- 
ments 0,0 of a ring R are called associated if they differ by a unit, i.e. 
a=c0, €€ R*. 
Since we can shrink D, we can assume that the representatives f;,g; are ana- 
lytic in D. Now we consider 
Fs:=fi-...-fp and G:=g,-...-gs 
instead of f and g. It is clear that [F], and [G]q are coprime if this is the 
case for [f]q and [g]a. The elements [F], and [G], are coprime if and only if 
[F]a- [Gla is a square-free element of the ring of convergent power series. An 
element o of a ring R is called square-free if 
lo => xe R*. 
Conversely, for an arbitrary element b € D, the power series [F], and [G], will 
be coprime if [F'], - [G]p is square-free. Hence Proposition 5.1 follows from the 
next proposition. 
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5.2 Proposition. Let 
f:D—C, DCC” open, 


be an analytic function. The set of all points a € D for which the power series 
expansion [fq is a square-free element of the ring of power series is open in 
D. 


Proof. Let a € D be a point such that the power series expansion [f]q is 
square-free. We have to show that [f], is square-free in a full neighborhood of 
a. Without loss of generality, we can assume that [f], is X,-general, which 
means 


f(a@i,..-;@n—1; Zn — Gn) F O. 


This condition remains valid in a full neighborhood of a. So, we can assume 
that [f]p is Xn-general (“X, = zn — by”) at all points b € D. We want to 
prove a criterion for the square-freeness of an X,,-general power series which 
implies Proposition 5.2. To exclude trivial cases, we assume that the power 
series under consideration neither vanishes identically nor is a unit. 


5.3 Criterion (Criterion for the square-freeness of a z,-general power 
series). A z,-general power series 


PéeC{z,...,2n}, P(0)=0, P#0, 
is not square-free iff 


[[i@ -t)(@P =0 forzec"™,  |lzll <e. 


i<j 
(We use the same notation as in the proof of the preparation theorem.) 


Proof of the criterion. The condition of the criterion does not change if P 
is multiplied by a unit U (U(0) # 0). Because of the preparation theorem, 
we can assume that P is a Weierstrass polynomial. It follows easily from the 
preparation theorem and Lemma 4.5 that a Weierstrass polynomial is square- 
free in O,, iff it is square-free in On—1[Zn]. 

The latter is true (by a criterion which is valid for normalized polynomials 
over factorial domains; see Proposition VIII.3.2) if the discriminant A does 
not vanish. The discriminant can be computed as follows: 


As | ies tye Oh 


This proves Criterion 5.3. O 
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Now we come back to our problem of representing a meromorphic function 
on a domain D globally as a quotient of analytic functions. For each point 
a € D, there exist a connected open neighborhood U(a) and analytic functions 


Jaya: U(a) — C 
such that 
Ja 
iy. 
Here we can assume — at least after shrinking of U(a) — that the power series 


expansions of gq and hag at a are coprime. By Proposition 5.1, this remains 
true in a full neighborhood of a. So, we obtain the following result. 


f\U(a) = 


5.4 Proposition. Let f be a meromorphic function on a domain D Cc C”. 
Then there exist an open covering 


D= U U;, U; Cc D open and connected, 
tel 


and a family of analytic functions 
Gi ,hg:U; —>C (hi #0) 
such that the following two conditions are satisfied: 


Gi 
a) f Uy = i 
b) The power series expansions [gi], and {hija are coprime at all points 
a € Uj. 
Supplement. In the intersection of two members U;, U; of the covering, we 
have 


Gi 
with a function pi; € OCU; NU;)*. 


UinU; = Pig * GAIUINU; 


The supplement is a consequence of the following simple algebraic considera- 
tion. 


Remark. Let (0,0), (o',0’) be two pairs of coprime elements of a factorial 
domain. From the equation 


oo’ = 00" (ne. “ola =o fo’), 


it follows that 


/ 
o=eo and o=co’', 


with a unite € R*. 


It is worthwhile to formulate the condition in the Supplement of Proposition 
5.4 in the form of a definition. 
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5.5 Definition. A (multiplicative) Cousin distribution on a domain 
DCC” is a family (Ui, filier consisting of 
a) an open covering 


X= U U;, U; C D open and connected, 
iel 
b) a family of analytic functions f;:U; + C with the property 


fi = Gig Fj in U,;NU;, pig € OU, 0;)”. 


We say that an analytic function f : D — C fits the Cousin distribution if for 
all 2, 

flu: =9i- fi, i € Oi)". 

Then the zero sets of f inside U; agree with that of fi. 


Since the sets of zeros of f; and f; agree in U; 1 U;, we should think of a 
Cousin distribution as “prescription of zeros with multiplicities”. 


The construction of f will be done along the following lines. 


First, we determine a family of invertible analytic functions 
9 € OW;)* 


with the property 
Gi = Pig gj IN UENU;, 


where the y;; are the transition functions which occur in Definition 5.5. Then 
we have, for all 7,7, 

Je. dF 

—-=— in U; NU. jo 

Gi Gj 
As a consequence, there exists an analytic function f with f = f/g; on Uj. 
This function solves the problem. 


The construction of the invertible functions g; rests on a certain gluing 
lemma, which we shall now formulate and prove in a situation which is topo- 
logically very simple. We assume that the U; are rectangles, parallel to the 
axes, in a very special position. The rectangles which we consider are Carte- 
sian products of open intervals in R. As usual, we identify C” and R?” by 
means of 

(21,--+32n) > (@1,Y1,---;2n; Yn): 


Now, let the following be given: 


a) an open rectangle Q’ Cc R?"~!; 
b) real numbers a <b<c<d. 
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Then we build 
Qi := (a,c) x Q’ CC” 


and 


O22 (ha) 8 O' CC". 


So, we have 


Qi q Qo = (b,c) x Q’. 


5.6 Lemma. Let Q, ,Q2 be two open rectangles in C” (= R”) in the special 
positions 


Qi:= (a) x QC", Qr:=(bd)xQce" (a<b<e<d). 


Furthermore, let f be an analytic function on an open set U which contains the 
closure Q1 1 Q2. We then have the following two lemmas. 


1) Additive gluing lemma. There exist analytic functions 
fp: Q, —C, v=1,2, 
with the property 
f(z) = fil) — fol) for 2 € Q1N Qe. 


2) Multiplicative gluing lemma. Assume that f is invertible (f ¢ O(U)*); then 
there exist invertible analytic functions 


fu: Qu —C, fy € OU)*, v= ih. 


such that 


Proof of the additive gluing lemma. 


The proof uses the Cauchy integral formula applied to f as a function of z;. In 
the proof, z2,...,2Zn will be kept fixed. The integrals under consideration will 
depend analytically on z2,...,2n by Leibniz’s criterion. Hence it is sufficient 
to restrict ourselves to the case n = 1. The Cauchy integral formula gives 


f(=55 ¢ AO ac for z € Q1N Qo. 


O(Qi1NQ2) 


It is clear that the boundary 0(Q1 M Q2) is the composition of two paths W 
and W2, where W, is contained in the boundary of Q; and W2 in the boundary 


of Qa: 
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NWN 


\ 
; 


SN 


We then have 
f(z) = fiz) — f(z) for z € Q1N Qa, 


filZ) = ¢ a dg, v=1,2. 
Wy 


with 


The functions f,, v = 1,2, are analytic in the complements of W,, and hence 
in the whole of Q, (and actually in a much bigger domain!). Oo 


Proof of the multiplicative gluing lemma. 


This can be reduced to the additive lemma if f can be written in the form 
fi) =e, F:D— C analytic, 
since then we have to solve the additive problem for F: 
F=Fh,- Fy, F,€O(Q,), 


to obtain 


Hence it remains to verify the existence of holomorphic logarithms on suitable 
domains. This can be done similarly to the case n = 1 as follows. 


5.7 Lemma. Let 
f:D—C, DCC" open and convex, 


be an analytic function without zeros. Then f admits an analytic logarithm F, 
i.e. an analytic function F': D— C with 
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Proof. We choose a point a € D. For arbitrary z € D, the segment between a 
and z is contained in D. Hence the function 


a(t) := f(a+t(z-a)), 0<t<1, 


is well defined and continuous. We set 


F(z) := i a dt + Log f(a). 
0 


This function depends (because of the Leibniz rule) analytically on z. We have 


cas (since " — = “Log a(t) ) : O 


Why is Lemma 5.6 called the “gluing lemma”? 


Consider analytic functions 
gi: Qu —C, v=1,2. 
Assume that there exists an invertible analytic function 
Yi2 € OU)" (UD QiNQz) 
with the property 


gn = 912° 92 Nn Q1N Qe 


There then exists an analytic function 
9: QiUQ2—C 


such that 
J = PvGv in Qv, Pv Ee O(Q,)* 
(g is the “glued function” ). 


For the proof, we apply the multiplicative gluing lemma and write yi2 in 
the form 


Yi2 = fi f, € O(Q,)*. 
fo 


The functions 
a and a 
fi fo 


agree in Q1M Q2 and “glue” to a function defined on Q 1 U Q2. 


Now we are in the position to prove the following important proposition. 
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5.8 Proposition (P. Cousin, 1895). Let (U;, f;) be a Cousin distribution 
on C” (= Uje, Ui). Then there exists an analytic function 


f:C"™—C 


such that 
i 


u=~i- hi, vi € OU)”. 


Remark. In the case n = 1, this proposition remains true for arbitrary domains 
DcC"=C, but not in the case n > 1! 


Proof of Proposition 5.8. In the first step, we prove that on an open neighbor- 
hood U of the closed unit cube 


WeH{zec” 0< a),%,< 1 torl<v<n} 


there exists an analytic function f : U — C which fits the given Cousin distri- 


bution, 
f= pi: finUnu;, yi € OUUNU;)*. 


To show this, we decompose the cube 
W into N?" closed small subcubes by 
dividing each edge into N equidistant 
pieces, as illustrated in the figure. We 
denote the small cubes by W,,.....v5,; 
Les De a (1<j <2n). 


We choose N large enough that each W,,,.,,,, is contained in a U;, and we 
denote such a U; by U),,.....,,,. Correspondingly, we use the notation f; for 


For the rest of the proof, we restrict ourselves to the case n = 1, which 
can be presented more easily. But the case n > 1 can be treated in the same 
manner. 


Claim. In a suitable small neighborhood of W1; U Wi2, there exists an analytic 
function which fits the Cousin distribution. 


This is a direct consequence of the gluing lemma. By induction, we obtain 
an analytic function in an open neighborhood of Wy, U...U Wy which fits 
the Cousin distribution. We denote this function by F. In the same manner, 
we construct functions Fj; on an open neighborhood of Wj; U...U Win. Now, 
using the gluing lemma again, we can glue the functions F; and F» and so on, 
to obtain finally a function which fits the Cousin distribution. Now we obtain 
the following result. 


For each compact subset K C C”, there exist an open neighborhood U > Kk 
and an analytic function f :U — C which fits the Cousin distribution. 
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To obtain an analytic function f on the whole of C”, we use an approximation 
argument. 


Let 
VeatzeC" |e 2k), #12). 


We choose an arbitrary analytic function 
he: Ve —* C 
which fits the Cousin distribution. Then we have, for k < 1, 
hy =h,e?* in Vp, 


with a function yx; which is analytic on Vz. 


Regi = hpe?*® in Vi (Pr = Pr,b41)- 


The sequence (V;,h,) is again a Cousin distribution. Every analytic function 
which fits this Cousin distribution fits the original one. So we have succeeded 
(by means of the gluing lemma) in reducing an arbitrary covering (U;)jcr to 
the ascending chain Vi C V2 C.... 

We still have the freedom to replace hy, by hy = h,e’*, with analytic 
functions w, : Vi > C. 
Claim. After a suitable choice of the vy € O(V_), we obtain 


Aras = hr evr, 


with 

a) Pk € OV); 

b) |@z(z)| <27-* for z € Ve-1. 
Proof. We shall see that one can find polynomials ~, with the desired proper- 
ties. (They are analytic on the whole of C”.) It is easy to construct the w, by 
induction on k. We simply use the fact that every analytic function on V; (in 
our case ~,) can be approximated on the relatively compact subset Un—1 C Up 
arbitrarily closely by polynomials. We use the Taylor expansion on polydisks. 
oO 


Now we can assume 
lyr (z)]| < g- © for ee Vonks 


For each z € C”, there exists ko with z € V;,,. The series 


S> ve(z) 


k>ko 
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converges. As a consequence, the sequence 


(hi(Z))e>ko 


converges, since we have 
hy = hp e?e tt? for lL > k. 


We denote the limit by 


fe ae hx(z). 


The convergence is clearly locally uniform. Hence f is an analytic function 
which obviously fits our Cousin distribution. This proves Proposition 5.4. 
oO 


From Theorems 5.4 and 5.8, we get the main result of this section, stated 
below. 


5.9 Theorem (Poincaré 1883). Every meromorphic function f on C” can 
be written as a quotient of two analytic functions, 1.e. 


f= =, g,h:C” — C analytic functions. 
One can achieve the result that the power series expansions of g and h are 


coprime for each point. 


Supplement. /f 


are two “coprime” representations of this type, then 
G=9-e% and h=h-e 


with an analytic function p:C”" > C. 


For the proof of the supplement, we have to use the UFD property of the ring 
of power series and the existence of analytic logarithms on C” (Lemma 5.7). 
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Exercises for Sect. V.5 


1. Show that the Weierstrass product theorem in the form given in [FB], Theorem 
IV.2.1, is a special case of Proposition 5.8. 


2. Let P be a prime element of the ring of power series O,, and let Q be an arbitrary 
power series. Assume that P(z) = 0 > Q(z) = 0 in a small neighborhood of the 
origin. Show that P|Q. 


3. An analytic function f : U — C on an open domain U C C” is called reduced if 
its power series expansion at each point is reduced (square-free). Show that if f,g 
are two reduced analytic functions with the same zero set, then g = yf, where y 
is an analytic function without zeros. 


4. Show that every nonzero analytic function f : C” — C can be written in the form 
f = peed 
Here ro is a reduced function with the same zero set as f. 


Hint. Use Proposition 5.8 and the result of the previous exercise. 


6. Alternating Differential Forms 


We developed the calculus of differential forms for the two-dimensional case in 
the appendix to Chap. IT (on Stokes’s theorem). The local part of this theory 
will now be generalized to the case of arbitrary dimensions. 


In the following, n denotes a fixed natural number. We denote by 


My = MM := {ac {1,...,n}; #a=p} 


the set of all subsets of {1,...,} which contain p elements. Their number is 
n . 
(") (=O0ifp<Oorp>n). 


6.1 Definition. An (alternating) differential form w of degree p on an 
open subset D C R"” is a map which assigns to each a € M, a C®-function 
fa: D—-C: 


w= (falacMMy- 
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We denote by A?(D) the set of all differential forms of degree p on D, and call 
them p-forms for short. 


The set M”) consists of one element only (namely the empty set). Hence 
a zero form has only one component. So, we can identify zero forms and 
functions: 


AD=CD), 


Calculus of Differential Forms 


I. Algebraic Computation Rules 


Since p-forms can be added componentwise and multiplied by functions, A?(D) 
is a module over C°(D): 


(fa) + (ga) = (fa + 9a); 
f : (fa) = (f . Ta): 


By the way, 
A?(D) =0 for p<Oorp>n, 


since M, is empty in these cases. 


II. The Total Differential of a Function 
Since we can identify the one-element subsets of {1,...,n} with the elements 
of {1,...,n}, a 1-form can be considered as an n-tuple of functions 

AMD) = ACD) 2% AD), 

AND) SCPF(D) Kuck). 

ee 
n—times 
The total differential of a C'°°-function f is defined by 
of of 
df := (| ——,...,——}. 
i (= : , =) 


One can verify the rules 


d(f +9) = df + dg; 

d(f-g)=f-dg+g- af; 

c) df=0 <> f is locally constant. 

If we denote by 

py: DC, pl“) =2p, 


6. Alternating Differential Forms 
the projection to the vth coordinate, we have 
dp, = (0,...,0,1,0,...,0). 
T 
vth component 
Notation: dx, := dp,. 


So, we can write a 1-form (f1,..., fn) also as 


(Fisveag da) _ fai: 
v1 


Now the total differential can be written as 


df=" Day ote 
v=1 


III. The Alternating Product 


Analogously to the case p = 1, we define for a p-element subset a C {1,... 


the p-form 
1 fora=b, 


ii), = 

(dra)s {4 for a # b. 

Each p-form w = (fa)aem, can be written in the form 
= \ fee 


aeM, 


Let 
a,bC {1,...,n}, #a=p, #b= 


We define a “sign factor” e(a, b). 


First case. We set 
e(a,b) =O ifanbF 9. 


Second case. Let aNb= 0. 
We order the elements of a naturally: 


@ = {052140}, - Bi < Og < ins < Op, 
and correspondingly 


D464 ves Dg hs by < bo <2... < bg. 
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We then have 
CUD = {Oise cs Gp bye ing Og), gla Ud) = o-+g. 


But the elements in the brackets are not in their natural order, since there is 
no need for a, < b,. 


We denote by e(a,b) the sign of the permutation (of p+ q elements) which 


is used to bring (a1,...,@p,b1,...,bq) into their natural order. 
Example. 

a= {12}, b={2,3}),. ela,b)=0; 

a= {1,3}, b={2,4}, e(a,b) =-1; 


a = {2,4}, b= {3, 5}, e(a, b) oie 
Now we define the alternating product 


AP?(D) x AD) —> AP*4(D), 


; Ww r> wu, 


by the formulae 


ys fad%a | A 2 gp dxy | := S- fago d%a A dxp 


aeM, bEMa a€Mp 
bEeMg 


dig \ day := €(a,b) dxqup- 


It is a simple exercise to verify the following formulae. 


1) In the case p = 0, the alternating product agrees with the usual (compo- 
nentwise) product: 


fAw=f-w for f € AD). 
2) The alternating product is skew commutative: 
w Aw’ = (—1)??w’ Aw for w € A?(D), w’ € AMD). 


In particular, 
winw=0 
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if p is odd. The alternating product is associative: 


(wrAw') Aw" =wA(w' Aw”), 
we AP(D), w' € AND), w"’ € A™(D). 


3) The alternating product is bilinear: 


(wy +w2) Aw =u, ANw+u9 Aw, 


wy,W2 € AP(D), we AY(D). 
Because of the associativity, we can define the alternating product 
wWyA...ANWm 


of several alternating differential forms. 


It is easy to show, by induction with respect to p, that for a p-element subset 
a = {a,,..., ap} of {1,...n} in its natural order, the formula 


dig = diy, A... A d&e, 


holds. If we write fa, 
of a p-form w, 


a, instead of f,, we obtain the standard representation 
P 


jieleag 


w= S- fa dk 


aeMy 
= s Toi unty Olay Teal tg, 


l<ai<...<ap<n 


As an example, we can compute the alternating product of two 1-forms. Using 
dz, \ dx, = —dx, \ dx, = 0, if w=y, 
we get 


(>: Ti ix) A (>: Osi ts) = ae (FiGu =F oGx) Gta digs 
v=1 p=l 


l<v<p<n 


IV. The Exterior Derivative 


Generalizing the total differential of a function, we define 


d: AP — Apt 
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by the formula 
d (> fadte) =) dfn dag. 
The following formulae can easily be checked: 
1. dw+w’) = dw + du’. 
2. d(w Aw’) = (dw) Aw’ + (—1)? w A (dw’), 
we AP(D), w’ € AD). 
In particular, d(cw) = cdw for cE C. 
3. d(dw) = 0. 


An important special case is 
d(w Aw’) = dw Aw" if dw’ = 0. 
By induction, we obtain 
d(wiA...A\Wm) = 0 if dwy =...= du», = 0. 
Hence we have 


d(wA dfiA...A dfm) = dw A df, A...A dfm- 


V. Complex Coordinates 


Now we consider an open subset D Cc C”. Since we can identify C” with R?” 
by 
Cc” R**, 
(21, te en) > (11,41, sie »Lny Yn); 
all of what we have said for the real case holds in the complex case too. Nev- 
ertheless it is frequently useful to introduces “complex coordinates” in the 
complex case: 
dz, := dt, +idy,, dz, := dx, — dy. 

We have 

1 1 

Ci= g(a + dz,), dy= xe — di,). 
i 


So, we see that each 1-form can be written as 


v= ye ai 
v=1 v=1 
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If we set 
Al°(D) = {3 fu ix) ’ 
v=1 
A°1(D) = {da «.) ; 
v=1 
we obtain 


A"( Dy = A""(D)\ 4- AD), 


We want to generalize this decomposition to arbitrary degrees, and define for 
this purpose 


APD) := bs 1¢ _ iv) dai, Avr NOB, A dB Nx» N08;, 
L<ip<...<ip<n J 
1<j1<..-<jq<n 


Then, obviously, 
A™(D)= S > A”4(D). 


prq=m 


This decomposition is direct, i.e. the decomposition of an m-form w as 


a) = Po Wp,qg € A”4(D), 


is unique. 
Obviously, the alternating product respects this decomposition in the fol- 


lowing sense: if _ 
we APD), w’ € AP (D), 
then 
wrw' € APtP ata) (Dp), 


But the exterior derivative does not respect the decomposition of A™(D). How- 
ever, it is possible to split it into a sum such that each summand respects this 
decomposition. For this, we set 


If we define the operators 
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by 


n af 
Of = ye dz, dzp, 
v=1 


nm 


5 OF 52 
Of = S aa dz, 
i OZ, 
then we have - 
df = Of + Of. 


Now we define the more general maps 
Od: AP4(D) — APt14(D), 
0: AP:4(D) > AP-Itl(D) 
by the formulae 


Of day, A...A dz, A d2y,A...A d2j,) = OCf)A da, A...A da, A d2;,A...A dZ;, 
and 
O(f dzi,A...A dzi, A d2j,N...A d2;,) = O(f)A dzi, A...A dai, A dj, N...A dq 


(Lt See iy, Le ae <a) 
Then the rules 
d00=0, JO0d=0, 
d00=-000 


hold. We now formulate the two most important theorems about alternating 
differential forms in the “local case”. For both of them, we assume that D C R” 
is a convex domain (i.e. D is open and the straight segment between two points 
of D is contained in D). First, we have to give a definition. 


6.2 Definition. A differential form w is called closed if 
dw = 0. 


Sometimes this is called “d-closed”. The terms “0-closed” (Ow = 0) and “O 
closed” (Ow = 0) are defined analogously. 


6.3 Lemma (Poincaré’s lemma). 
For every closed p-form w, there exists a (p —1)-form w’ with 


w = du’. 


In the case n = p = 1, this follows from the main theorem of differential and 
integral calculus. 
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6.4 Lemma (Dolbeault’s lemma). 
For every (p,q)-form w which is 0-closed (i.e. Ow = 0), there exists a (p,q—1)- 
form w! such that 

w= dw". 


(The same lemma holds for the 0-complex as well.) 


We shall not prove these two lemmas, since we shall not use them in the 
following. 


VI. Analytic Differential Forms 


A differential form w on an open subset of C” is called analytic if the following 
two conditions are satisfied: 


a) w is of the type (p,0), ie. of the form 


b) The components f;,,..,;,, are analytic functions. 


Pp 


Obviously, a p-form w of type (p,0) is analytic iff 
Ow = 0. 
The exterior derivative of an analytic p-form is also analytic. Moreover, the 


formula 


du = dw = S~ dfix,..ip N Aki No A Akin 


holds. The exterior derivative of an analytic function is 
of 
df =0f= —— dzy. 
f=af=) 5% 


If we denote the set of all analytic p-forms on D by 2?(D), then the exterior 
derivative gives a map 


Cae (D) = OP" (D}. 
Of course, 0? = 0. 
6.5 Lemma (Poincaré’s analytic lemma). 
Let DCC” be a conver domain. Then every closed analytic p-form w (dw = 0) 


can be written in the form 


w=dw', wi €O?-'(D). 
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In the case n = p = 1, this is the well-known theorem of complex analysis that 
any analytic function on a convex domain D Cc C admits a primitive. 


We shall use Poincaré’s analytic lemma only in the case p = 1 and D= C”. 
So, we shall prove it only in this special case. In this case it states: 


Let fi,...,fn be analytic functions on C”. We assume that 


afi _ ats 
OzE Oz; 


forl<i,k<n (equivalent to a(d— Fo dz,) = 


Then there exists an analytic function on C” with 


oF for tj Ayeeagn: 

Oz; 

Proof by induction on n. 

We have already considered the case n = 1. So, let n > 1. Termwise integration 
of the power series expansion of f; with respect to the first variable gives an 
analytic function f with 


We can replace f; by f; -Of/0z; without changing the assumptions. Hence we 
can assume 


fi = 0. 
But then, 
= = 0 for all k. 
Hence the functions f;, do not depend on z,. Now we can apply induction. 


Oo 


Exercises for Sect. V.6 


1. Determine an analytic function f(z,,2z,) with 
df = ze dz, + 2Z, 2 dz. 
2. Prove the product rule 
d(w Aw’) = (dw) Aw’ + (-1)Pw A (dw’). 
3. Prove 


d(w, A...Aw, =dw,A...A\w, if dw, =---=dw, =0. 


VI. Abelian Functions 


As the theory of elliptic integrals leads naturally to the theory of elliptic functions, 
the theory of general algebraic integrals leads to the theory of Riemann surfaces and 
then to the theory of abelian functions. These are meromorphic functions on a higher- 
dimensional complex torus. The case n > 1 is much more involved than the case of the 
elliptic functions (n = 1). The reason for this is that the Weierstrass approach using 
the g-function does not work, since the zeros and poles of meromorphic functions of 
several variables are no longer discrete. Hence the method of Mittag-Leffler partial 
fraction series and Weierstrass products is no longer available. In [FB], Sect. V.6, we 
touched on another approach to the theory of elliptic functions. This uses, instead of 
the Weierstrass o-function, the Jacobi theta function for the proof of Abel’s theorem. 
We shall follow this thread now. Many of the ideas of this chapter are taken from 
Igusa’s fundamental book [Ig4]. 


1. Lattices and Tori 


We start with the real theory. 


1.1 Lemma. Let LCR” be a discrete additive subgroup. There exist linearly 
independent vectors w,...w“) such that 


b= Zo 4-04 Zw, 
The number k is uniquely determined (k <n). 


The proof is given by induction on n: 

Beginning of the induction (n = 1). A discrete subgroup ZL C R which is 
different from zero has an element a € L, a # 0, with minimal modulus. It is 
easy to show that L = aZ. 

Induction step. We assume that the proposition has been proved for n — 1 
instead of n. The discreteness of L means that each compact subset contains 
only finitely many elements of L. We can assume that L # 0. Then we can 
choose, from all vectors in LZ which are different from zero, one with minimal 
Euclidean norm 


jo | = 


n 
12 
+ Jw? |". 
v=1 
After a suitable coordinate transformation, we can assume that 


w) = (1,0,...,0). 
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It follows from the beginning of the induction that 
{zER; (2,0,...,0) € L} =Z. 
Now we consider the projection 
ook? SR, (@1,..-,;2n) > (La,...,2n), 


and claim that the image L’ = p(L) is discrete in R"'. 


Otherwise, there would exist infinitely many vectors p(w), w € L, such that 
|w,| << C for v= 2,...,n (C suitable). 


We could add an integral multiple of w™) to obtain also |w;| < C, which gives 
a contradiction to the discreteness of L. 

By the induction assumption, there exist vectors w"),...,w*) € R” whose 
images in R"~' are linearly independent and generate L’ as a Z-module. Then 
wi)... ,w"*) are of course linearly independent and we have 


The uniqueness of k is clear, since k is the dimension of the vector space spanned 
by L. O 


1.2 Definition. If the number k which occurs in Lemma 1.1 equals the 
dimension n, we call L a lattice. The point set 


P= {dow << 7 
v=1 


is called a fundamental parallelogram of L. 


Obviously, 
R"=(J)Pi, Pa={a+a; ve P}, 
acl 


i.e. R” is covered by L-translates of the fundamental parallelogram. Up to 
boundary points, this decomposition is disjoint. 


1.3 Remark. Let LC R” be a lattice. Then 
D°:={xeER"; (a,2) €Z for alla ce L} ((a, <2) = Y awsty ) 
v= 


is a lattice as well. We have (L°)° = L. 
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We call L° the dual lattice of L. 


Proof. Obviously, 
(Z" =z". 


Each lattice is of the form 
L=AZ", 


with a certain n x n matrix A. The columns of A are a lattice basis. Obviously, 


ran 7, Oo 


As usual, we associate with the lattice L C R” a torus 
X=R"/L. 
The elements of X are equivalence classes 
[2] ={x+a; a€ L} 

with respect to the equivalence relation 

cy y = «c-yeLl. 
There is a natural projection 

p:R” — xX, «ve (zi. 


Functions on X are in one-to-one correspondence with functions on R” that 
are periodic under J, i.e. 


f(w +a) = f(x) forall a€ L. 


Fourier Series 


We denote by C°(X) the set of all L-periodic C%°-functions on R”. Some 
examples of periodic functions under L are 


f(x) =e) GEL’. 


The theory of Fourier series says that these are the basic functions for con- 
structing all periodic functions. 
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1.4 Lemma. Every periodic C™®-function 
fece(x), X=R"/L, 


admits on the whole of R" an expansion 
F(a) = YO age2rtoo 
gEL° 
which converges absolutely and uniformly. The coefficients ag are unique, and 


1 


= —27i(x,g) d 
Ag wol(P) | toe dx, ...dXp. 
P 


Here P is a fundamental parallelogram of L. 


The case L = Z" is usually treated in basic courses on analysis. In this case 
the Fourier series is of the form 


f(x) _ > age? Gtr +--F9n en), 


g integral 


al 1 
Ag = / we sf aan Pn ae 
0 0 


We assume this to be known. In the general case, we write the lattice in the 
form L = AZ”. By means of 


(Az, At "y) = (2,9), 


we obtain the result that the Fourier series of f with respect to LD corresponds 
to the Fourier series of 


g(x) = f(A) 
with respect to Z”. Oo 


What are the conditions for the coefficients a, such that the corresponding 
Fourier series converges and represents a C°-function? 


1.5 Lemma. The series 


is the Fourier series of a C°°-function iff for each polynomial P(g1,...,9n) we 
have 
lag PGi, «25 Gn))| - 0 for gi +---+92 — OO. 
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Proof. We can assume that L = Z”. 


1) Assume that the coefficients a, satisfy the decay behavior formulated in 
Lemma 1.5. We have to show that the Fourier series and all series which are 
obtained by repeated termwise partial differentiation converge absolutely and 
uniformly. Termwise differentiation with respect to 7, means that a, is replaced 
by 27ig,a,. This does not affect the decay behavior. Hence it is sufficient to 
show that the Fourier series itself, 


x |ag|, 


gEL° 


converges. For this, it is sufficient to show that the majorants 


tue Le. 


Vv vA~0 


converge for sufficiently large k. This series converges iff the integral 


/ (ie, ee 


w2+...$02>1 


converges. By means of polar coordinates, one one can easily show that this is 
the case for 2k > n. (compare [FB], Lemma V.2.1). 


2) Assume that f is continuously differentiable arbitrarily often. By partial 
integration, one can show that 


satgnc, ft acai, 
Q7ri J Ox, 
P 
The integrand is bounded on the compact set P uniformly in g, since the 
exponential term has modulus one. Iterated application of this observation 
shows that 


Gig (Ga, cee On) 


is bounded for every polynomial. But this expression must in addition tend to 
0, since we can multiply it by g? +...+ 92. Oo 


Exercises for Sect. VI.1 


1. Let L be a lattice. Show that a subgroup L’ C L is a lattice iff it has a finite 
index. 
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2. Show that the volume of a fundamental parallelogram of a lattice is independent 
of the choice of the lattice basis. 


3. Let L’ C L be a subgroup of finite index [L : L’] of a lattice L, and let P’, P be 
fundamental parallelograms. Show that 


vol(P’) = [L: L'|vol(P). 


2. Hodge Theory of the Real Torus 


We denote by A?(X) the set of all p-forms on R” whose components are peri- 
odic. We consider the de Rham complex of the torus, 


po appre" APT sc: 
The periodicity will not be destroyed by differentiation. We set 
C?(X) = Kernel(A?(X)—*+.A?+1(X)), 


BP(X) = Image(a?-1()-4"(29), 


ae H?(X) = C?(X)/B?(X) (we have B?(X) C C?(X)), 
h?(X) = dimc H?(X). 
We also set 
H?(X) = {w € A?(X); the components of w are constant }. 
We have 


dim H?(X) = ("). 


Differentiation of a Fourier series gives another one without a constant Fourier 
coefficient. Hence d cannot be surjective. 


2.1 Proposition. Let L Cc R” be a lattice. We have 
C?(X) = BP(X) @H?(X). 


The composition of H?(X) — C?(X) with the projection C?(X) — H?(X) 
induces an isomorphism 


H?(X) 2 H?(X), and hence h?(X) = ("). 
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Proof. We have already noticed that 
B?(X) OH? (X) = 0. 


Hence it suffices to show that the image B?(X) under d contains all closed 
p-forms w with vanishing constant Fourier coefficient. It is useful to consider 
first the special case n = p = 1. Here we have to show that if 


f(x) _ > a,er™he 


k=—0o 
is a C°-Fourier series whose constant Fourier coefficient vanishes, then f (x) 
is the derivative of a C'°-Fourier series. 

It is clear what we have to do. Because of Lemma 1.5, the series 
ak ) 2rikx 
x)= — Je 
=) (os 
k#0 

is a C™-function like f. 


In principle, the general case (n,p arbitrary) rests on the same effect. But 
working it out leads to certain combinatorial difficulties. The following formal- 
ism — which works also in the complex case — gets around these difficulties. 


The Laplace operator is defined by the formula 


It transforms periodic functions into periodic functions. More generally, we 
define the Laplace operator for differential forms componentwise: 


A (~ Tees dxi, Pe ncedX div, ) _ een dxi, PN stents IN dx;,« 
This is an operator 
A: A?(X) — AP(X). 


Now we define, for arbitrary p, an operator called the co-differentiation opera- 
tor 


? 


5: AP(X) > AP-1(X), 


by means of the formula 


ry pa fay er, ip dx;, Iv o.dd\ dz; 


1<ip<...<ip<n 


sy iy SS OFivte de. A.A diy, Now Ad 
= 7 —- it wien Xi, ease 4 
=I Oxi, * # 


<i <...<ip<n 
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Here the symbol “*” means that the term beyond it has to be canceled. 


By means of co-differentiation, we obtain an important splitting of the 
Laplace operator. A simple calculation that can be left to the reader shows 
that 


—-A=dd+6d (on A?(X)). 


We consider two more operators which can be applied to Fourier series 


f(x) = S- ager™=9) 


geEL° 
namely 
a) (Af)(%) = ao, 
1 a i 
b) (GA(@) =-p3 Ya, 
An pe eee 


Again these operators can be generalized to differential forms by applying them 
componentwise. 


The key to the proof of Proposition 2.1 is the following simple formula: 


(AG) (w) =w — Hw (w € AP(X)). 


Now let w be a closed form without a constant Fourier coefficient; 
dw = 0 and Hw = 0. 


Obviously, 
dw = 0 => d(Gw) = 0. 


The above formula now says 


—d(dGw) = w, 


which proves Proposition 2.1. O 


Exercises for Sect. VI.2 


1. Verify the formulae 
—A = dé + éd, (AG)(w) = w — Hw 
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in the case n = 2. 


2. Show that in the case n = 2, every harmonic L-periodic function is constant. 


Hint. Assume that the function is real-valued. Then you can apply the theory 
given in Chap. II. 


In the following exercise, it can be assumed that this has been proved for all 


3. Show that for a p-form w € A?(X), we have 
Aw = 0 => dw = 0w = 0. 


3. Hodge Theory of a Complex Torus 


We now come to the case of a complex torus 
XeC yl, Lec GR”) a lattice 


In Sect. V.6, we introduced the Dolbeault complex. Now we introduce its 
periodic version 


AP-4(X) z= AP1(C") A APTI(X). 


The operators 0, 0 preserve periodicity. In analogy to the real case, we can 
introduce the following vector spaces: 


CP-4(X) = Kernel (rex) Lara) 


BP-4(X) = Image (are1(x)-2are(x)) 


HP(X) = CP4(X)/BP4(X), 
HP: X) = AP X)N HPI X) 
={we A?’4%(X), the components of w are constant }. 
The so-called Hodge numbers are 
ht = dime H”'4(X). 
3.1 Proposition. Let L Cc C” be a lattice. We have 
CP4(X) = BP4(X) © HPA(X); 


in particular, 


HP-4(X) & HPX) and hP4(X) = (") , ("). 
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The proof is analogous to the real case: we now give a brief indication of it. 


First we verify that the operators A,G,H which we introduced in the real 
case respect the bi-grading 


A™(X)= GD A(X), 


p+qem 


since the formulae 
A(fwo) = (Af)wo, G(fwo) =(Gf)wo, and H(fwo) = (Af)wo 
are also valid in complex coordinates 
Wo = dz, A...A dy, A dzj, A... dz;j,. 


The reason for this is that wo can be written as a linear combination with 
constant coefficients in the corresponding real basis elements. 


We also have, in analogy to the real case, 
au = 0 == 0GW=—0, 


So, the proof of the real version will work in the complex case as well if we can 
find an operator 
6: AP4(X) — APa-t 


such that - 7 
—A=06+60 on AP4(X). 


The formula 


O(f dz, Bean cl dzi, x dz;, Wea acel\ dzZ;,) 


qd Of 6 
= S0(-1)’ x= dai, A... A dai, A d2, A dz, N...N dj, 


defines such an operator. Oo 


Although the proofs of the real and complex Hodge decompositions are very 
similar, there is a fundamental difference between the real and the complex 
cases. In the real case, there exists in each dimension essentially only one torus 
and only one de Rham complex. The reason is that exterior differentiation d 
commutes with R-linear maps and that every lattice in R” can be transformed 
by an R-linear isomorphism into another given lattice. In the complex case, 
the situation is different. 


The operators 0/0z, and 0/0Z, commute only with C-linear maps — not with 
arbitrary R-linear ones. 
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Usually, two lattices L,£’ C C” cannot be transformed into each other by 
means of a C-linear isomorphism. (In the case n = 1, the C-linear automor- 
phisms are the similarity transformations.) 


Exercises for Sect. V1.3 


1. Verify the formula 
—-A=06+60 on A?’?(X)) 


in the case n = 1. 


2. Show that a differential form w € A??(X) has constant coefficients if and only if 
Ow = bw = 0. 


4. Automorphy Summands 


Let f be a meromorphic function on C”. For a given vector w € C”, we can 
define the meromorphic function g(z) = f(z +w) in an obvious way. We say 
that f has period w if g = f. 

In the following, L C C” denotes a lattice. An abelian function f is a 
meromorphic function on C” that is periodic with respect to L: 


f(¢+w) = f(z) for allw e€ L. 


So, an abelian function has 2n periods which are linearly independent over R. 
In the case n = 1, an abelian function is nothing but an elliptic function. In 
analogy to the first Liouville theorem in the theory of elliptic functions, we can 
make the following statement. 


4.1 Remark. Every analytic abelian function is constant. 


Proof. An abelian function takes all of its values in a fundamental parallel- 
ogram. Since this is compact, an everywhere analytic abelian function has a 
maximum and hence is constant by the maximum principle. O 


We have seen (Theorem V.5.9) that every meromorphic function on C”, 
and, in particular, every abelian function f, can be written as a quotient of 
two analytic functions g and h, i.e. f = h/g. We can achieve the result that 
the power series expansions of h and g at each point are coprime. For a period 
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a, we have two coprime representations as quotients f(z) = g(z)/h(z) = g(z+ 
a)/h(z +a). This gives 


A(z +a) = 2 4el) pz) 


(and similarly for g), with certain analytic functions Hy. If f is not identically 
zero, then H, has to satisfy the following functional equation: 


Aa+v(z) = Hy(z +a) + H(z) mod 1. 


(By definition, the congruence 
a=bmodl 
means that a — 6 is integral.) 
4.2 Definition. An automorphy summand (with respect to L) is a map 
H:LxC"—C, (a,z)+> A,(z), 


with the following properties: 


1) Ha(z) is analytic in z for each a € L. 
2) Ha+to(z) = Ho(z+ a) + Ha(z) mod. 


Owing to the theorem concerning the representation of meromorphic functions 
as quotients of analytic functions, we can associate automorphy summands 
with abelian functions. A big part of the theory of abelian functions deals with 
the classification of these summands. We shall treat this classification in this 
and the following section (see Proposition 5.6): 

Trivial Automorphy Summands 


For any analytic function y: C” > C, 
Ha(z) = plz + a) — g(z) 


is an automorphy summand. For reasons which will immediately be clear, we 
call such summands trivial automorphy summands. 


4.3 Definition. Two automorphy summands H,, Ha are called equivalent if 
they differ only by a trivial summand: 


A.(z) = AHa(z) + o(z+a)— y(z), vy analytic on C”. 
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Equivalent automorphy summands should be considered as “essentially equal” : 
if h is a solution of the functional equation 

h(z +a) = e? Hal) p(z), 
then 7 
A(z) := e?™"@ p(z) 
is a solution of - a 

A(z + a) = e? Fel) hz), 
This gives a one-to-one correspondence between the solution spaces. If g is a 
second solution and g is the corresponding transformed function, we have 

gz) _ g(2) 

Equivalent automorphy summands perform in the same way for the construc- 
tion of abelian functions. 


In the following, we shall choose a suitable representative from each equiv- 
alence class. We shall show in this section (Theorem 4.5) that H(z) is a 
polynomial of degree < 1 in z for each a. For the proof, we shall use the Hodge 
decomposition on a complex torus. 


It is useful (but not necessary for our purposes) to equip the set of equivalence 
classes of automorphy summands with a structure in the form of a group. First, 
we can see that the sum of automorphy summands is an automorphy summand as 
well. So, the set of all automorphy summands is an abelian group. The set of trivial 
automorphy summands is a subgroup. We have to deal with the factor group. We 
shall determine the structure of this factor group. There is a connection between this 
factor group and the Picard group of a compact Riemann surface (see Exercise 4). 


We want to change the congruence 2) in Definition 4.2 into an equality. 
For this, we consider the imaginary part ha(z) = Im H,(z) of the automorphy 
summand. We have 

ha+o(Z) = he(z+ a) + ha(z). 
We accept that ha is not analytic. The goal of the following construction is to 
associate with the system of functions ha a closed periodic differential form of 
type (p,q) = (1,1). We shall apply the Hodge decomposition (Proposition 3.1) 
to this differential. 


4.4 Lemma. Let 
h:LxC" —R, (a,z)-> h,(z), 
be a map with the following properties: 
1) ha(z) is a (real) C™-function for fixed a € L; 
2) ha+to(z) = hy(z + a) + ha(z). 
Then there exists a real C°-function h: C” > R with the property 
ha(z) = h(z +a) — h(z). 
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(In the real theory, we can consider h, as a trivial C°-automorphy summand.) 


Proof of Lemma 4.4. We choose a real C°°-function 
p:C” —R, o>0O, 


with the following properties: 


1) The support of y is compact. 
2) The set of points z € C” with y(z) > 0 contains a fundamental parallelo- 
gram of L. 


It is not difficult to prove the existence of such a function. We shall skip the 
proof. Because of 1) and 2), the series 


S, y(z—a) (the sum is finite for fixed z) 
acéL 


is an everywhere (!) positive C'°-function. If we set 


p(z— b) 
ect Pie =) 


we obtain for each b € La C™-function with compact support with the property 


wWo(z) = 


hato(z + b) = Yalz). 


It is easy to check that 


h(z) = > ba(z)ha(z — a) 


acl 


has the desired property. Oo 


We come back to our automorphy summand H,(z). By Lemma 4.4, there 
exists a real C'°°-function h with the property 


h(z + a) — h(z) =Im F(z). 


We apply the operator 00 to this equation (see Sect. V.6). Analytic functions 
are annihilated by 0, and antianalytic functions by 0. Because 00 = —00, the 
operator 00 annihilates the sum of an analytic and an antianalytic function. 
This shows that 

00 Im H,(z) = 0. 


We obtain the result that the (1,1)-form 00h is periodic under L, 


w:= 00h € AM(X), X:=C"/L. 
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Of course, - : 7 
dw = 0 (since 00 = —00 and 0? = 0). 


As announced, we have associated a closed differential form of type (1,1) with 
the automorphy summand. We now apply the Hodge decomposition. By 
Proposition 3.1, we have 


DOh= S- aj dz A d% +d 


1<i,k<n 


with a periodic (1, 0)-form 
oO) = S° i dz; — Alo 


and a matrix (aj,) of complex numbers. 
We point out again that h itself need not to be periodic. 


Obviously, we have 


S- ain dz; \ dz = 00S QikZiZk 


1<i,k<n 


dla(-n -y, aik7%k) - 9] =, 


The differential form in the square brackets, 


and hence 


wo = O(-h+ S> ainzizZ) — ¢, 


is of type (1,0). Since it is annihilated by 0, it is an analytic differential form 
of type (p,q) = (1,0). From 0? = 0, we get Owy = —O¢. Hence Ou is periodic, 
like y. By Liouville’s theorem (Remark 4.1), the components of 0w9 and hence 
of 0¢ are constant! The constant terms in the Fourier expansion of @ are 
annihilated by 0. For this reason, we have 


Owo = —Oo =0. 


We have shown that wo is an analytic differential form of type (1,0) which is 
annihilated by 0. 


From Poincaré’s analytic lemma (Lemma V.6.5), we obtain wo = 0g, with 
an analytic (but not necessarily) periodic function g: C” > C. 


Now we use the fact that y is a differential form of type (1,0) which is 
annihilated by 0. The Hodge decomposition (Proposition 3.1) holds for the 
0-complex as well as the 0-complex. This shows that 


= S_ Oda + OY, 
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with a periodic C®-function ~ and an n-tuple (C;) of complex numbers. 


Comparing the two representations for wo and y, we obtain 
0g = a(-n + x ain 7) — y_ C; dz; — Ow. 
If we replace g by the analytic function 
gr ».; Or 
the above equation becomes 
a(—h + S- QikZizZk —G—- 6) =0. 
Here g is an analytic (not necessarily periodic) function and ¢ is a periodic 


(not necessarily analytic) function. The expression in the brackets must be an 
analytic function. So, we obtain 


—h= Saget TErITYE 
with 
a) g analytic, 
b) g antianalytic, 
c) y periodic. 


We are interested only in the difference 
Im H,(z) = h(z +a) — h(z) (aeL), 


Since this is independent of y, we can assume y = 0. We also know that h is 
real, so 


—h=-—Re » ain 27] +Reg+ Reg. 


The real part of g will not change if we replace g by its complex conjugate. 
This function is also analytic and can be absorbed by g. This means that we 
can assume that 


—h=-—Re > ain 27] +Reg. 


If we replace the automorphy summand H, by the equivalent 
Hq(z) = Ha(z) + i(g(z + a) — g(z)), 


we get 


4, Automorphy Summands 363 


with : 
h(z) = Re bs ain ZZ] ; 
We obtain 


Im(Ha(z)) = S avavt+>— 6% +K, 


with certain complex constants a,, 3), K (a, = 3,, K € R). Since an analytic 
function is determined by its real part up to an additive constant, we obtain 
from the last equation 


H(z) =C+) > Ciz, 
v=1 


with certain complex numbers C,C, which can depend on a. This gives the 
main result of this section, expressed in the following theorem. 


4.5 Theorem. Every equivalence class of automorphy summands contains 
an automorphy summand of the form 


Ha(z) = Qa(z) + Ca. 
Here Qa is C-linear in z and Cy is a constant. 
(A function Q: C” — C is called linear if it is of the form 
Q(z) =a121+...+ QnZn.-) 


Now that we have proved this proposition, the Hodge decomposition has served 
its purpose and will no longer be used. 


4.6 Definition. Assume that the automorphy summand H,(z) has the normal 
form of Theorem 4.5. An analytic solution of the functional equation 


f(z+a) = e?™4ol) f(z) fora e L 


is then called a theta function. 


So far, we have proved the following proposition. 


4.7 Proposition. Every abelian function is the quotient of two theta function 
for a suitable automorphy summand. 


The classification of automorphy summands does not end with Theorem 4.5. 
Two problems remain to be investigated: 


1) What are the conditions for the system (Qa,Ca) such that H, is an auto- 
morphy summand? 
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2) What does it mean that two such special automorphy summands are equiv- 
alent? 


In the next section, we will attack both of these problems, with some effort in 
linear algebra. 


Exercises for Sect. VI.4 
1. Show that the Weierstrass o-function ({[FB], Section V.6) is a theta function. 


2. Show that Jacobi’s theta function ([FB], Sect. V.6) f(z) := V(7,z) is a theta 
function with respect to the lattice Z + 7Z. 


3. Prove Proposition 4.7 in the case n = 1 by means of the theory of elliptic functions 
([FB], Chap. V). 


4. Consider a one-dimensional complex torus X = C/L. Let D be a divisor on X. 
By the Weierstrass’ product theorem, one can find a meromorphic function f on 
C which fits D in an obvious sense. Then, after the choice of a holomorphic 
logarithm, one can consider the automorphy summand log(f(z+w)/f(z)). Show 
that this defines an isomorphism from Pic(X) onto the group of equivalence classes 
of automorphy summands. 


5. Quasi-Hermitian Forms on Lattices 


We are looking for a simple algebraic description of automorphy summands of 
the form 
H,(z) = Qa(z) + Ga, Qa linear in z. 


Of course, this summand is determined if we know H,(z) for all a from a lattice 
basis w1,..., Wan: 


H(z) =: H(z) = QM(z) +ce™. 
But we one cannot — and this is our problem — prescribe the linear forms Q(”) 


and the numbers C”) arbitrarily. Because of the commutativity of the group 
L, we have to take care of the relations 


Ay(z +a) + Ha(z) = Aa(z + b) + A(z). 
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The conditions which the linear forms Q‘) and constants C”) have to satisfy 
need some effort in the field of linear algebra. 


We now recall some ideas from linear algebra. Let Z be a finite-dimensional 
complex vector space. Without loss of generality, we could assume Z = C”, 
but we prefer, for good reasons, a coordinate-free presentation. If we want, Z 
can be considered as a real vector space of doubled dimension. 


We also recall that each finite-dimensional real vector space V has a natural 
topology. So, we can define the notion of a lattice D C V in a natural way. 
If V,W are finite-dimensional complex vector spaces, then the notion of an 
analytic (= holomorphic) map from an open subset in V into an open subset 
of W is well defined. 


A symmetric bilinear form S on Z is a map 
S:2x ZC 


with the following properties: 


a) S(z,w) is linear in z for fixed w. 
b) S(z,w) = S(w, z). 


A Hermitian form on Z is a map 
HA:Z2xZ—-C 


with the following properties: 


a) H(z,w) is linear in z for fixed w. 
b) A(z,w) = H(w, z). 


A quasi-Hermitian form Q on Z is a map 
Q:Z2x ZC, 


which can be written as the sum of a Hermitian form H and symmetric bilinear 
form S: 


Q=H+S. 


We associate with a quasi-Hermitian form Q the following R-bilinear form: 


Obviously, A depends only on H: 


A(z,w) =Im H(z, w). 
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We have 
A(z,w) = —A(w, 2). 


This means that A is an alternating R-bilinear form on Z. 


One can reconstruct H from A. A simple calculation gives 


H(z,w) = A(iz,w) +iA(z,w), A(iz,w) = A(iv, z). 


As a consequence, the decomposition of a quasi-Hermitian form into a sum of 
a Hermitian form and a symmetric bilinear form is unique! 


5.1 Remark. The map 
Q:2xZ-C 
is quasi-Hermitian if and only if the following conditions are satisfied: 


a) Q(z,w) is C-linear in z for fixed w. 
b) Q(z, w) is R-linear in w for fixed z. 
c) A(z,w) := (1/21) (Q(z, w) — Q(w, z)) és real. 


The proof is easy and will be omitted (see Exercise 1). 


Representation by Matrices 


Let Z := C”, with the C-standard basis e;,...,e,. We shall denote the ma- 
trices associated with Hermitian or C-bilinear forms by the same letter. There 
is no danger of confusion, because they determine each other. 


1) The matrix S with entries 
Sip t= Blea Sy) 


is symmetric. 
2) The matrix H with entries 


Ping t= Vee) 


is Hermitian (i.e. Rhys = hyp). 
Since A is only R-bilinear, we should use an R-basis to describe it as a matrix, 
for example 
Ch, +005n} Cad t= 11, 0.05 €an = len. 


The matrix A with entries 
Gir = A ey) (1 < pv < 2n) 


is an alternating 2n x 2n-matrix (ay, = —dy,)- 
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The connection between A and H is, in matrix notation, 
a= ImH —ReH 
~\+ReH ImH/’ 


What is the connection between quasi-Hermitian forms and affine automor- 
phy summands? A function H : Z — C on a complex vector space Z is called 
affine if it can be written as a sum of a linear function Q and a constant C. By 
an (affine) automorphy summand in this somewhat more abstract context, we 
of course mean a map which associates with each lattice point a € LZ an affine 
function H, : Z — C, such that the relations 


Ha+o(z) = Ay(z + a) + Ha(z)mod1 
are valid. This means that 
Qato(z) + Cate = Qalz +b) + Ca + Qo(z) + C, mod 1. 
If we put z = 0, we obtain 


Co+h = Qa(b) + Cy, +Cymod 1 


and then 


Qato(Z) = Qa(z) - Q2(z). 
Hence the map a+ Q,(z) is a Z-linear map in z for fixed a. We shall make 
use of the following trivial principle: 
Every Z-linear map of a lattice L C Z into an R-vector space V is determined 
by its values on a lattice basis. Hence it can be extended to an R-linear map 
ZV. 


When we apply this principle to the map a +> 2iQ,, we obtain the following 
result. There exists a unique map 


Q:2xZ-C 
with the properties 


a) Q(z, w) = 2iQ,,(z) for w € L; 

b) Q(z, w) is C-linear in the first variable, z; 

c) Q(z,w) is R-linear in the second variable, w. 

We claim that Q is quasi-Hermitian. Because of Remark 5.1, it is sufficient to 
show that 


A(z,w) := = (Q(z, w) — Q(w, z)) 


takes only real values. It is enough to prove this for an R-basis. Hence it is 
enough to prove this for L. But then we have more, namely 


A(a, b) = Qs(a) — Qa() € Z. 


So Q is quasi-Hermitian. The fact that A takes only integral values on L x L 
will turn out to be of high importance. Hence we fix this in a definition. 
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5.2 Definition. Let LC Z be a lattice in a finite-dimensional C-vector space 
Z. A quasi-Hermitian form on the lattice L is a map 


Q:2xZ-C 


with the following properties: 


1) Q is quasi-Hermitian, i.e. the sum of a symmetric bilinear form S and a 
Hermitian form H. 
2) The alternating R-bilinear form 


has the property 
A(a,b) € Z for all a,b € L. 


What we have proved is the following statement. 
5.3 Remark. Assume that 
A,(z):= Qala) +Ca 


is an affine automorphy summand. There exists a unique quasi-Hermitian form 
Q on L with the property 


Q(z, a) = 2iQ,(z) fora€ L. 


Now we can ask the following question. Let @ be a quasi-Hermitian form on 
L. What are the conditions for the constants C, such that 


Aa(z) = Qal(z)+Ca, Qa(z) = = Q(z, a), 


is an automorphy summand? 


It is useful to replace the constants Cy by 


ae 5a(a). 


The characteristic equations are then 


Dato = A(a, b) + Ds + Dz modl. 
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We shall describe all solutions of this system. In the first step, we shall show 
that it suffices to determine the real solutions. It follows from the equations 
for the D, that 

Im Dap = Im Dg + Im Dy. 


Hence the map a +> Im D, is Z-linear, and can be extended to an R-linear 
form r: Z — R. Each R-linear map r can be written as the imaginary part of 
a C-linear form |: Z — C, namely of 


I(z) := r(iz) +ir(z). 
So, we have shown that there exists a C-linear form /: Z— C such that 
Eq := Da — l(a) 


is real. Hence it is sufficient to analyze the real solutions of the equation 
1 
Hato = 5A, b) +E, + E,modi. 
We fix them by the idea of an A-character. 


5.4 Definition. An A-character on L is a map 
E:L—-R 


with the property 


1 
Fait = 5 Ala, b) + Ea + Ey mod 1. 
It is not difficult to classify all A-characters. 
Since we are interested in E, only mod 1, we compose it with the natural 
projection R — R/Z: 
Fi: L—>R/Z. 


First case. A = 0, and hence 
Foto = Fy + Fy. 


The solutions of this equation can be obtained as follows. Take a lattice basis 
of L. The values of E can be described arbitrarily on this basis. Hence the 
group of all characters is isomorphic to 


(R/Z)?" (= group of A-characters in the case A = 0). 


Second case. A is arbitrary. The difference of two A-characters is a 0-character, 
which we have described in the context of the first case. So, we can obtain all 
A-characters from a single A-character by adding the 0-characters. Hence we 
have to clarify whether an A-character exists at all. 
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5.5 Remark. Let A be an alternating bilinear form whose values on L x L 
are integral. Then there exists an A-character. 


t 


Proof. Obviously, every integral alternating matrix A = —A’ can be written 


in the form 
A=B-B, 


with an integral matrix. For example, we have in the case n = 2 
( 0 oa -( 5) 
—a 0 0 0 a 0) 
In the language of bilinear forms, this means that we can write A in the form 
A(z,w) = B(z,w) — B(w, z), 


with an R-bilinear form which is integral on L x L. 


Obviously, 


is an A-character. oO 


5.6 Proposition. Let L be a lattice in the finite-dimensional complex vector 
space Z. Assume that there are given 

a) a quasi-Hermitian form Q on Z; 

b) a C-linear form 1 on Z; 

c) an A-character E on L. 


Then 


1 1 
H,(z):= _ele%) + Bela a) +1(a) + Ea 
is an automorphy summand. Every affine automorphy summand is of this 
form. 


Supplement. The triple (Q,1,Emod1) is uniquely determined by the auto- 
morphy summand. 


Proof. It is easy to verify that H, actually is an automorphy summand. The 
previous considerations show that every affine automorphy summand is of this 
form. Oo 


The automorphy summands in Proposition 5.6 can be trivial: 


1) Let J be a C-linear form on Z; then the automorphy summand 
H(z) := l(a) (= U(a + z) — I(z)) 


is trivial. 
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2) Let S bea symmetric C-bilinear form on Z; then the automorphy summand 


1 1 
H,(z):= 5 (4,4) + 75(44) 


is trivial. This gives us the following statement. 


5.7 Remark. The automorphy summand which is described by the triple 
(Q,1, E) is equivalent to the automorphy summand which is described by 


(H,0,E), H:=Q-S. 


These are the only equivalences which can occur. 
This completes the description of automorphy summands. 


We can formalize Remark 5.7. For this, we denote by Pic(X) the group of equiva- 
lence classes of automorphy summands. Because of the result of Exercise 4 in Sect. 4, 
this notation is justified. Because of Remark 5.7, this group is isomorphic to the 
group of pairs (H, £). The group law is 


(H,,£,) + (Hy, E,) = (H, + Ha, FE, + E,). 
We denote the subgroup of all (0,£) by Pic?(X). As we have seen, this subgroup 
is isomorphic to R?"/Z?". The factor group Pic(X)/Pic®(X) is called the Neron 
Severi group. This can be written in the form of an exact sequence 


0 — Pic?(X) — Pic(X) —> NS(X) — 0. 


The Neron Severi group is isomorphic to the additive group of all Hermitian forms 
on Z that are integral on L x L. 


Exercises for Sect. VI.5 
1. Give the details of the proof of Remark 5.1. 
2. Determine the triple [Q,/, E] for Jacobi’s theta function V(r, z) ({[FB], Sect. V.6). 
3. Let f(z) be a theta function which is different from zero. Show that 
f(z +a) f(z — a) 
f(z)? 


is, for every a, an abelian function for L. 
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4. Show that every theta function without zeros is constant. 


5. The Neron Severi group is isomorphic to Z™ for suitable m. In the case n = 1, it 
is isomorphic to Z. The map Pic(X) — NS(X) then corresponds to the degree of 
divisors (from the point of view of Exercise 4 in Sect. 4). 


6. Riemannian Forms 


As described in Proposition 5.6, we fix a triple (Q,/, F) and the associated 
automorphy summand H,. We shall investigate theta functions 


f:Z:=C" = C analytic, flat 2) = eFMalz) £(2). 
The space of these theta functions will be denoted by 
[Q,1, E] (= [#,0, 2). 


Although it is possible, it will not always be useful to bring (Q,1, E) into the 
special form (H,0, F). 


6.1 Lemma. If [Q,1, E] contains a theta function which does not vanish 
identically, then the Hermitian form H is semipositive, i.e. H > 0. 


“Semipositive” means 
A(z,z) > 0 for all z € Z. 
Since H is Hermitian, the numbers H(z, z) are real. 


Proof of Lemma 6.1. Let f € [H,0,E]. We assume that there exists z) € Zo 
with H(z, 20) < 0 and then show that f = 0. The key to the proof is the claim 
that the function 


g(z) = | f(z) Je7("/2) A(z,z) 


is periodic under L. 


This follows immediately from the equation 
|f(z+a)| =e 27 Bo) F(2)| 


and from 


1 1 
—Im A,(z) = 3 Re H(z,a) + qH(a). 
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Since the function g is continuous and periodic, it attains a maximum. 
Hence there exists a constant M such that 


IF(2)| < Me/4G), 


We choose an arbitrary but fixed z € Z. For variable t € C, we have 
H(z+tzo, 2+ tz) = |t\/H (zo, zo) + at + at + 8. 
This expression tends to —oo for t — oo. Hence the function 
h(t) = f(z + tzo) 


is bounded on C and is then constant by Liouville’s theorem. The constant 
has to be 0. Since this is true for all z € Z, we obtain f = 0. O 


6.2 Definition. A Riemannian form on the lattice L C Z is a Hermitian 
form H on Z with the following properties: 


a) H is semipositive. 
b) The alternating part A of H is integral on L x L. 


The Riemannian form H is called nondegenerate if H is positive definite, 
1.€. 


H(z,z)>0 for z#40. 


The simplest example of a Riemannian form H is the zero matrix. But this is 
without any interest for us, since we have the following result: 


Every function f from |H = 0,0, E] is constant. 


Proof. In the case H = 0, S = 0, and | = 0, we have the result that H, is real. 
But then 


[f(z + @)| = |F()I- 


It follows that f is bounded and hence constant. O 


The theory which we have developed so far has the following important 
consequence: 


If there exists a nonconstant abelian function for L, then there exists a Rie- 
mannian form H #0 on L. 


Later, we shall see that in the case n > 1 there are lattices which do not admit 
a nonzero Riemannian form. Every abelian function for such a lattice must be 
constant! 
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Degenerate Abelian Functions. 


We will show now that, in the theory of abelian functions, we can restrict 
ourselves to nondegenerate Riemannian forms 


H>0 (and not only H > 0). 


Let 1: Z — Z’ be a surjective linear map of finite-dimensional complex vector 
spaces. If U’ C 2’ is an open subset and f’ an analytic function on U’, then 
f := f' ol is an analytic function on the inverse image U := [~!(U’). If f’ is 
meromorphic on the whole of Z’, then f is meromorphic on the whole of Z. 
A meromorphic function f on Z comes from a meromorphic function f’ if all 
elements of the kernel of / are periods: 


f(z +a) = f(z) for all a € Kernel 1. 
Now let LC Z be a lattice. It may then happen that 
= 1(f) 


is a lattice in Z’. (But it also can happen that L’ is not discrete. Consider, for 
example, the projection 


CxC—-C, (24,w) z+ w. 


By means of L; = Z+iZ, we can construct L = L, x L;. The image in Z’ 
is L,, and hence a lattice. But if we take L = L, x /2Lj, the image L’ is 
not discrete.) So, we make the assumption now that L’ is a lattice. If f’ is an 
abelian function on Z’ with respect to L’, then f is an abelian function on Z 
with respect to L. 

We denote the set of all abelian functions on Z with respect to L by K(L). 
This is a field which contains the constant functions. The map gr f = 
log induces (under the assumption of the discreteness of L’) an injective field 
homomorphism 

K(L') — K(L). 


6.3 Proposition. For each lattice L C Z, there exists a surjective C-linear 
map 
Ll: 2 Z’ 


onto a complex vector space of possibly smaller dimension, such that the fol- 
lowing properties are satisfied: 


1) L’ :=U(L) is a lattice in 2’. 
2) The map g+> gol defines an isomorphism 


K(L') > K(L). 
3) There exists a nondegenerate Riemannian form on L’. 


Proof. The vector space Z’ will be constructed as the factor space by the 
degeneration locus. We first have to define this locus. 
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6.4 Lemma. Let H be a semipositive Hermitian form on Z. For a vector 
zo € Z, the following conditions are equivalent: 

1) H(z0, 20) = 0; 

2) H(z0,z) =0 for all z € Z; 

3) A(z, z) =0 for all z € Z. 

The set Zo of all vectors z9 € Z with the properties 1)-3) is a C-subvector 
space of Z (because of 2)). We call Z the degeneration locus of H. 

Proof of Lemma 6.4. 

1) => 2). For arbitrary t € C, we have 


0O< H(z+tz,2+ tz) = H(z, z) + 2Re(tH(z, z)). 
From this, we get H(zo, z) = 0. 
2) = 3). This is trivial. 
3) > 1). We use the formula 
H(z,w) = A(iz,w)+iA(z,w), A(iz,w) = A(iv, z). Oo 
6.5 Lemma. Let f € [H,0,E] be a theta function. The elements of the 


degeneration locus of H are periods, i.e. f comes from a meromorphic function 
on Z/Zo. 


Proof. The argument is similar to that in the proof of Lemma 6.1. The in- 
equality |f(z)| < Me["/?)4(]@) shows that the function 


Zp — C, a fla+a), 


is bounded for each a € Z. Hence it is constant. oO 


Before we continue with the proof of Proposition 6.3, we derive a criterion 
for the discreteness of an additive subgroup of R”. 


6.6 Lemma. Let LC R” be an additive subgroup with the following proper- 
ties: 

1) It is finitely generated. 

2) It generates R" as a vector space (over R). 

3) The Q-vector space which is generated by L has dimension <n. 


Then L is a lattice. 


Proof. We make use of the structure theorem for finitely generated abelian 
groups, which states that every torsion-free finitely generated abelian group 
is isomorphic to Z™ (for a suitable m). Because of 1), there exist vectors 
W1,--.,Wm such that each element of Z can be represented as a unique integral 
linear combination of these vectors. These vectors are linearly independent 
over Q, since a linear relation with rational coefficients produces, after multi- 
plication by a joint denominator, a relation with integral coefficients. From 3), 
we obtain m < n. Because of 2), the vectors w1,...,wWm generate the R-vector 
space IR”. Hence these vectors must be a basis (and m = n). Oo 
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6.7 Lemma. Let H be a Riemannian form with respect to the lattice L C Z 
and let Zo be the degeneration locus of H. We have 


1) Lo := LN Zp is a lattice in Zo. 


2) If 
piZ 3 2’ = 2/25 


denotes the canonical projection, then L' := p(L) is a lattice in Z’. 


Proof. 1) Since Lg is discrete, it is enough to show that the real vector space 
Zo is generated by Lo. Let w1,...,wan be a lattice basis of L. A vector 


wis \- aiuldu, tye R (1 <v< 2n), 


is contained in the kernel Zp if the real vector (21,...,22,) solves the linear 
equations 


So aince =0 with aj, = A(u;i,wr). 


The elements of Lo can be obtained from the integral solutions of this system. 
We have to show that each real solution can be written as a real linear com- 
bination of integral solutions. Of course, it is sufficient to show that each real 
solution is a real linear combination of rational (rather than integral) solutions. 
But this is in fact the case, since the matrix (a;,) of the system is rational (and 
even integral). We use the well-known fact from linear algebra that the dimen- 
sion of the space of solutions is governed by the rank of the matrix. But the 
rank does not depend on the field in which the matrix is considered (Q or R). 


2) The first part shows that the dimension of the Q-vector space which is 
generated by L’ does not exceed the dimension of Z’. Hence we can apply 
Lemma 6.6 to conclude that L’ is a lattice. oO 


After these preparations, the proof of Proposition 6.3 is easy. The sum of 
two Riemannian forms is itself a Riemannian form. Its degeneration locus is 
the intersection of the degeneration loci. Hence there exists a Riemannian form 
HT with the smallest degeneration locus Zp). The Hermitian form H factorizes 
through a Hermitian form on Z/Zp. Its degeneration locus must be zero. It 
should be clear that the three properties in Proposition 6.3 hold. O 


Proposition 6.3 can be formulated very conveniently in a geometric form. Consider 
the tori X := Z/L and X’ = Z'/L'. We have a surjective homomorphism X — X’ 
and can consider X’ as a factor torus of X. Proposition 6.3 says that for each complex 
torus X there exists a factor torus X’ such that fields of abelian functions are “equal”, 
and such that X’ admits a nondegenerate Riemannian form. 


In any case, it is sufficient for the theory of abelian functions to consider 
lattices which admit a nondegenerate Riemannian form. 
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Examples of Riemannian Forms 


Let P be a complex n x 2n matrix. If the columns of P are linearly independent 
over R, they span a lattice Lp C C”: 


2n 
Lp =) Zp, P:=(p1y.--sP2n): 
v=1 


If H is a Hermitian n x n-matrix, we can consider the Hermitian form on C” 
H(z,w) := 2°Hw. 


We want to determine P and H such that H is a nondegenerate Riemannian 
form. 


6.8 Remark. Let T be an integralnxn matrix whose determinant is different 
from zero, and let Z be a symmetric complex n x n matrix whose imaginary 
part is positive definite. The columns of the matrix P = (T,Z) generate a 
lattice L in C”. The Hermitian (and also real) matrix H = (Im Z)~! defines 
a nondegenerate Riemannian form on L. 


We first show the IR-independence of the columns. Since the columns of T are 
R-independent, it suffices to show that the columns of Im Z are R-independent. 
But we know that a positive definite matrix has a positive determinant. Next, 
we show that Im H is integral on L. This means that the matrix Im P!HP is 
integral. We have 


oe Goa ae aa 


Z(ImZ)-1T Z*(ImZ)-1Z 
We take the imaginary part. It is easy to show that the matrices 
T"(Im Z)"'T and Z*(Im Z)*Z 


are real. Therefore we have 


- 0 T 
Im P°HP = ; 
: = i. 


By assumption, this is an integral matrix. oO 
In the next section, we shall show that we can obtain all nondegenerate 
Riemannian forms in this way. 


378 VI. Abelian Functions 


Exercises for Sect. VI.6 
1. Show that each finitely generated subspace of Q” is discrete. 
2. Construct a finitely generated subgroup of R which is not discrete. 


3. Two lattices L,L’ C V are called commensurable if their intersection has a finite 
index in L and in L’. Show that two lattices are commensurable iff they generate 
the same Q-vector space. 


4. Show that if L, L’ are commensurable lattices, then LM L’ and L+ L’ are lattices. 


7. Canonical Lattice Bases 


By an elementary matriz, we understand a diagonal matrix of the form 


ty 0 
x MeN, tits (l<v<n). 
0 i 


The significance of elementary matrices arises from the elementary divisor the- 
orem: 


For every integral p x q matrix, there exist matrices U € GL(p,Z), V € 
GL(q, Z) such that 
T O 
vave(T 2), 


with a uniquely determined elementary matriz T. 


This result is more or less equivalent to the following theorem 


7.1 Theorem (main theorem for abelian groups). 
For any finitely generated abelian group L, there exist a unique integer m > 0 
and a unique elementary matrix T, ty >1, with the property 


L=Z”" @Z/t1®...0Z/tn. 


In this context, we need to consider the classification theorem for integral al- 
ternating bilinear forms, as below. 
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7.2 Proposition. Let 
A:LExL—-Z, L&=Z"™, 


be a nondegenerate alternating bilinear form over Z, t.e. 
a) A(a+ b,c) = A(a,c) + A(b,0); 
b) A(a,b) = —A(b, a); 
c) Afa,x)=0 forallzneL = a=0. 
Then m = 2n is even. There exists a Z-basis wy,...,Wm of Z™ with the 
property 
0 T 

(Ai, &5)) <i j<on = (<a 5) : 

Here T is a unique elementary matrix. 


Another formulation of this result is as follows. 


For every integral alternating matrix A whose determinant is different from 
zero, there exists a unimodular matric U € GL(n, Z) and a uniquely determined 
elementary matrix T with the property 


ie © 
pave (2 7). 


Proof of Proposition 7.2. We argue by induction on m. The strategy is as 
follows. In the case m > 1, we construct a splitting of L of the form 


L= Zu, 6 Zuw2 @ i, = Te, 
and such that the following conditions apply: 


2) (Aww =(_ 2B), ao. 


b) The restriction of A to L’ is nondegenerate and we have A(w;, L') = 0. 

c) ti|A(a, y) for all x,y € L’. 

(After this splitting, Proposition 7.2 is proved, since the induction hypothesis 
can be applied to L’.) 


We choose w; and we such that 
t= |A(w1, w2)| 
is different from zero and minimal with this property. Then we set 
D':={xeEL; A(oi,2) = A(we, x) = 0}. 


We have to show a)-c). 


380 VI. Abelian Functions 


a) is trivial (since A is alternating, we have A(w;,w;) = 0). 


b) The image of the homomorphism 
L—Z, «+> A(o,2), 
is a subgroup of Z. Every such subgroup is cyclic. Since ty has the minimal 


absolute value, the image consists of the integral multiples of t;. Therefore, for 
arbitrary x € L, the element 


is contained in L’. We also know that the restriction of A to L’ is nondegenerate. 


c) Let x,y be arbitrary elements of L’ and let m € Z. We have 
A(mw, + 2, w2 + y) = mt, + A(z, y). 


If A(x, y) were not an integral multiple of t;, we could choose m in such a way 
that 


|mt, + A(x, y)| < |til. 


This contradicts the minimality of t1. 


The uniqueness of the elementary matrix T follows from the fact that 


ty, t1, te, te,. : -ytnytn 


are the elementary divisors of the matrix A. O 


7.3 Corollary. The determinant of a nondegenerate integral alternating 
matriz is the square of a natural number. 


We call 
ty... by Sh det A 


the Pfaffian of the alternating form A. 


Now we consider triples (Z, L, H), where L is a lattice in a finite-dimensional 
complex vector space Z and H is a nondegenerate Riemannian form. Two 
such triples are called isomorphic, (Z,L,H) = (Z’,L’, H’), if there exists an 
isomorphism 

a:Z—> 2! 


with the property 
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We want to select a simple representative from each isomorphy class. First we 
describe the representants which will be used (compare with Remark 6.8). We 
start with 

a) T, an elementary matrix, 

b) Z, asymmetric matrix with positive imaginary part. 


We know that the columns of (T,Z) are linearly independent over R. Hence 
they generate a lattice L = L(T, Z). On this lattice L, we have a Riemannian 
form 

H=H(T,Z), 


namely 
H(z,w) := 2*(ImZ)~'o, 


as we have seen in Sect. 4. For the sake of completeness, we mention that a 
symmetric real invertible matrix Y is positive iff this is true for Y~!. This 
follows from the formula 


9° ¥g = (¥9)'Y*(Y9). 
7.4 Proposition. For each nondegenerate Riemannian form H on a lattice 


LC Z, there exist 


a) an elementary matrix T, 
b) asymmetric complex matrix Z with positive definite imaginary part, 


such that 
(Z,L,H) =(C", L(T, Z), H(T,Z)). 


The elementary matrix T is uniquely determined. 


Proof. We choose a lattice basis w1,...,W2n such that A := Im H is of the form 


(Alwinus)) = (2G): 


with an elementary matrix T. The lattice basis contains a C-basis of Z. Ac- 
tually, we claim the following: 


The vectors wW1,...,Wn define a C-basis of Z. 


Since n is the complex dimension of Z, we have to show that 


Z2= > Cu, (=> Rw +id> Rw). 


Since the vectors w1,...,W, are R-linearly independent, it suffices to show that 
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If z = iw is an element in the intersection, we have 
A (z,z) = A(iz,z) = A(—w,z) =0 (because A(w;,w;) = 0). 


The definiteness of H shows that z = 0. 


We can also use the vectors 
= -1 
t, W1,...,8, Wn 


nm 


as a C-basis of Z. Now we consider the isomorphism Z — C” which transforms 
this basis to the standard basis. Then we can assume that 


ty 0 
0 tn, 
We collect the remaining lattice vectors together in an n x n matrix 
L4:= (W441; eeey Won). 


For the proof of Proposition 7.4, we have to show: 


a) Z is symmetric and Im Z is positive definite. 
b) A(z,w) = 2*(ImZ)~1o. 
By the definition of Z and by the choice of the basis of Z, we have 


ja tae G2pee, 
v=1 


b) is equivalent to 
b’) (AEF ty, t;, we) = (m2). 
We have the following information about A: 
A(wy, Wy) = Antu: Yn4v) =9, Ansty, Wp) = Sut, (LS wv <n). 


We recall the relation between A and H: 

a) A(z,w) = Im A(z, w); 

b) A(iz, w) = A(iw, z); 

c) H(z,w) = A(iz,w)+iA(z, w) (both sides have the same imaginary part and 
are C-linear in z; this is true for the right-hand side because of b)). 
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Proof of b’). 


It follows from the equation 
Wnty = S > Re(Ziy)ty Hihy eee tia Nay ly 


that 
Ouiele = Alwas ns Wy) = 2 ity DU Wuyi) 


The matrix 
(A(itz "wy, ty wy) 1<p.x<n 


is inverse to (Im Z)*. Because A(w,,wy) = 0 (1 < p,v < n), this matrix equals 
=i oil 
(A(t, Wy, ty 2) Beene 


But this is a real matrix. Every real Hermitian matrix is symmetric. As we 
know, (Im Z)~! is positive definite if and only if this is the case for Im Z. 


It remains to show that Re Z is symmetric too. This follows from 
A(Wntpy,Wn+v) = 0, 
since because H(z,w) = z*(Im Z)~!w) we have 
Im (Z‘(Im Z)*Z) =0. 


But the left-hand side equals Re Z — Re Z’. O 


The following considerations should make it plausible that the manifold of 
lattices which admit a nondegenerate Riemannian form is a “thin subset of the 
manifold of all lattices”. 


Let La C C” be a lattice with lattice basis 
A:= (wi, wae ,Won)- 


A is not unique, but it can easily be shown that 


La=Lp B=GAH, GéGL(n,C), H€GL(2n,Z). 


(The matrix G changes the coordinate system in C"; the matrix H changes 
the lattice basis.) The number of free parameters (classically they are called 
“moduli” ) is 


n- (2n) = nie = 
T T 


parameters of A parameters of G 
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Since lattices with nondegenerate Riemannian forms up to the discrete elemen- 
tary divisors are determined by a symmetric matrix Z, the number of moduli 
is 

n(n + 1) 

2 

These inexact dimensional considerations can at least be used to construct 
examples of lattices which admit no Riemannian form different from zero, so 
all abelian functions for these lattices are constant! An example is given in 
Exercise 2. 


(<n? ifn> 1). 


Exercises for Sect. V1.7 


1. Determine, for the matrix M = (; ay unimodular matrices U,V such that UMV 
is an elementary matrix. 

2. Let a,b,c,d be four real numbers which are algebraically independent over Q. 
This means that there exists no nonzero polynomial P in four variables and with 
rational coefficients that has the property P(a, b,c, d) = 0. 


Show that the lattice which is defined by the matrix 


1 0O ia ib 
0 1 ic id 
admits no nonzero Riemannian form. 


3. Determine, for the matrix A = (2 cae a unimodular matrix U such that the 
diagonal of U' AU is zero. 


8. Theta Series (Construction of the Spaces [Q,l,E]) 


In the following, L c C” denotes a lattice and 
AH:C"xC”"—>+C 


denotes a nondegenerate Riemannian form. We want to determine the dimen- 
sions of the spaces 
[Q,1, E] (= [H, 0, E)). 


Because of Proposition 7.4, we can assume that the lattice L is of the form 
L=UL(T,Z). Here T is an elementary matrix and Z is a symmetric matrix 
with positive definite imaginary part. 


1) So, the columns of T and Z give a Z-basis of L. 
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2) H(z,w) = z*(ImZ)—1o. 


The automorphy summands are equivalent to 
(H+ 8,1, F). 


The dimensions do not depend on the choice of S' and /. To get formulae which 
are as simple as possible, we prefer to take 


1=0 


and 
S(z,w) = —z*(Im Z)~*w. 


The latter is a symmetric C-bilinear form. We have 


Q(z, w) = —2iz‘(Im Z)~!(Imw). 


We still have to describe the A-characters 
E:L—R. 
An arbitrary element w € LD can be written in the form 
w=Ta+ZB, a,BeZ” (columns). 
A simple computation gives 
A(w,@) =Im[w*(Im Z)-16] = 6'TA-B'Ta = (®@ =Ta4+ ZB). 


Now we see that 


is an A-character: 


E(w+0) — E(w) -— E(@) = 
1 
2 


a'TB 4 5a'T8 = Aw, a\+2Ta= 5 Alu, @) mod 1. 


Since two A-characters differ by a character of the usual kind, we obtain the 
most general A-character in the form 


E(w) = E(w) = 50'T8 t aba — BB, 
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where a and b are two arbitrary real columns. Since we are interested in E 
only mod 1, we have to consider the columns also only mod 1: 


“a,b € (R/Z)””. 


Now the automorphy summand can be written in the form 


5 Q (2,0) + Q (1,10) + E(w) = —2°8 “PZB ta’a—v'B (w=Ta+t ZB). 


Hence a theta function 0 € [Q,0, E] has the following transformation proper- 
ties: 


1) O(z+Ta) = e?tia'ag(z). 
2) O(z+ZB) =e 2mile'6+26'Z6+0' A) g(z). 


It is our task to solve this functional equation and to compute the dimension 
of [Q, 0, E]. 
For the sake of simplicity, we first treat the (typical) case 


n=landa=b=0. 


We write Z = (r) and T = (t). Both are 1 x 1 matrices. In this case the 
characteristic functional equation says 


1) A(z + t) = A(z); 
2) Oz+r) =e N24 oz), BEZ 


Here 6: C — C is an analytic function, ¢ a natural number, and 7 a point in 
the upper half-plane. Because of 1), the function 6 admits a Fourier expansion 


H(z) = S- Gere, 
The functional equation 2) gives a condition for the Fourier coefficients ag: 
a) Oz+T)= > A el2Ti/t)mr @(2mi/t)mz, 
b) e~ Ti2=+7] 9( 2) = by Ae 7i e2ti/t)(m—t7) 


= » aig errr ees, 


The uniqueness of the Fourier expansion shows that 


ier = Ame 2i/mr 
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The equation can easily be solved. 


The coefficients @m41+g, 8 € Z, are determined by a,,. So, we can prescribe 
do,---,@¢-1 arbitrarily and then compute the other coefficients from them. 
Slightly more abstractly this means that the linear map 


[Q, 0, E] _ Cc Ot> (do,---,@t-1); 


has kernel zero and hence is injective. In particular, 


dim[Q, 0, E] < t. 
We want to show that the dimension equals t. For this, we have to prove 
the convergence of the Fourier series for given ag,...,a:—, and the computed 
Gm: 


It is sufficient, for 
r€ {0,...,t—1}, 


to treat the case 


_ fi form=r, 
oe i form#r, me {0,...,t—1}. 


But then 


[eo e} 
2) = x Op pert)? with artes = CTBT g(2ni/t)r Br 
B=—oo 
and hence 


Co 


6(z) = e-tir(r/e)? > eti( ((B+r)/t)?r+2((B+r)/t)z)_ 


B=—0o 


This series is called a theta series. It is closely related to the Jacobi theta 
series, introduced in [FB], Sect. V.6, in connection with elliptic functions. The 
simple proof of convergence is the same as for the Jacobi theta series. Hence 
we obtain the surjectivity of the map 


[Q,0, 2) — c*. 


Actually, we have obtained an explicit basis of [Q,0, E]. We can rewrite it as 


Co 


> eMilr(B+r)?+2(B+r)z] re {2 1 pe e—1l } 
ee e€ 


B=—0o 


In the same way, we can construct a basis of [Q,0, E] for arbitrary n. We shall 
anticipate the result and immediately define the theta series occurring. We 
shall use the notation Z[h] := h' Zh. 
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8.1 Definition. Let Z be a symmetric n x n matrix with positive definite 
imaginary part and let a,b be two columns from R”. We define 


0 | (Z, z) = >. etl Z[gta]+2(g+a)!(z+b)} 


gEZ” 


We can reduce these series to the special case a = b = 0. This the Riemann 
theta function. 


Riemann theta function 


UZ, z):= enH{Zig]+29"2} 


gEZ” 


It generalizes the Jacobi theta function. A fundamental (but simple) result 
states the following. 


8.2 Proposition. The theta series defined in Definition 8.1 converges as 
a function of z (for fixed Z,a,b) absolutely and locally uniformly in C” and 
defines an analytic function there. 


Proof. We can assume b = 0. We have 


|em{Zlota]+2(9+a)'2}) — er{(ImZ)[ota]+2(9+a)"9} yy = Imz. 


Now we use a simple lemma about positive definite quadratic forms: 


For every positive definite real symmetric matrix Y, there exists a positive 
number 6 with the property 


Y[9] = 69'9 =5_ g} for gE R”. 


It is sufficient to prove this for g'g = 1. But this a compact set, and the 
continuous function g++ Y[g] has a minimum there. 


Now the general term of the theta series can be estimated by 


n 
oe M{8(gta)'(g+a)+2(g+a)!y} _ I] en MO gu tay)? +2(gu tan )yv} | 
v=1 
By Cauchy’s multiplication theorem, it is enough to show the convergence of 


CO 


S- eo S(gu tan)? +2(gu tary}, 


Jv=—co 
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In other words, we have reduced the claim to the case n = 1. We now omit the 
index v. Obviously, 


1 
d(g +a)’ + 2(g + aly > 559° 
for all g € Z up to finitely many exceptions, if y varies in a compact set. It 
remains to show that the series 


CoO 


S> eo" = 142 3 er 
g=1 


g=—o%0 


converges. This is clearly the case, since we can estimate the series with the 
geometric series because e~° < 1 (6 > 0). Now Proposition 8.2 has been proved. 
oO 


8.3 Lemma. Up to a constant factor, the theta series 0 [E] (Z,z) depends 
only on a,b modulo Z”. More precisely, we have 


a = 2ria*(b—b) a A _ 3s _ of n 
v5 € aH ifa—a,b—b €Z". 


The pair (a,b) is called the characteristic of the theta series. The proofs of this 
and the following lemma are trivial. 


8.4 Lemma. Let a,3¢Z". Then the transformation formulae 


v0 ls] (Z,z+a)= ermiavang IF] (Z, 2), 


8 [5] (Gxt 2B) = rrtetovcvazianse'etg | (z, 2) 


hold. 


These formulae tell us that the theta series are theta functions with respect to 
the lattice 
L(Z,E), E unit matrix. 


But we are interested in the sublattice L(Z,T). From Lemma 8.4, we immedi- 
ately obtain the following result. 


8.5 Lemma. Let r be a column such that Tr is integral (r € T-'Z"). Then 
the function 
|" + T-1a 
Hv 


ce 


is contained in [Q,0, E]. 
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We recall that the automorphy summand which belongs to (Q,0, £) is given 
by 


H(z) ==2'8 “0° tata—v'B (w=Ta+t+ ZB). 


If we change the vector r in Lemma 8.5 mod Z”, then the theta series changes 
only by a constant factor. Hence r should run through a system of representa- 
tives of (T~'Z")/Z”, for example 


01 é—4 
TE ’ peeey : 
ty ty ty 


This system consists of ty -...-t, elements. 


8.6 Theorem. [fr runs through a system of representatives (T~!Z")/Z”, 
the functions 

im 

zoo|"* "| (Z, z) 

b 
give a basis of [Q,0, E]. 
Corollary. The space [Q,1, E] has finite dimension and the dimension equals 
the Pfaffian of A. 


We shall see now that the proof of Theorem 8.6 is analogous to the case n = 1. 


Let 
0 € (Q,0, E]; 


in particular, 
O(z+Ta) = 2?" 29(z), 


It is useful to replace ¥(z) by the function 


Bo(z) = B(z) -e 27 T 


since this function is periodic under Z”: 
Vo(z+Ta)=Vo(z), aEZ”. 


As in the case n = 1 (a = 0), we can expand such a function into a complex 


Fourier series: 
nee 3 
Vo(z) = ) age *. 


geZ” 


We shall prove this in the appendix to this section. Now we make use of the 
transformation formula under z+> z+ ZG. As in the case n = 1, the formula 


z+ Z3) -_ 7 2mil2"B+ 36° Z8+8'B].9( 7) 
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gives a recursion for the coefficients ag. This recursion allows us to compute 
ag+Tg from ag. Hence ¥ is determined by finitely many a,j. The index g has 
to run through a system of representatives of Z"/(TZ"). This gives us the 
estimate 


dim[Q,0, E] < ti:...+tn. 


For the proof of Theorem 8.6, it remains to show that the theta series in Lemma 
8.5 are linearly independent or, equivalently, that the Fourier series 


+ tm T-1 
emia T ‘249 "* ‘| es z) 


are linearly independent if r runs through a system of representatives of 
(T-1Z") mod Z”. This follows from the following simple criterion. 


8.7 Remark. Let 


be a Fourier series which converges in C", and such the following conditions 
are satisfied: 


1) f{% £0 forv =1,...,N. 
2) IfgEZ", then al” can be different from zero only for one v. 


Then the functions f™,..., f) are linearly independent. 


Proof. Let 


N N 
x CL f(g) =0, and hence S- CLa) = 0: 
v=1 v=1 


For a given V9, we choose an index 
n (vo) 
gEZ", a’ #0. 


Then a? #0 for vy A vp, and hence C,,, = 0. Oo 


This completes the proof of the fundamental existence and finiteness theo- 
rem stated in Theorem 8.6. O 
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Exercises for Sect. VI.8 


1. Assume that for i = 1,2 there are given lattices L, and two associated triples 
Q,,1,,#,; with a nondegenerate Hermitian form. Define a “Cartesian product” 
Q,1,E on C” with n = n, + n,, and show also that L = L, x Ly admits a 
nondegenerate Hermitian form. Show that each theta function @ € [Q,1, E] can 
be written as a finite sum of functions of the form 0,0, with 0, € [Q;,1,, E;].*) 


09°40? 


2. Construct, in the case n = 1, a triple Q,l,E such that the space of solutions 
[Q, 1, E] is spanned by Jacobi’s theta function. 


3. The theta function J A (Z,a,b) can be considered as a function in all of the 
variables Z,a,b,z. Show that the theta series converges normally on A = H.,, x 
C"xC"xC", where H,, denotes the space of all symmetric matrices with positive 
definite imaginary part. 


Appendix to Sect 8. Complex Fourier Series 


Let the following be given: 
1) a domain V C R"; 


2) a lattice L C R” (not in C”); 
3) a periodic analytic function 
f:D-C, f(zt+a)= f(z) for allae L, 
where D denotes the domain 


D={zeC® z=2+iy, ye V}. 


Claim. The function f admits an expansion into an absolutely and locally 
uniformly convergent Fourier series of the kind 


The coefficients ag are uniquely determined. For arbitrary y © V, we have 
ay = f fla iy)e tet) ae, 
P 


where P is a fundamental parallelogram of the lattice L. 


*) The “correct” formula is [Q,1, E] = [Q,,1,, £,] © (Qo, ls, Eo]. 
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In the case n = 1, this is an easy consequence of the Laurent expansion. Since 
we have not developed Laurent expansions in several variables, however, we 


use a different approach. We reduce the complex case to the real case (which 
in fact is more fundamental). 


From Lemma 1.4, we obtain for fixed y an expansion 


f(@+iy) = S- by (yee, 


gEL° 


This can be written in the form 


f(a + iy) = Y) ag(ye?™is"* 


gEL° 


(ag(y) = e279", (y)). We have to show that the coefficient 


ag(y) = f fle bye 286 a 
P 


is independent of y. This can easily be reduced to the case n = 1, where the 
complex Fourier expansion is known. Another proof uses the Cauchy-Riemann 
differential equations: We have 


af =O, 


It is easy to show that the operator 0/02 can be applied termwise to the Fourier 
series. We obtain 


0 (ag(y)e2"™*) =0 


and then 


9. Graded Rings of Theta Series 


As usual, L Cc C” denotes a lattice here. Let H,, Hy be two Riemannian forms. 
Then H, + Hg is also a Riemannian form. It is nondegenerate of one of the 
two is so. 
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9.1 Lemma. Let H,H be two Riemannian forms, H nondegenerate. Then 
there exists a natural number r such that 


rH =H+ Ho, 


with a nondegenerate Riemannian form Ho. 


Proof. The imaginary part of Ho is integral on L x L for any choice of r. Hence 
we have to show only that rH — H is positive definite for sufficiently large r: 


rH(2,2) — H(z,z) > 0 for z € C* — {0}. 


It is sufficient to restrict ourselves to the compact set defined by ||z|| = 1. Now 
a simple compactness argument gives the proof. 


The sum of two automorphy summands is again an automorphy summand. 
The product of two corresponding theta functions is a theta function with 
respect to this sum. So we have the following. 


Assume that an automorphy summand is given by a triple (Q,/, #). Then 
the triple (rQ,rl,rE) (r € Z) is also an automorphy summand. We have 


f €[rQ,rl,rE], g € [sQ, sl, sE] = f-¢g€ [(r+5)Q,(r+s)l,(r4+s)E]. 
So, we are led to consider the set of all finite sums 


S- fr, fr €([rQ,rl,rE], f, =0 for almost all r. 


reZ 


We denote this set by 


A(Q,1, E) = S$ A,(Q,1, E), where A,(Q,1, £) := [rQ,rl, rE]. 


reZ 


We have seen that this is a ring. We have 
A,(Q,1, E) = 0 for r < 0 and Ag(Q,1, E) = C. 


9.2 Lemma. We have 
SG =0 (0, € [rQ,rl,rE], almost all = 0) 


if and only if 
0, =0 for all r. 
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Proof. Let z € C”. We have 


0= (2 +a) = Se) 9,(2). 
r=0 


Hence the polynomial 


Lr 3 vee" 
r=0 


has infinitely many roots. Hence its coefficients are zero. O 


By Lemma 9.2, the sum decomposition of A(Q,1, F) is direct. So, we can 


write 
[oe} 


A(Q,1, B) = B A-(Q,1, E). 
r=0 
Instead of proving Lemma 9.2, one could take this direct sum for the definition 
of A(Q,/, £). It should be clear how the ring structure and such an abstract 


direct sum have to be defined. Compare this with the final remarks in [FB], 
Sect. V1.3. 


9.3 Lemma. Let P be the Pfaffian of the alternating form which belongs to 
Q. Then 
dim A,(Q,1,£) =P.-r” forr>0. 


Proof. Let e1,...,€n be the elementary divisors of A. Then rt ,...,rt, are 
the elementary divisors of rA. The rest follows from Theorem 8.6. O 


We associate with the graded ring A = A(Q,1, E) a subfield of the field of 
abelian functions, namely 


K(A) = { : foe An eZ, 9 #0}. 


Clearly, K(A) is a field; for example, 


and 
G+ FG) yg 6 Aas for i,gEAs i.9 © Ap. 


9.4 Proposition. Let (Q,1, E) with a nondegenerate Riemannian form H be 
given. Then K(A(Q,1, E)) is the field of all abelian functions with respect to 
L. 
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Proof. As we know, every abelian function can be written in the form 

=, fg € (0,18, 

for a suitable triple (Q, 1, E). 


We choose the natural number r as in Lemma 9.1. Then we choose an 
arbitrary theta function 


hé[rQ-Q,rl-lrE-E|, h#F0. 


The existence of h is ensured, since rQ—Q leads to a nondegenerate Riemannian 
form. We have 
f _ fh 


a and fh, gh € [rQ,rl, rE]. o 
g g 


Exercises for Sect. V1.9 


1. The polynomial ring A = C[X,,...,X,,,] admits the grading 


ml 


A, :={P¢€A; P homogeneous of degree r}. 


Can there be an isomorphism from A(Q,1,A) onto A (for suitable m) which is 
compatible with this grading? 


2. Can there be an isomorphism from A(Q,1l,A) onto the graded ring of elliptic 
modular forms ({FB], Sect. V.3) which respects the gradings? 


10. A Nondegenerateness Theorem 


In principle, it could be possible that every abelian function for a lattice L is 
periodic with respect to a bigger lattice L, even if ZC admits a nondegenerate 
Riemannian form. Our next goal is to prove that such a pathological behavior 
is not possible at least for theta functions. We start with some notation. 


Let A be an alternating nondegenerate bilinear form on C” x C” which 
takes only integral values on L x L. We can define the dual lattice with respect 
to A (compare Remark 1.3): 


Dy :={z€C"; A(z,a) € Z for alla € L}. 


It is easy to show that L, is a lattice and that LC Ly. 
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10.1 Lemma. Let 
0€(Q,1,E], 840, 


be a theta function with a nondegenerate Riemannian form. Let a € C” be a 


vector such that 
O(z +a) 
A(z) 


is analytic on the whole of C”. Then a is contained in the lattice L,.. 


Proof. A simple calculation shows that the function 


2) = eo TH (2,0) O(z +a) 


satisfies the transformation formula 
Oo(z + b) = e?4(4,) 95(z) for b € L. 
It follows that |@9(z)| attains its maximum in C”. Hence it is constant. This 


implies that 
A(a,b) € Z. Oo 


This proof shows more, as follows. 


Let L be the set of all vectors a which occur in Lemma 10.1. We have 
LCLcL, 


Obviously, L is a lattice. The function @ which occurs in Lemma 10.1 is a theta 
function for L; more precisely, 


0 € [Q,1, E], 


where E is some extension of the A-character E to L. 


There are only finitely many extensions of an A-character on L to an A- 
character on L. 


This is clear, since the extensions are determined by their values on a system 
of representatives of L/L and this group is finite. 


In the next step, we show that (Q, i, E] are proper subspaces of [Q,l, E] if L 
is a proper sublattice of L. Because of the dimension formulae (Theorem 8.6), 
this means that: 


The Pfaffian P of A with respect to L is smaller than the Pfaffian P of A with 
respect to L. 


For the proof, we consider normal bases 


Ww, and a, (1 <v< 2n) 
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of A with respect to DL and i respectively. Since LD is contained in o we have 
Wy = UpyWr, 
V 


with a suitable matrix 


U = (Uy) 1<pv<an- 


A simple computation shows that 
C.F Px, 
(ro) =9(# 0) % 


P =|detU|- P. 


and hence 


The determinant of U is integral. It cannot be +1, since otherwise U ~! would 
be integral as well and we would have L = L. But we have excluded this 
possibility. Oo 


Now we obtain the following result. 


10.2 Lemma. We consider the automorphy summand defined by a triple 
(Q,1,E) with a nondegenerate Riemannian form H. If we take 0 © [Q,1, E] 
outside of the union of certain finitely many subspaces of smaller dimension, 
then the function 0(z + a)/0(z) is not analytic for anyae C", ag L. 


Note. Since a (real or complex) vector space can never be the union of finitely 
many subvector spaces of smaller dimension, there exists a 9 with the properties 
formulated in Lemma 10.2. 


10.3 Proposition (point separation theorem). Let L Cc C” be a lattice 
on which an automorphy summand is given through a triple (Q,1,E) with a 
nondegenerate Riemannian form H. 

1) Assume m > 2. Then, for each point a € C”, there exists 


6 € [mQ, ml, mE] with O(a) #0. 


2) Assume m > 3. Then, for each pair a,b € C” of points which are not 
equivalent mod L, there exists 


6 € [mQ, ml, mE] with O(a) = 0, 0(b) #0 (point separation). 
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The proof of this fundamental theorem rests on a very simple but fundamental 
observation: 


Let 0 be an element of [Q,1, E] and let 
Q1,---,Am € C” with ay +++: +a, = 0. 


Then 


II O(z +a) € [mMQ, ml, mE). 


i=l 


For the proof, we only have to observe that for “a, +--:+@m = 0” and any 
automorphy summand 


(a, z) -—s Qa(z) + Ca; 
it follows that 


m 


m[Qa(z) + Ca] = S“[Qa(z + a4) + Cal. 


i=1 
Proof of Theorem 10.8. 


1) We choose a theta function 
00 € lest, 2], 69 £0, 


and consider 


m—-1 


6(z) = 84(2+ 0)0o (2 2 -_ 


We know that this function is contained in [mQ, ml, mE]. Now we show that 
for a given z, there exists an a such that 0(z) #0. For this, we consider @ for 
fixed z as an abelian function in a. In this case, this function is zero, and we 
have 

a 


m—-1 
Oo(z + a) = 0 or (: ) =0 (for all a). 


m—1 
In both cases we would have 99 = 0, which contradicts our assumption. 


2) Using Lemma 10.2, we choose a theta function 


Oo(z + b— a) 


a € (Q, 1, E], 09(z) 


is not analytic in C”. 

In our first approach, we make a restrictive assumption. Later we will see how 
to get rid of it. 

Assumption. The function 09 is reduced. This means that the power series 


expansion of 09 at an arbitrary point of C” is square-free in the ring of power 
series. 
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Claim. Under this assumption, there exists a c with 
Oo(c) =9, A(c+b—a) £0. 


Proof. We choose c in such a way that 99(z + b — a)/09(z) is not analytic in 
any open neighborhood of c. The claim then follows from the theorem of the 
unique prime factor decomposition in C{z1 — ci,...,2n — Cn} and from the 
following remark. Oo 


Remark. Let P,Q be two prime elements in C{z1,...,2n}. Assume that 
P(z)=0 = Q(z)=0 
in a full neighborhood of z =0. Then 
P=UQ, 


with a unit U (U(0) € 0). 
This remark follows from Proposition V.4.10. 


Now we choose a further vector cy € C” and define co by the equation 

c—a+co4+(m-—2)cg = 0 

(observe that m > 2). The function 
O(z) := O0(z + ce — a)O0(z + c1)O0(z + c2)™? 
is then contained in [mQ,ml, mE]. We have 
O(a) =0 (because 69(c) = 0). 
We claim that with a suitable choice of c,, 
O(b) £0. 

If this were not the case, we would have 

8o(b + €1)09(b + c2)™ 2 =0 


(as a function of c,) and this would imply 6) = 0. 


Finally, we want to get rid of the assumption of reducedness. 
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10.4 Lemma. Each theta function 
9 € [Q,1,E], #0 (H nondegenerate) 


admits a decomposition - 
Io = 05°" + Bo 
as a product of two theta functions 


ont aio pred ee Ao Ive (Q, ie E] 


with the properties 


1) ore4 is reduced; 
2) Hd is nondegenerate; 
3) Go(z) =0 => OF4(z) =0. 


We assume that such a decomposition has been proved. We then find vectors 
Q1,--+,Am, 41 +++: +@m = 0 such that 


gred(z =I gred (z+ ay) 


has the desired properties 
eta) = 0, o°4(b) £0. 


Then 


m 


O(z) = II 60(z + av) 


v=1 


has the same properties, since because of 3) we have 


ered (z) = 0 6(z) = 0. 


Proof of the existence of the decomposition 09 = 03¢¢ - 4 (Lemma 10.4). 


As we know from Proposition V.5.2, the set of points at which the power series 
expansion of an analytic function is square-free is open. From this and the fact 
that for each Cousin distribution on C” there exists an analytic function which 
fits it, we obtain the following result (compare Exercise 4 in Sect.V.5): 


Every analytic function f :C” > C (f 40) admits a decomposition 
f=pe-f, 


where f°! and f are both analytic functions in C”, such that the power series 
expansion of f'®! at any point a is the square-free part of the power series 
expansion of f. So, we have 
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Using the prime decomposition and a compactness argument, we obtain the 
result that if U Cc C” is a bounded open set, then there exists a natural number 
N such that 


ua 


z 


is analytic in U. 


We apply this to the theta function 6: 
Oo = 67°49 . Bp. 


Since we can choose U in such a way that it contains a fundamental parallelo- 
gram U, we obtain 


(ore4 N 
- is analytic in the whole of C”. 


0 


We can multiply 63°¢ by a suitable function from O(C”)*. Hence we can assume 


that oy? is a theta function. Then 9p is also a theta function: 
(elon 2 |, G1 e: 
The corresponding Riemannian forms are 
Aa ae, 


We also know that 


NH*4 = H 


is a Riemannian form. From this we can deduce that H™* is nondegenerate. 
Assume that H*°4(zg, 29) = 0. Since NH*e¢ — H is semipositive, we obtain 
H(z, zo) = 0 and hence A (zo, 20) = 0. But, by assumption, H is nondegener- 
ate. This completes the proof of Proposition 10.3. O 
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Exercises for Sect. VI.10 
1. Show that the index of L in L, equals the Pfaffian. 


2. Show that the Weierstrass o-function and the Jacobi theta function ¥(7, z) ({FB], 
Sect. V.6) are reduced. 


11. The Field of Abelian Functions 


We now have the tools to prove that the field of abelian functions with respect 
to a lattice L C C” with a non-degenerated Riemannian form is an algebraic 
function field of transcendental degree n. The basic facts about algebraic func- 
tion fields have been collected together in the algebraic appendix (Chap. VIII) 
to this volume. Once more, we arrange what is needed from the theory so far. 


Let H be a nondegenerate Riemannian form and let (Q,1, F) be an associ- 
ated triple. We consider 
A,(Q,1, E) = [rQ,rl, rE] 


and 
[oe} 


A(Q,1, EB) = B A-(Q,1, E). 
r=0 
We then have: 
1) dim A,(Q,1, E) = Pr” (PSO), 
2) Each abelian function is the quotient of two elements from A,(Q,1,E) for 
a suitable r. 
3) Let a,b € C” be two points which are inequivalent with respect to L, and 
assume r > 3. There then exists 


6€A,(Q,1, E) with 0(a)=0, 6(b) £0. 
11.1 Definition. The analytic functions 
fis---;fm:U—+C, UCC" open, nonempty, 


are called analytically independent if there exists a point a € U at which the 
Jacobian 


has rank m. 


In particular, m <n. It is well known that any m x n matrix of rank m admits 
an extension to an n X n matrix whose determinant is not zero. This shows the 
following. 
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11.2 Remark. Assume that the Jacobi matrix J(f,a) of the analytic 
functions fi,...,fm has rank m. Then they can be extended to an n-tuple 
f := (fi,---, fn) of analytic functions such that the complex functional deter- 
minant of f is different from zero. 


(One can take linear functions for the fm4i,---, fn-) 


11.3 Remark. Analytically independent functions are algebraically indepen- 
dent. This means that there exists no nonzero polynomial P with 


PU fiss-<3- Fm) = 0. 
Because of Remark 11.3 we can assume m = n. The claim then follows from 
the theorem of invertible functions. oO 


11.4 Lemma. Let 
f:U—C™, UCC” open and nonempty, 


be an injective analytic map. Then the components of f contain an analytically 
independent subsystem consisting of n functions. 


Proof. Let d be the maximal number of analytically independent subsys- 
tems. We can assume that f1,..., fa are analytically independent. We extend 
fi,---,fq to an n-tuple 


p= (fis--+s fas Gat1,+++19n) 
of analytically independent functions (see Remark 11.3). We can assume that 
p:U—>V, VCC", 
is a biholomorphic map onto some open set V. Now we replace f by 
F:=fog!t:vV—>c™. 


Obviously, the statement of Lemma 11.4 does not change if f is replaced by F’. 
From the equation F = f o y™!, it follows that F oy = f, but 


Fi fiy-++5 Fas Gdt1y+++99n) = fe (l<v<m) 


and therefore 
F,(wi,.-.,Wn) = w, for l<v<d. 


(We denote the coordinates of V by wi,...,Wn-) 
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The complex functional matrix of F’ is of the form 


1 0 0 0 

0) i 0 0 
OF a41 OF a41 OF a41 OF a41 
Ow, Owa OwWa+1 Own 
OF nm OF mn OF m OF m 
Ow, ue Owa Owad41 .. Own 


By assumption, the rank of this matrix must not exceed d. This gives 


OF, 
#1 _Q fory >d. 
Ow, 
Since we can assume that V is connected, we obtain the result that F441 (and 
analogously Fi442,..., Fim) are independent of the variables wa41,...,Wn- Since 
F’, by assumption, is injective, such variables cannot exist. O 


The next proposition now follows from the point separation theorem (The- 
orem 10.3). 


11.5 Proposition. Let 00,...,0n be a basis of the vector space A,(Q,1, E) 
with r >3. We set 


D={[z]eC"/L; Oo(z) £0}. 


The map 


wy, (2) Ont) 
ee el Geaeon 


is injective. The abelian functions 


fy Ow 
ae 


contain a subsystem of n analytically (and, in particular, algebraically) inde- 
pendent functions. 


Proof. The injectivity follows from the point separation property. The analytic 
independence follows from Lemma 11.4 O 
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Algebraic Dependence 


11.6 Lemma. There exists a natural number M, which depends only on 
r €N and on the Pfaffian, such that the following holds: 
If 


61,...,0n € A-(Q, l, E) 


and 
6 € A;s(Q, 1, E) (s € N arbitrary), 


then the monomials 


OO5° OF", vstutuytii2t+::-n=Ms, 


are linearly dependent. 


Proof. The monomials are contained in the vector space A;s.7(Q,1, E), which 
has the dimension 
P(rsM)”. 


So we only have to take care that the number of monomials, and hence the 
number of solutions of 


vst+tutMytwyt+::-n=Ms, 
is greater than P(rsM)”". The number of solutions of 
Yo ty+i2+-:-n=s(M—v) (0<v<M) 
for fixed v equals the binomial coefficient 


@ ae 2 5 (M2) 


n 


Hence the number we are looking for is 


We know that 


is a polynomial of degree n+ 1 in M. We need the inequality 


s°Q(M) > P-r's"M”- nl. 
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It is clear that this inequality is valid for large enough M = M(r, P), since on 
the left-hand side we have a polynomial of higher degree than on the right-hand 


size. O 
In the following, we choose elements 69,...,6,, (by Proposition 11.5) from 
A,(Q,1, E) (for some r) such that the abelian functions 
0, On, 
f= 6d” = 00 


are algebraically independent. They generate a subfield C(fi,..., fn) of the 
field of all abelian functions. Now let f be a further abelian function. We first 
assume that it is of the special form 


_ 8 
= 


f 6 € A,.(Q,l, E). 


Because of Lemma 11.6, it satisfies an algebraic equation of degree < M over 
the field C(fi,..., fn). Now let f be arbitrary. It can be written in the form 


f= . 0,06€ A,(Q,1,E), tsuitable. 
We can assume that t is divisible by r, i.e. tf = rs, since we can write 
gr 
ee 
6a" Bl 
Now we have : 
0/06 
= 
0/05 


This shows that an arbitrary f can written as a quotient of two functions which 
satisfy algebraic equations of degree < M. But then f satisfies an algebraic 
equation of degree < M?. (This follows from Remark VIII.4.5.) 


We have shown that there exist n algebraically independent abelian func- 
tions fy,..., fn, and that each such abelian function satisfies an algebraic equa- 
tion of bounded degree over C(fi,..., fn). This says that the field of abelian 
functions is an algebraic function field of transcendental degree n (see Propo- 
sition VIII.4.7). 


11.7 Theorem. Let L Cc C” be a lattice which admits a nondegenerate 
Riemannian form. The field of all abelian functions is an algebraic function 
field of transcendental degree n. 


We know that algebraic function fields are finitely generated. (Actually, they 
can be generated by n + 1 elements.) This shows that there is an r € N such 
that the field of abelian functions is generated by 6,/@) (1 < v < N), where 
00,...,9n denotes a basis of A,(Q,1, £). This, in connection with Proposition 
9.4 shows the following. 
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11.8 Theorem (theta theorem). For a suitable r > 3, we have the 
following. Let 00,...,0n be a basis of A-(Q,1,E). The field of all abelian 
functions is generated by the quotients 


fox 
oo 


Actually, a better result holds: one can take every r > 3. A proof can be found 
in [Co]. 


Exercise for Sect. VI.11 


1. Let L, C C™ be two lattices with a nondegenerate Riemannian form. Show that 
the field of abelian functions for L, x L, is generated by the special function 
fi (2) fo(%), where the f, are abelian functions for L,. 


Hint. Use the result of Exercise 1 in Sect. VI8. 


12. Polarized Abelian Manifolds 


Similarly to the way in which the theory of elliptic functions leads to the theory 
of (elliptic) modular functions, the theory of abelian functions leads to the 
theory of modular functions of several variables. The link is achieved if we 
consider not only individual lattices but the set of all lattices LD Cc C”. Of 
course, certain lattices have to be identified. How this has to be done becomes 
clear if we recall the construction of the canonical basis of a lattice. In that 
case, we had to consider triples (Z, L, H), where L C Z is a lattice and H isa 
nondegenerate Riemannian form. We saw that each triple is equivalent to one 
of the form (C", L(Z,T), H(Z,T)). Here the elementary matrix T is unique, 
but not the matrix Z. 


Change of the Canonical Basis 


The dimension n and the n x n elementary-matrix T are fixed in the following. 


Recall that the lattice is generated by the columns of the matrix DL = 
L(Z,T). The associated Riemannian form is H(z, w) = 2* Im(Z)~!w. 


Now we consider a second matrix Z and seek an isomorphism 


Rei(C UZ TA) SC, FAP. 
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So, Ris an automorphism of C”, which we shall identify with the corresponding 
matrix. The conditions for R are: 


a) RL(Z,T) = L(Z,T); 
b) zt Im(Z)~1w = (Rz)*Im(Z)“1(Rw). 
Condition a) can be formulated as follows: 


There is a matrix M € GL(2n, Z) with the property 


(Z,T) = R(T, Z)M*. 


It is known from linear algebra that condition b) can be rewritten as 


oe OE ae, FO 7 
u(n o)™=(2 6): 


It is easy to verify that the set of all integral matrices with this property is a 
group. 


12.1 Definition. The paramodular group To(T) of level T consists of all 
integral M with the property 


m(p o)M=(> a) 


If T is the unit matrix or a multiple of it, then ['o9(T) coincides with the 
integral symplectic group Sp(n, Z), which has already appeared during our 
investigations of the period relations of compact Riemann surfaces (see Remark 
IV.10.6). There, we saw that the period lattice of such a surface always admits 
a nondegenerate Riemannian form whose associated elementary matrix is the 
unit matrix. 


Polarization 


A Riemannian form is called minimal if the first elementary divisor t, equals 
1. If A is an arbitrary Riemannian form, then i; a is a minimal Riemannian 
form. For our purposes, two Riemannin forms can be considered as equal if 
they differ by a factor. Hence we can restrict ourselves to minimal Riemannian 
forms. 


12.2 Definition. A polarized abelian manifold is an isomorphy class of 
triples (Z,L, H), where L is a lattice in the vector space Z and H is a minimal 
Riemannian form on L. 
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The corresponding elementary divisor matrix T’, tj = 1, is called the polariza- 
tion type of the polarized abelian manifold. 


With each point Z € Hy, we associate a polarized abelian manifold of 
a prescribed polarization type T (t; = 1), namely the isomorphy class of 
(C", L(Z,T), H(Z,T)). Hence the totality of all isomorphy classes is a set, 
which we denote by A(T). Two points Z, Z have the same image in A(T) if 
there are matrices R € GL(n,C) and M €T0(T) such that 


(2.7) SRO 2M". 
If we decompose M into four n x n blocks 
A B 
w= (2 8). 
then this equations reads as 


Z=REZA 47", 
T=R(ZC' +TD"). 


Hence the matrix R is determined: 
R=T(ZC'+TD')"*. 
This leads to the following definition. 


12.3 Definition. Two points Z,Z € Hy are called equivalent mod To(T) if 
there exists a matrit M €1To(T) with the following two properties: 


1) The matric ZC'+TD* is invertible. 
2) We have 7 
PO 2 a(2C BID) (2A Te"): 


It is clear that this defines an equivalence relation. We denote the set of 
equivalence classes by 


H/To(T). 


In the next chapter, we shall show that this equivalence relation comes from a 
group action. In fact, we shall see that condition 1) is automatically true for 
Z € H, and M € 1 (T), and that the matrix Z, which can now be defined 
by the equation 2), is automatically contained in H,,. We should mention that 
we have already dealt with this problem in connection with period relations 
(compare Proposition IV.10.9). 


In this section, we are satisfied to rewrite these relations in a standard form. 
If we use the fact that Z is symmetric, then we can rewrite 2) of Definition 
12.3 in the form 
Z =(AZ+ BT)(CZ+ DT)". 
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If we introduce 
A B\_[{ A BT \_(E 0 A B\(E 0 
C Dp NIAC LO Dr) 0 EPS DPD Py 


we can rewrite the equation in the standard form 


Za(AZ+ ByCZ ep). 


The matrix 


is symplectic, i.e. 
a eee a 
We recall that E denotes the unit matrix. The map 
A B A B 
(< ny (4 b) 
is an injective homomorphism 


To(T) — Sp(n, Q), 


where Sp(n, Q) is the rational symplectic group. We denote the image of this 
homomorphism by I'(T) and call this group the embedded paramodular group 
of level T. The advantage is that all paramodular groups now occur as a 
subgroup of one group Sp(n,Q) and that the formula 2) of Definition 12.3 


takes the unified form 


Za (AZ + BYCZ+ D)—. 


We shall continue with this form in the next chapter. 
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Exercises forVI.12 


1. Let t be a natural number. Show that 
ery = 0). PEh=i,1T IM, 


with a rational symplectic matrix M,,. Describe this matrix explicitly. 


2. In the next chapter, we shall study the principal congruence subgroup 
Sp(n, Z)[q] = Kernel(Sp(n, Z) — Sp(n, Z/gZ)). 


Show that 
I(T) D Sp(n, Z) [det T]. 
3. Two subgroups of a group are called commensurable if their intersection has a 
finite index in both of them. Show that every two I(T’) in Sp(n, Q) are commen- 
surable. 


13. The Limits of Classical Complex Analysis 


Complex tori C"/L are examples of n-dimensional analytic manifolds. The notion of 
an analytic manifold is an obvious generalization of the notion of a Riemann surface 
for several variables. 


Analytic Manifolds 


A (complex) n-dimensional chart on a topological space X is a topological 
map y : U — V of an open subset U C X onto an open subset V Cc C”. 
Two n-dimensional charts y,w are said to be analytically compatible if the 
chart transformation 7y~! is biholomorphic in the sense of complex analysis 
in several variables. An n-dimensional analytic atlas A is a set of n-dimensional 
analytic charts whose domains of definition cover X, such that any two charts 
from A are analytically compatible. Two analytic atlases are said to be equiv- 
alent if their union is an analytic atlas. A (complex) analytic manifold (X, [A]) 
of dimension n is a pair consisting of a Hausdorff space X and a full equiva- 
lence class of analytic atlases. So, any analytic atlas A defines a structure in 
the form of an analytic manifold on X. We shall usually write simply (X, A) 
instead of (X, [.A]). If it is clear which analytic structure is being considered at 
any particular moment, we shall simply write X. Riemann surfaces are nothing 
but one-dimensional analytic manifolds. 


Some of the basic notions of the one-dimensional case carry over literally to 
the case of an arbitrary dimension. We briefly mention them here. 
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1) 


ra 
Na 


Any open subset U Cc C” carries a natural structure in the form of an 
analytic manifold by means of the tautological atlas. This consists of only 
one chart, namely the identity id: U — U. 


In analogy to the case n = 1, we can introduce the notion of an analytic 
(= holomorphic) map f : X — Y of an n-dimensional analytic manifold 
X = (X,A) into an m-dimensional analytic manifold Y = (Y,6). The 
composition of analytic maps X — Y, Y — Z is analytic. In the spacial 
case Y = C (equipped with the tautological structure), analytic maps are 
called analytic functions. 


A map f :U — V between open sets U Cc C”, V Cc C™ is an analytic map 
of analytic manifolds iff it is analytic in the sense of Chap. V, which means 
that its components locally admit power series expansions. 


A map f : X — Y between analytic manifolds is called biholomorphic if it 
is bijective and if both f and f~! are holomorphic. 


Every analytic atlas A is contained in a unique maximal analytic atlas Amax. 
This is the union of all atlases which are equivalent to A. The elements of 
Amax are called analytic charts. 


If U c X is an open subset of an analytic manifold (X,A), we can define 
a restricted atlas A|U. In this way, U is equipped with the structure of 
an analytic manifold. We call U (equipped with this structure) an open 
analytic submanifold. The elements of the maximal atlas Ama, are nothing 
but biholomorphic maps from open sub-manifolds U C X onto open sets 
Vet. 


. Finally, the Cartesian product X x Y of two analytic manifolds (X,A) and 


(Y, B) can be provided with a structure in the form of an analytic manifold. 
For two charts y € A, wv € B, we can define the product chart 

pxw:Uy x Uy — Vz x Vu, 
The set 

AxB={yxy; pEeApeB} 


is an analytic atlas on X x Y. If X is an n-dimensional and Y an m- 
dimensional analytic manifold, then X x Y is an analytic manifold of di- 
mension n +m. 


More generally, we can define the Cartesian product X, x --- x X, of n 
analytic manifolds. The projections 


py i Xp Xe Xp_p — X, (v= l,...,n) 
are analytic. More generally, a map 


ff: X Xx kK Xn 
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of a further analytic manifold X into X, x --- x X, is analytic iff the 
compositions with the n projections are analytic. 


An example of an analytic manifold is the complex torus X, = C"/L, which 
can be associated with a lattice L C C”. It carries a natural structure in the 
form of an n-dimensional analytic manifold, such that the natural projection 


Cc” + C"/L 
is locally biholomorphic (and, in particular, analytic). 


Meromorphic Functions 


Let U be an open and dense subset of an analytic manifold X. An analytic 
function f : U — C is called meromorphic on X if each point a € X admits an 
open connected neighborhood U(a) Cc X and analytic functions 


g:U(a) —C, h:U(a) —C 


with the following properties: 
a) h does not vanish identically. 
b) For all x € U(a) NU such that h(x) 4 0, we have 


Two pairs (U, f), (V,g) are said to be equivalent if f[UNV = gl[UNV. It is 
of course sufficient to demand the equality of f and g on an open and dense 
subset of UM V. A meromorphic function is a full equivalence class [U, f] of 
such pairs. If (U,f) is a representative, we call U a domain of holomorphy 
of the meromorphic function. The union of all domains of holomorphy is also 
a domain of holomorphy. We call it the domain of holomorphy. We shall 
frequently write f instead of [U, f] and we denote the domain of holomorphy 
by D f: 

The set M(X) of all meromorphic functions is, in an obvious manner, a 
ring, furthermore, a field if X is connected. Any analytic function f on X 
can be considered as a meromorphic function ([X, f]). In this sense, we have 


O(X) C M(X). 


Caution. Let f : X — C be an analytic map of the analytic manifold X into 
the Riemann sphere. We assume that the fiber over oo is thin in X. Then f can be 
considered in an obvious way as a meromorphic function on X. But, in contrast to 
the case n = 1, not every meromorphic function needs to be of this form. A typical 
example is the meromorphic function on C x C 


f (4,22) = “, De = {z;  Z # Of. 


2 
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It makes sense to define 
f(%, 2) = 00 for z, =0 and z, £0, 
and we obtain in this way an analytic map 
C x C — origin — C. 


But this map cannot be extended to the origin as a continuous function. The reason 
is that at the origin the pole set (z, = 0) and the zero set (z, = 0) intersect. By 
the way, for each w € C we can find a sequence Zn € C? — {0} with the property 
f(Z,) — w. So, if we wanted to associate function values with the origin, every point 
of © would have the same right to be a value of f. Then f would be multivalued. 
Sometimes the notion “meromorphic” is understood in this way as “multishaped”*). 


Of course, we shall insist on the rule that maps have to be single-valued. Hence 
there is no way for us to consider meromorphic functions as maps on the whole of X. 
(Complex analysis of several variables has another way to get around this problem. 
One constructs a “blow-up” X — X such that the meromorphic function f can be 
interpreted as an analytic map f : X — C. We shall not need this here.) 


In the following, we shall deal with some properties of compact analytic 
manifolds. These are closely related to the following two propositions, which 
we shall not prove here in full generality. But we shall obtain partial results in 
this direction which will be enough for our purposes. 


13.1 Proposition. Let X be a connected compact analytic manifold of 
dimension n > 0. The field M(X) of meromorphic functions is an algebraic 
function field of transcendental degree <n. 


The first complete proof seems to have been given by Remmert in 1956. Rem- 
mert mentions that this theorem had already been announced in 1953 by 
W.L. Chow without proof. There are important special cases due to Thimm 
(1954) and Siegel (1955). Interesting historical comments can be found in 
Siegel’s paper “Meromorphe Funktionen auf kompakten analytischen Mannig- 
faltigkeiten” ([Si2], No 64). 


Up to now, we have proved Proposition 13.1 for Riemann surfaces and 
complex tori. It is our goal to prove it also for the n-fold Cartesian product 
X” of a compact Riemann surface and, as a consequence, also for the symmetric 
power X("), This will imply an important consequence for the Jacobi inversion 
theorem. 


*) But this is not correct historically. The notion of a “meromorphic function” has 
its origin in the complex analysis of one variable. 
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Removability Theorems 


We need a higher-dimensional version of the Riemann removability theorem. 


13.2 Lemma. Let U C C” an open subset and g : U = C an analytic 
function with thin zero set S = {z € U; g(z) = 0}. Any bounded analytic 
function f:U—S —C extends to an analytic function on the whole of U. 


Proof. The function fg can be extended (by zero) to a continuous function on 
U. Moreover, the function fg? admits partial complex derivatives and hence 
is analytic. So, f is at least meromorphic on U. We assume that there exists 
a point a € S such that f cannot be extended as an analytic function to 
some open neighborhood U(a) C U. We can assume that in U(a), f can be 
written as the quotient of two analytic functions whose power series expansions 
for all points of U(a) are coprime. The zero set of the denominator cannot be 
contained in the zero set of the numerator. (Here we have to use the preparation 
theorem!) But then the function f cannot be bounded. O 


It us useful to reformulate the removability theorem in the following modi- 
fied form. 


13.3 Definition. A closed subset S Cc X of an analytic manifold X is called 
analytically thin if, for any point a € X, there exist an open, connected 
neighborhood U(a) C X and an analytic function ha : U(a) > C, ha £0, with 


SOU(a) C {x €U(a); ha(x) = O}. 


If X is a Riemann surface, then the discrete subsets of X are analytically thin. 
The removability theorem can be reformulated as follows. 


13.4 Proposition. Let S Cc X be a closed analytically thin subset of an 
analytic manifold X and let f: X —S — C be an analytic function. Assume 
that for every point a € S there exists a neighborhood U(a) such that f is 
bounded on U(a)N (X —S). Then f extends to an analytic function on X. 


Corollary. If X is connected, then X — S is connected as well. 


Every locally constant function on X — S extends to an analytic function on 
the whole of X and hence is constant. O 


The condition “analytically thin” can be weakened under additional as- 
sumptions for f, as follows. 
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13.5 Definition. A closed subset S of an analytic manifold X is called 
nowhere decomposing if it has no inner points and if, for each open, con- 
nected subset U C X, the complement 


U-S:={xeU; «¢ S} 


is connected. 


Because of the corollary to Proposition 13.4, analytically thin subsets are 
nowhere decomposing. The union of two nowhere decomposing sets is nowhere 
decomposing. If X9 C X is an open submanifold, then SM Xo C Xo is nowhere 
decomposing if S C X is so. 


13.6 Proposition. Let X be a connected analytic manifold and let S C X be 
a (closed) nowhere decomposing subset. Let f be a meromorphic function on 
X —S which is algebraic over the field of meromorphic functions M(X) on X. 
Then f is meromorphic on the whole of X. 


Proof. The meromorphic function f is holomorphic outside an analytically thin 
subset. We can add this subset to S and hence assume that f is holomorphic 
on X — S$. By assumption, there exist meromorphic functions Yo,..., Qn on X 
such that 


Din f? ae* Oy, Yn #0. 


We can assume that the polynomial P = y,t" + ---+ yo from M(X)[t] is 
irreducible. For the proof, we can replace X by a small open connected neigh- 
borhood of a given point. Hence we can assume that the functions y, are 
quotients of functions which are holomorphic on the whole of X. Since we 
can multiply them by a common denominator, we can assume that they are 
all holomorphic. By multiplying the algebraic equation by y"~1', we obtain an 
algebraic equation for y,f with a highest coefficient of one. Hence we can as- 
sume y, = 1. Now we shall show that f extends to a holomorphic function on 
X. We can assume that the y, are bounded on X, since this is true in a small 
neighborhood of a given point. Now we obtain the result that f is bounded 
on X — S. In the case where S is analytically thin, the proof now follows from 
the Riemann removability theorem. The general case needs the following extra 
consideration. 


It is enough to show that there exists an closed analytically thin subset 
A c X such that f extends holomorphically to X — A, because then the 
Riemann removability theorem ensures holomorphic extendability to X. We 
apply this to the set A of all x € X such that the discriminant of the polynomial 
P, = %p(a)t” + +--+ yo(x) vanishes. Since our polynomial P is irreducible 
over the field M(X), its discriminant is a nonzero element of this field. It 
follows from the explicit formula for the discriminant that the discriminant 
of the specialized polynomial P, depends holomorphically on x. Hence A is 
analytically thin. So, we can assume that the discriminant of P, is different 
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from zero for all x. We now choose some point a. The equation P,(w) = 
0 has n solutions b),...,6,. The derivative of P, does not vanish at these 
points, since the discriminant is different from 0. From the theorem of implicit 
functions (Remark V.3.4), we obtain the result that there exist a small open 
neighborhood U(a) and holomorphic functions w, on U(a) with the properties 
w (a) = by and P,(w,(x)) = 0 and such that the w, have disjoint images. 
Since we may replace X by U(a), we can assume that there exist holomorphic 
functions w, on the whole of X such that P,(w,(x)) = 0 and all zeros of Py 
are exhausted by the w,(«). 


Since f(x) is a zero of P, for x € X — S, we obtain 
(wi(xz) — f(x)--+(Wn(x) — f(x)) =0 for re x-S. 


Since X — S is connected (!), we obtain w,(a) = f(x) for some v. This shows 
that f(x) can be extended to the whole of X. O 


Galois Coverings 


An important consequence of the removability theorem states the following. 


13.7 Lemma. Let f: X — Y be a surjective proper analytic map between 
analytic manifolds. Assume that there exists a closed analytically thin subset 
Sc Y such that T = f~1(S) is analytically thin in X. Assume that the 
restriction of f 

X=T—37Y=-8, T=7-16), 


is locally biholomorphic. Let g : Y — S — C be an analytic function whose 
pullback go f extends analytically to X. Then g extends analytically to Y. 


Proof. The assumption of local biholomorphy implies that g is analytic on 
Y — S. For s € S, we choose an open neighborhood V(s) whose closure is 
compact. Since f is proper, the inverse image of V(s) is compact. Hence the 
analytic continuation of go f is bounded on the inverse image. Hence g is 
bounded on V(s) — S and we can apply the Riemann removability theorem. 


Oo 


We need a variant of Lemma 13.7 which includes meromorphic functions. 
Under the assumptions of Lemma 13.7, we have the following. 


If V C Y —S is an open and dense subset, then U = f~1(V) is (open and) 
dense in X —T’. This follows from the fact that X — 7’ — Y — S'is proper and 
open. As a consequence, the inverse image of an open and dense subset of Y 
is open and dense in X. Let g be a meromorphic function on Y. We can then 
define the composition go f as a meromorphic function on X. In this way, we 
obtain an embedding (= injective homomorphism) of the fields of meromorphic 
functions, 


M(Y) —> M(X). 


We are interested in the image. A very simple answer can be given if f : X — Y 
is Galois in the following sense. 
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13.8 Definition. A surjective proper analytic map 
f: xX —Y 


of connected analytic manifolds is called a ramified Galois covering if there 
exists a finite group G of biholomorphic automorphisms of X such that two 
points x, y from X have the same image under f iff there exists a y © G with 
the property y = (x). Then the map f factorizes over a bijective map 


Se. 


We make two further assumptions (which in reality are always fulfilled; in our 

applications, their validity is immediately visible, so there is no need to prove 

them): 

1) The map is topological if X/G is equipped with the quotient topology or, 
equivalently, the map f is open. 


2) There exists a closed analytically thin subset S C Y such that the restriction 
keT SX =8. THe f'S), 


is locally biholomorphic. 


The map X —T’ — X —S'is proper and locally topological and hence a covering 
in sense of topological covering theory (Lemma I.3.13 and Definition 1.3.14). It 
is Galois with deck transformation group G (see Definition III.5.15). We call 
G also simply the deck transformation group of X — Y. 


As we have mentioned already, there is a natural embedding M(Y) — 
M(X). For the sake of simplicity, we identify M(Y) with its image in M(X). 


13.9 Proposition. Let f : X — Y be a ramified Galois covering with a 
corresponding deck transformation group G. The image of M(Y) in M(X) 
consists precisely of the G-invariant function from M(X): 


M(Y) = M(X)° | (fired field). 


Proof. We know already from Lemma 13.7 that the analogous theorem is 
true for analytic instead of meromorphic maps. Let g € M(X)° be a G- 
invariant meromorphic function and let U C X be an open and dense domain 
of holomorphy of g. The set V = f(U) is open and dense in Y. There exists 
a holomorphic function h : V > C with h(x) = g(f(x)) for 2 € U. We have 
to show that h is meromorphic on the whole of Y. Let b € Y be an arbitrary 
point and let a € X be a preimage of b. We want to prove the meromorphy 
of h in a neighborhood of b. In a small open neighborhood U(a) of a, we can 
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write g as a quotient of analytic functions g = g;/g2. We can assume that U(a) 
is G-invariant. We then have 


9193 . 
=——, with gs(x)= []  g2(y2). 
9293 wee Aid 


The denominator in this representation is G-invariant. Since f is G-invariant, 
the numerator must also be G-invariant. Now the denominator and numerator 
define analytic functions on the image V(a) = f(U(a)). Oo 


In the following, we shall make use of some simple facts of algebra, namely 
some rudiments of Galois theory. For simplicity, we assume that all of the fields 
considered have a characteristic of zero. 


1) Let G be a finite group of automorphisms of a field L; then LF is a finite 
algebraic extension of the fixed field 


K=L°={2eL; g(x) == for all g € Gh. 


We have 
#G=(|L:K] (=dimx L). 


2) An extension of fields K C L is said to be Galois if there exists a finite 
group G of automorphisms of L such that K = L® is the fixed field. 


If K C Lis a finite field extension, then there exists an extension L C L such 
that L|LZ and L|K are Galois. 


The next statement follows from this and the closed relation between com- 
pact Riemann surfaces and function fields. 


13.10 Remark. Let X be a connected compact Riemann surface and let 
f : X — C a nonconstant meromorphic function. There exist a connected 
compact Riemann surface X and an analytic map g:X — X such that 


giX =X, gofrX=C 


are ramified Galois coverings. 


Supplement. The maps f and g induce maps 


XxX” — X” —+C”. 
Here _ " 7 
ie? a ao lia ee, ia oe 
are ramified Galois coverings. 


Now we are in a position to prove Proposition 13.1 for the Cartesian powers of 
Riemann surfaces. 
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13.11 Theorem. The field of meromorphic functions M(X") on the n- 
fold Cartesian power of a connected, compact Riemann surface is an algebraic 
function field of transcendental degree n. 


Proof. Let C C K C L be field extensions, L|K finite (algebraic). If A is an 
algebraic function field of transcendental degree n, then this is the case for L 
for trivial reasons. But the converse is also true. Let fi,..., fm (m <n) bea 
maximal system of algebraically independent elements of kK. Then K and hence 
also L are algebraic over C(f1,..., f,). Since L is an algebraic function field of 
transcendental degree n, we obtain m = n and the extension L|C(fi,..., fn), 
and hence K|C(fi,..., fn) is finite. 


We obtain the result that Theorem 13.11 holds for a compact Riemann 
surface if and only if it holds for the Riemann sphere. Hence it holds if it is 
true for some compact Riemann surface. But we know that the proposition 
is true for powers of tori C/L, since powers of tori are tori themselves. And 
we know from the theory of abelian functions that the field of meromorphic 
functions on a complex torus is an algebraic function field. O 


The Symmetric Power 


Let X be a set and let X” = X x--- x X be the n-fold Cartesian power. 
The symmetric group S,, acts on X" by permutation of the components. The 
quotient is the nth power, 

MO ee OTs 


If X is a topological space, we equip X” with the product topology and X‘”) 
with the quotient topology. Now let X = C be the complex plane. The n 
elementary symmetric functions £1,...,/, define a map 


E:C™—+C", E(z)=(Ei(2),...,En(2)). 


This map factors through the nth symmetric power. For the sake of simplicity, 
we denote this map also by E: 


eC — 4 C*. 


We can consider the statement that this map is topological (Proposition 
IV.12.4) as the main theorem of elementary symmetric functions. Hence we 
can equip C™) with a structure in the form of an analytic manifold such that 
this map is biholomorphic. 


We want to extend this construction to Riemann surfaces X. We have to 
study the natural projection X" —> X\. We study it locally, i.e. in a small 
open neighborhood U of a point a € X”. For this, we have to study the 
stabilizer 

G:={ge€ Sn; g(a) =a}. 
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When the components of a are pairwise distinct, then G is trivial. In this case, 
X” — X™ maps a small open neighborhood of a onto an open neighborhood 
of the image point in X(”). This map can be used to construct a chart. 


Next we consider the extreme case in which all components of a are equal. 
In this case G = S,,. We can construct a small open neighborhood U Cc X” of 
a which is G-invariant and such that U/G — X (.) defines a topological map 
onto some open subset of X‘"), Since U can be identified with a subset of C” 
and hence U/G with an open subset of C'”), we can use this to construct a 
chart. 


In the general case, the group G is isomorphic to a Cartesian product of 
groups Sq. We restrict our considerations to a typical case. Let n = 3 and 
a1 = dg, a3 # a;. Then G is isomorphic to Sp, where Sy permutes the first two 
coordinates. Again it is easy to construct an open neighborhood U of a which 
is invariant under G and such that the natural map 


vie x™ 


defines a topological map onto an open neighborhood of the image of a. We 
can choose U in the form U = U, x U2 x U3 with U,; = U2. Here U; C C is an 
open neighborhood of a;. We have a natural identification 


U/G = (U1 x U2)/S2 x U3 (U, = U2). 


We already know that U?/S_ carries a structure in the form of an analytic 
manifold. Hence U/G is an analytic manifold. The arguments indicated above 
easily lead to a proof of the following statement. 


13.12 Remark. Let X be a Riemann surface. Then the symmetric power 
X() admits a structure in the form of an analytic manifold such that the natu- 
ral projection X" — X is a ramified Galois covering X" — X\) whose deck 
transformation group is isomorphic to S,. The field of meromorphic functions 
on X\ is an algebraic function field of transcendental degree n. 


We now return to the Jacobi inversion theorem. Recall that we have associated 
a compact Riemann surface with a complex torus 


Jac(X) = C”/L, 


together with a map 
XK) —» C/T, 


It is clear from our construction that this map is analytic. We have seen that 
this map is “nearly bijective”: 
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1) The fibers of this map are connected. 


2) Let U c X™) be the subset of all points such the map is locally biholo- 
morphic in a small open neighborhood. The set U is open and dense. The 
same is true for the image V C Jac(X), and the induced map U — V is 
biholomorphic. (To be honest, we should note that the inversion theorem 
(Theorem IV.12.2) has only been formulated in such a way that one can find 
an open, dense subset U such that U — V is locally topological. But the 
explicit U which we constructed in the proof of Theorem IV.12.2 obviously 
has the property that U — V is biholomorphic. As a consequence, the set 
U which we have defined here is open and dense, and it follows from 1) that 
for this set, U — V is biholomorphic.) 

If we set T = X(") —U and S = Jac(X)—V then T is the full inverse image 
of S. (Let a,b be two different points which are mapped to the same image 
point in S. Then, because of 1), the map cannot be locally biholomorphic 
close to a or b. Hence both points are contained in T.) 


wo 
ee 


The set T’ can be described locally as the zero set of a Jacobian determinant. 
Hence T is analytically thin and hence nowhere decomposing. We can show 
that its image S is nowhere decomposing. For this, we consider some open and 
connected subset W Cc Jac(X). We denote its inverse image by W. The map 
W — Wis proper and has connected fibers. It is easy to deduce from this that 
W is connected. We obtain the result that W—T is connected. Hence the 
image W — S is connected as well. 


Now we consider the inclusion M(Jac(X)) — M(X()). Both fields are 
algebraic function fields of transcendental degree n. Hence the field extension 
is algebraic. Let g € M(X oe We can consider g as a meromorphic function on 
Jac(X)—S. From Proposition 13.6, we obtain that g is meromorphic on Jac(X). 
Hence the two function fields agree. In this way, we obtain the following finer 
version of the Jacobi inversion theorem (compare Theorem IV.12.2): 


13.13 Theorem. Let U CX be the set of all points such that the Jacobi 
map 
BG eer Wiig sha le 8 


is locally biholomorphic close to them. This set is open and dense. The Jacobi 
map maps U biholomorphically onto an open and dense subset of Jac(X). It 
induces a bijection between the abelian functions with respect to L and the 
meromorphic functions on X™, 


In this sense, one can call the Jacobi map a bimeromorphic map. 


As an application of the theory of elliptic functions, we have seen that the 
inverse function of an elliptic integral of the first kind is an elliptic function. 


The solution of the Jacobi inversion problem yields a fantastic generaliza- 
tion for algebraic integrals. We shall formulate a special case of this inversion 
theorem and show how concrete these questions are. 
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We consider the example of the hyperelliptic integral of genus two which be- 
longs to the algebraic function V1 + 2° (see Remark IV.7.7). Following Jacobi, 
we consider the integrals 


,. é | 7 at 
Y1 = y1(21, £2) Viz T Via 
“A = 
7 7 tdt tdt 
ia J Vis J Vise 


and then — since both integrals are invariant when 21,272 are permuted — take 
the symmetric expressions (elementary symmetric functions) 


+29 and 71-29. 
The Jacobi inversion problem asks for the inversion of 


(a, + £2, 01L2) +> (yi, y2)- 


Of course, we cannot expect that this map will be invertible globally. In an 
initial step, we can consider local inversions and then study their analytic 
continuation. 


The following answer follows from Theorem 13.13. 


13.14 Theorem. There exists a lattice L C C? and a pair of abelian functions 
f,g with respect to L, such that the two following conditions are satisfied: 


1) There exists an open and dense subset U C R? which is contained in a 
common domain of holomorphy of f and g; 


2) 


F(yi, ye) = £1 4+ £2, 
g(41, Y2) = X42. 


In this sense, Abel’s discovery that the inversion of elliptic integrals of the 
first kind leads to doubly periodic meromorphic functions has found a fantastic 
generalization to hyperelliptic integrals. The triumph of the theory compact 
Riemann surfaces was that it allowed to discover the true nature of the result 
and to provide a proof of it. 
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Short Historical Note on the Jacobi Inversion Problem 


Abel pointed out in 1825 that the inverse function of a hyperelliptic integral 
of genus two should have four independent periods. As Jacobi observed, more 
than two periods are not possible for single-valued meromorphic functions. 
This argument is no longer valid if the two hyperelliptic integrals are combined 
into a function of two independent variables. The formulation of the inversion 
problem that we gave just before Theorem 13.13 is roughly the same as that 
which Jacobi originally gave in 1834. This was a long time before the theory 
of Riemann surfaces was created. The inversion problem had a tremendous 
influence. Important mathematicians of that time worked on the solution of 
this problem, among them Riemann and Weierstrass. The latter called it a 
piece of good fortune that he could find, at the beginning of his scientific 
career, such a basic problem as the Jacobi inversion problem. The theory of 
Riemann surfaces was the basis for the general solution of this problem. But 
many famous mathematicians participated in the work of this problem and its 
partial solutions; we cannot mention them all here. 


The inversion theorem also had another aspect in the second half of the 
nineteenth century. We have formulated it — as is nowadays usual — simply as 
a statement that the inversion of algebraic integrals leads to abelian functions. 
But, originally the question of an explicit inversion by means of theta functions 
was the central concern. The classical solutions of the inversion problem imply 
more than merely an existence theorem of the kind that we have formulated. 
The corresponding theta functions had already been introduced, in analogy to 
the Jacobi functions, before the theory of Riemann surfaces was developed. 
They lead to an explicit solution of the inversion problem in the hyperelliptic 
case w? = P(z), where P has degree 5 or 6 (p = 2). The solution was found 
independently by A. Gépel in 1847 and J.G. Rosenhain in 1851. (Rosenhain’s 
solution had already been submitted in 1846 because of a prize from the Paris 
Academy, and had even been mentioned in a letter to Jacobi in 1844). 


The breakthrough for the most general case came with the theory of Rie- 
mann surfaces. In his fundamental paper of 1857, Riemann constructed the 
theta function for several variables directly from the Riemann surface of an 
algebraic function by means of the canonical dissection of the surface and the 
resulting period relations. This theta function is now called the Riemann theta 
function. Through a study of the theta function, Riemann was led to a solu- 
tion of the inversion problem under certain restrictions. Since Riemann’s paper 
contained only vague suggestions, it was necessary to work out the theory in 
special cases also. The case p = 2 was treated in 1862 by F.E. Prym. 


The original proofs of the inversion theorem contain more than a mere 
existence result. The inverse function was constructed explicitly by means of 
theta functions. 


The function-theoretic elaboration of the theory, which then also led to 
proofs of the inversion theorem without theta functions, was provided by 
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Clebsch and Gordan in 1866 in their work about abelian functions and by 
Weierstrass in his lectures on the theory of the Abel’schen Transzendenten. 


Exercises for Sect. VI.13 


1. Using the result of Exercise 2 in Sect. 11 and the theory of elliptic functions in 
[FB], Chap. V, show that the field of meromorphic functions on the nth power of 
a one-dimensional torus (C/L)” is a finite extension of the rational function field 


This extension has degree 2”. A basis is given by the functions 


'(z,,) °° 9%, , l<y<...<y<n. 


2. Consider the map 7 
g:C/L— C. 
This is a ramified Galois covering (ramified at four points). The group of deck 
transformations consists of the identity and the map z++ —z. Correspondingly, 
ge” : (C/L)” — C" 
is a Galois covering whose deck transformation group is isomorphic to (Z/2Z)”. 
The field of functions which is invariant under this group is precisely 


Show that this implies the following theorem of Hurwitz: 
Every meromorphic function on the product C” of n Riemann spheres is rational. 


This theorem may be derived by a devious route from the theory of abelian 
functions. Actually, there is a direct elementary proof. We refer to the classic 
book by Osgood [Os], where this theorem is proved in Chap. 3, Sect. 23, rather 
laboriously. 


3. Using the result of the previous exercise and Proposition 13.9 in conjunction with 
Remark 13.10, show the following. 


Let X be a connected compact Riemann surface whose function field is realized as 
an algebraic extension of degree d of a rational function field, 


M(X) = C(f)Ig] = DB C(N)o”. 


The field of meromorphic functions on the Cartesian power X" is a finite algebraic 
extension of the rational function field 


C(f(x),---sf(@n)) 


of degree d”. A possible basis is given by the monomials 


gay) vga), VSP yam, Sa 


VII. Modular Forms of Several Variables 


In the same manner as the theory of elliptic functions leads to the theory of elliptic 
modular functions, the theory of compact Riemann surfaces and abelian functions 
leads to the theory of modular functions of several variables. We have tried here 
to give an introduction which is as simple as possible. In order to give complete 
proofs, we have restricted ourselves for the most part to the case n = 2. One of the 
main results is an elementary proof of a structure theorem of Igusa, which states that 
the ring of modular forms with respect to his group T'2[4, 8] is generated by the ten 
classical theta nullwerte. The analogous result in the case n = 1 has been proved in 
[FB], Sect. VI.6 using a similar method. 

The roots of the theory of modular functions of several variables lie in the nine- 
teenth century. These functions occurred as theta functions in connection with the 
theory of compact Riemann surfaces and the theory of abelian functions. But at that 
time, modular functions came up as examples and there was no systematic theory 
of them. An epochmaking function-theoretic foundation of the theory of modular 
functions, with far reaching new results, was provided in 1935 by C.L. Siegel [Si2]. 
The modular group of degree n is called Siegel’s modular group and modular func- 
tions (or forms) of severable variables are called Siegel modular functions (or forms) 
in his honor. We should mention that the theory of modular functions has now been 
generalized in many respects; for example, the symplectic group can be replaced by 
other Lie groups, and analyticity can be replaced by other conditions. 


1. Siegel’s Modular Group 


We have already, in connection with the period relations of compact Riemann 
surfaces (Definition IV.10.10) and the canonical lattice bases (Remark VI.6.8), 
been led to the generalized upper half-plane H,,. This consists of all complex 
symmetric n x n matrices Z = X + iY whose imaginary part Y is positive 
(i.e. positive definite). We also have met the symplectic group Sp(n, R) (Def- 
inition IV.10.5 and Sect. VI.12). This consists of all real 2n x 2n matrices M 
which leave invariant the standard alternating form I: 


bane _(0 £E 
M‘IM =I, a ner 


Frequently, a symplectic matrix M is decomposed into four n x n blocks, 


A B 
wa(4 2) 


A simple calculation shows the following. 
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1.1 Remark. 1) A matrit M = ¢ D 


4“ > is symplectic if the relations 


AVS=CB=F. AC=CA, BPD=Pes 


are satisfied. In particular, we have 


2) We have I‘ = —I~!. Hence M* is symplectic if M is so, and 
AD =BC =f. ABP =BA,, CH =DC. 


3) The inverse of a symplectic matrix is 


t _ pt 
Mt=T'!MI= ( = = ) 


= GF At 


4) Some special examples of symplectic matrices are 


a) G a S = St; 


t 
b) ¢ al U € GL(n,R); 


c) = (4 i 


1.2 Proposition. Let M € Sp(n,R) be a real symplectic matrix and let 
Z EH, be a point in the generalized upper half-plane. Then 


1) det(CZ + D) £0; 
2) MZ :=(AZ+ B)(CZ+ DD)" Ee Hy. 
The group Sp(n,R) acts by means of (Z,M)'> MZ on H,. This means 


Be VZ=7, (MN)Z = M(NZ). 


Two symplectic matrices M,N define the same symplectic substitution iff they 
differ by a sign. 


The substitutions obtained from a)—c) in Remark 1.1 have the effect 
a) Zer+Z+S; 
b) Zr ZU] :=U'ZU; 
c) Zr-Z-}, 
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Proof. 1) We give an indirect argument and assume that the homogeneous 
system of linear equations (CZ + D)'3 = 0 has a solution 3 € C” which is 
different from zero. Multiplication by the rowvector 3‘C from the left gives 


3°C(CZ + D)*s = CO] ZC +7°CD; = 0. 
If S is a real symmetric matrix, then 
3°53 = Sle] + Sly] G=r+) 
is real. Hence the imaginary part of the above expression is 
Y[C*r] + Y [Cp]. 


Since Y is positive definite, we obtain Ctr = Cty = 0. It follows that Dtr = 
D'y = 0. This contradicts the fact that (C,D) has maximal rank n. 


2) We can now take (AZ + B)(CZ + D)~! and show that this matrix is sym- 
metric: 1 
(CZ+D)* (AZ+ By =(AZ+ B)(CZ+ D)} 


or 
(ZAt + BY)\(CZ + D) =(ZCt + D*)(AZ + B). 
This follows easily from the symplectic relations. 


It remains to show that the imaginary part of MZ is positive. If S = $(”) 
is a real symmetric matrix and A = A(™™) is a complex n x m matrix such 
that A‘SA is also real, then 


A‘SA = S[Re A] + S[Re A]. 


The claim that Im MZ is positive follows from this and from the following 
explicit formula. 


1.3 Lemma. We have 


Im MZ =(CZ+D)''(ImZ)(CZ+D)_. 


Proof. We multiply the expression 


imtiZe x [(AZ + B)(CZ+D)"'+(AZ+BYCZ+D) || 


= (cz + D)* "(AZ + BY + (AZ +4 BYCZ + D) ‘ 


from the left by (CZ + D)* and from the right by (CZ + D), and in this way 
remove the denominators. Now we can multiply term by term. Application of 
the symplectic relations gives the claim. O 
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End of the proof of Proposition 1.2. It remains to show that only +E@”) acts 
as an identity. From the fact that MZ = Z for all Z, it follows that 


AZ+B=Z(CZ+D). 
By specializing to Z = zE, we obtain 
C=0, B=0 and A=D. 


Now we get AZ = ZA and, from this, A = aE. It follows from the symplectic 
relations that a? = 1. O 


The modular group of degree n consists of all integral symplectic matrices. 
We denote this group by 


I, = Sp(n, Z). 


We have already encountered this group in connection with the period relations 
of compact Riemann surfaces (Remark IV.10.6) and later in connection with 
polarized abelian manifolds (Definition VI.12.1), as a special case of the so- 
called paramodular group I'(T). It would be possible to develop the theory of 
modular forms more generally for these paramodular groups. For the sake of 
simplicity, we restrict ourselves here to the important case T = E. 


It is possible to define, for each commutative ring R with unity, the sym- 
plectic group Sp(n, R) with coefficients from R. This consists of all matrices 
M € R°”2") with the property MtIM = I. We have det M? = 1. By 
Cramer’s rule, M is invertible in R@":?”). Hence Sp(n, R) is a group. 


For natural numbers q, we can consider the ring of cosets Z/qZ. There is 
a natural group homomorphism 


Sp(n, Z) —> Sp(n, Z/qZ). 


The kernel of this homomorphism will be denoted by T,,[q]. We call this kernel 
the principal congruence subgroup of level q. This is a subgroup of finite index 
m1. 


Analogously, we consider the groups 


GL(n, Z)[q| = Kernel(GL(n, Z) — GL(n, Z/qZ)), 
SL(n, Z)[q] = Kernel(SL(n, Z) — SL(n, Z/qZ)). 


So, we have 
T,[¢] =Tn 9 GL(2n, Z) Iq]. 
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Exercises for Sect. VII.1 
1. Show that M* is symplectic if M is so. 


2. Show that every symplectic matrix M with the property C = 0 can be uniquely 


written in the form 
uO E § 
0 ut 0 BE)?’ 


with a symmetric matrix S. 
3. Describe all symplectic matrices M with B = 0. 


4. Prove that the subgroups of the symplectic group which are defined by C' = 0 and 
B=0 are conjugated. 


5. Prove that the subgroup which is defined by C = 0 inside Sp(n, R) acts transitively 
on H,. 
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We denote by 
Zn ={Z=2™ = 7} 


the vector space of all symmetric complex n x n matrices. This is a vector 
space of dimension n(n + 1)/2. After the choice of an isomorphism 


ia 


22-7", N= 9 ) 


we can define notions of open subsets, analytic functions, etc. All of these 
notions are independent of the choice of the isomorphism. If we want, we can 
order the pairs (7,7), 1 < i < j <n, lexicographically to produce a concrete 
isomorphism. 


2.1 Remark. The generalized upper half-plane H,, is an open and convex 
domain in Zn. 


Proof. A real symmetric matrix is positive definite if the n minors (principal 
subdeterminants) are positive. The convexity is clear; moreover, we have 

a) ZEH,, t>0=—tZcH,; 

b) ZWeH, = 274+WeH,. Oo 


A simple generalization of the “chain rule” for cz + d says the following. 
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2.2 Remark. Let I(M,Z)=CZ+D. We have 
I(MN, Z) = I(M, NZ)I(N, Z). 

Corollary. Let j(M, Z) = det(CZ + D). We have 
j(MN, Z) = 3(M,NZ)j(N, Z). 


We want to admit modular forms of half-integral weight, and need for this a 
holomorphic square root of j(M, Z). Its existence follows from the next lemma. 


2.3 Lemma. For every holomorphic function without zeros 


f:Hrz—-C, 
there exists a holomorphic function 

h:H,—C’ 
with the property 

n(Z)? = F(Z). 


Like h, —h is also a holomorphic square root. These are the only continuous 
square roots of f. 


Proof. Uniqueness. If h, h are two continuous square roots of f, then h/h is 
a continuous function with values +1. Since H,, is connected, we obtain the 
result that h/h is constant +1. 


Existence of h. We can assume that f (iE) = 1. Since H.,, is convex, the segment 
between iF and any given point Z © H,, is contained in H,,; in particular, 


a(t) =a(Z;t) = fiE+t(Z—-iF)) for0<t<1 


is defined and different from zero, and we can define 


Obviously, H(Z) is analytic in H,,, and we have 
et (4) — F(Z). 


The function 
a2) =n4" 


has the desired property. Oo 


For every matrix M € Sp(n,R), there exists a holomorphic square root of 
det(CZ + D). From now on, we choose one square root and denote it by 


s/det(CZ + D) = det(CZ + D)/?, 


(This notation has to be used with some caution. It can happen that det(C'Z + 
D) = det(CZ_ + D) for two different points 7,,Z2 € H,,, but nevertheless 
\/det(CZ, + D) = —,/det(CZ2 + D).) 

Since the square root is not unique, the chain rule only holds up to a sign 
(compare [FB], Remark VI.5.4): 
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2.4 Remark. There exists a map 


w:Sp(n,R) x Sp(n, R) — {+1} 


with the following property: 


JVj(MN, Z) = w(M,N)VJ/j(M,NZ)Vj(N, Z). 


As in the case n = 1 one defines the notion of a multiplier system on a 
congruence subgroup. By a congruence subgroup we understand a subgroup 
TI. c Sp(n,Z) which contains a principal congruence subgroup [,,[g] (com- 
pare [FB], Definition VI.5.1). Generalizing [FB], Definition VI.5.5, we define a 
multiplier system as follows. 


2.5 Definition. LetT € Sp(n,Z) be a congruence subgroup. A map 
v:T—-C 


is called a multiplier system of weight r/2, r € Z, if the following conditions 
are satisfied: 


a) There exists a natural number | such that 
v(M)! = 1 for all M ET. 
b) If we define 
jr(M, Z) = v(M) det(CZ+ D)"? (MET), 
we have 
bl) jr(MN, z) = j,(M, NZ)j,(N, Z); 
b2) j-(—E,Z)=1, if -E eT. 


As in the case n = 1 ({[FB], Remark VI.5.7), we can also define the conjugate 
multiplier system. 


2.6 Lemma. Let v be a multiplier system on the congruence group TC 
Sp(n, Z) and let L C Sp(n, Z). Then 


v’(LML~?) = w(L71, L)"w(L, ML“")"w(M, L71)"v(M) 


is a multiplier system on the conjugate group LV L~?. 


We call v’ the conjugate multiplier system. 


Now we can introduce the notion of a modular form in analogy to the case 
n = 1 (compare [FB], Definition VI.5.8). 
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2.7 Definition. Let IT Cc Sp(n,Z) be a congruence subgroup, let r © Z be an 
integer, and let v be a multiplier system of weight r/2 onT. A modular form 
of weight r/2 with respect to the multiplier system v is a holomorphic function 
f:Hn—C with the following properties: 


1) f(MZ) =v(M) det(CZ + D)"/? f(Z) for all M ET. 
2) For every M € Sp(n, Z), the function 


(f|M)(Z) := det(CZ + D)~"/? f(Mz) 
is bounded in domains of the kind 


Y>Yo>0 (Yo arbitrary). 


The set of all modular forms for given I, v, r is a vector space. We denote this 
set by 
[C7 /2, 2]. 


If r is even and v = 1 is the trivial multiplier system, we write simply 
(Tr /2]. 


Exercises for Sect. VII.2 


1. Using the Petersson notation 


(f|M)(Z) = (f|,M)(Z) = V/det(CZ + D) | f(Z), 
show that 
fIMN =w"(M, N)(f|M)|N. 


2. Show that a system of Ith roots of unity {v(M)},,cp is a multiplier system iff 
there exists a (not necessarily continuous) non-vanishing function f : H — C 
which satisfies the transformation formula 


fIM = 0(M)f. 


3. Let LET, and let [ CT, be a congruence subgroup. Show that Tr := LTL—! is 
a congruence subgroup as well and that the map 


=i. 
defines an isomorphism 
Il, r/2,v] > {l,r/2, 6]. 


Here denotes the multiplier system which is conjugate to v. 
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3. Koecher’s Principle 


In this section, we want to show that the condition of boundedness in the 
definition of modular forms (Definition 2.7) is automatically fulfilled in the 
case n > 1. This was proved in 1954 by Max Koecher [Koc]: A corresponding 
principle for Hilbert modular forms was apparently already known in 1928 by 
Fritz Gétzky [Go]. 
We have to study periodic analytic functions 
f:H,—-C, f(Z+S)=f(Z), S=S" integral. 
As we know, these can be expended as Fourier series (Appendix to Sect. VI.8): 
f(Z) = S © a((nis)) exp (2ni S- Tag) 
lsisjen 
Here, there is an arbitrary integral linear combination of the N variables in the 
exponent. If we define the symmetric matrix T' by 
bij = t ji = Ni; for i > j and ty = 2n,; fori = He 
we can write this sum as 


5o(TZ) (o = trace). 


Then the Fourier expansion has the form 
ye alTye eA), 

T 
Here, we have to sum over all symmetric integral matrices with even diagonal 
elements. Such matrices are called even. They can be characterized by the 
property that Tg] = g'Tg is even for all integral columns g. 

We recall the notation 
SL(n, Z) [gq] = Kernel(SL(n, Z) —> SL(n, Z/qZ)). 
3.1 Proposition. Let f: H — C be a holomorphic function with a Fourier 
expansion 
HD= YL alryerr?, 

T=T?t even 

Assume that there exists a natural number q with the property 
a(T|U]) = a(T) for all U € SL(n, Z)|q]. 
Under the assumption n > 1, we have 
a(T) 4A0=>T> 0. 


Here “T’ > 0” means that T is semipositive, i.e. T[g] > 0 for allg ER”. Bya 
continuity argument, it is sufficient to take g € Q” and, by homogeneity, even 
g € Z”. In addition, one can assume that the components of g are coprime. 

For the proof of Proposition 3.1, we need a well-known lemma of Gauss, as 
below. 
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3.2 Lemma. For every column g € Z"”, there exists a unimodular matrix 
U €GL(n, Z) with the property 


Corollary. Every vector g € Z” with coprime components occurs as the first 
column of a unimodular matriz U € GL(n, Z): 


U = (9,*). 
In the case n > 1, one can obtain U € SL(n, Z). 


Proof. We can assume that g is different from zero. In the first step, we find a 
matrix U € GL(n, Z) (actually a permutation matrix) such that 


ay 
Ug=| : |], a#0. 


An 


We choose one such matrix with minimal |a;|. Next we find a triangular matrix 
V € GL(n, Z) such that 


ay 
ay + 2a, 
VUg= 

An + LnAn 
with given v2,...,2,. By means of the Euclidean algorithm, we can choose 
%2,---,;Xp in such a way that 

lay + tay| < |ay| (2<v<n). 

From the minimality, we get a, + © a, = 0. Oo 


Proof of Proposition 8.1. We give an indirect proof and assume that there exists 
a Fourier coefficient a(T) ¢ 0 for a matrix T which is not semipositive. We 
choose a vector g € Z”, T[g] < 0, with coprime components and complete it to 
a unimodular matrix U = (g,*) € SL(n, Z). Then the first diagonal element of 
T = T|U] is negative. Now we consider 


1 «x O 0 
0 1 O 0 
Viz) = 0 0 1 


a) 
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By assumption, 
a(T|U(«)|) = a(T) if ¢ =0 mod g. 


Since any subseries of f(Z) converges, the series 


S- emio(Th Z) 


Ly 


has to converge, where the sum is taken over all 7, which can be written in the 
form T,; = T[U(«)]. In particular, 


e-Fo(T(U(@))) 


x =0 mod gq, 
has to be bounded. But we have 


o(T[U(2)]) = 2711 + O(2) — —o0 for |x| > 00. Oo 


Fourier Expansion of a Modular Form 


If we apply the transformation property of modular forms to translation ma- 
trices, we obtain 


{4A =y G : OZ +E f(Z) 


for all S = 0 mod gq (for suitable qg). We take +1 for the square root. Then v is 
a homomorphism of the additive group of all symmetric matrices S = 0 mod 
q into a finite group of roots of unity. Hence there exists a multiple / of q such 
that all S = 0 mod / are contained in the kernel. We obtain 


f(Z +S) = f(Z) for all integral symmetric S =0 mod 1. 


As described, the function f can be expanded into a Fourier series. Using this 
fact together with Koecher’s principle, we obtain the following result. 


3.3 Proposition. Let f be a modular form. There exists a natural number | 
such that f has an expansion of the form 


f(Z) = S- exp(mio(T'Z)). 


Here T runs through all symmetric matrices such that IT is integral and such 
that T > 0. 
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Exercises for Sect. VII.3 


1. Construct a matrix in SL(3, Z) with first row (2,3, 5). 


2. Show that the condition a(T[U]) = a(T) in Proposition 3.1 can be weakened to 
|a(T[U])| < ||U|| |a(7)I. 


Here ||U|| denotes some norm on the vector space of matrices. 


3. Let f:H, — Z,,n> 1, be a matrix-valued function with the properties 
F(Z +S) = f(Z), S integral, f(Z[U]) = f(Z)[U], U € SL(n, Z). 
Show that f is bounded in domains of the kind Y — dE > 0 for 6 > 0. 


4. Show that the Fourier expansion of a modular form is independent of the choice 
of J in Proposition 3.3. 


iN 


. Specialization of Modular Forms 


Let S = St‘ = S™ > 0 be a positive real matrix. For a point z € H in the 

usual upper half-plane, the point Sz is contained in the half-plane H,, of degree 

n. Let M € SL(2,R). We seek a symplectic matrix M*% € Sp(n,R) which is 

compatible with the map z++ Sz. This means that M°(9z) = SM(z), or 
(ASz + B)(CSz+ D)~1 = S(az+ b)(ez+d)} 


(w= (6 a) #=(6 5) 


This equation is satisfied if we define 
iS ak bS' 
= & a 


An easy calculation shows that M°* is actually symplectic. 


4.1 Lemma. Let S = $(") = $¢ > 0 be a positive real matrix. The map 
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is an injective group homomorphism. It is compatible with the embedding 
H—-H,, z+ Sz, 


in the following sense: 
S- (Mz) = M*(Sz). 
Supplement. Jf T Cc Sp(n,Z) is a congruence subgroup, then its inverse 


image 
To :={M €SL(2,Z), M*% eT} 


is a congruence subgroup in SL(2, Z). 


Proof. Excluding the supplement, the proof is given by straightforward com- 
putation. For the proof of the supplement, we choose q in such a way that 
[DT ,,[¢]. Then we determine a natural number Q such that Q is a multiple of 
q and such that QS and QS~! are integral. We then have Ty > T';[Q]. Oo 


We can verify the formula 


det(S~'cSz + dE) = (cz+d)”. 
If v is a multiplier system of weight r/2, then 
vo(M) := v(M*) 
is a multiplier system on Ig. So, we obtain the following lemma. 


4.2 Lemma. If f € [[,r/2,v], T C Sp(n,Z), is a Siegel modular form of 
weight r/2, then 


fo(z) = f(Sz) 


is an elliptic modular form of weight nr/2, 


Tn 
jo€ To, =; v0] 


This lemma allows us to reduce some basis facts for Siegel modular forms to 
the case of elliptic modular forms. 


4.3 Proposition. A Siegel modular form of negative weight vanishes. Any 
modular form of weight zero is constant. (The constant can be different from 
zero only if the multiplier system is trivial.) 
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Proof. The case n = 1 is known ([{FB], Proposition VI.5.11). Now let f be 
a Siegel modular form of negative weight. Using the specialization of Lemma 
4.2, we can show that f(S'z) = 0 for arbitrary rational S > 0 and then, by 
continuity, also for real S > 0. In particular, f(iY) = 0. Simple arguments 
from the complex analysis of one variable show that f = 0. 


Now we assume that the weight of f is zero. Since we know that elliptic 
modular forms of weight zero are constant ({[FB], Proposition VI.5.11), we 
obtain the result that f(Sz) is a constant C's (depending on S$), first for all 
positive rational S and then, by continuity, for all positive real S. Obviously, 
Cg = limy_..0 f(Sz) is the zero Fourier coefficient of f and hence C = Cg is 
independent of S. Now f(Z) —C vanishes on matrices of the form Z = iY and 
hence is identically zero. O 


Exercises for Sect. VII.4 


1. Inthe case n > 1, any modular form without zeros in H,, is constant. Is this true 
forn = 1? 


2. Assume that it has been proved that every modular form of weight 0 is constant 
but not yet that modular forms of negative weight vanish. Show that it is not 
possible that there exist nonvanishing modular forms of positive weight and also 
of negative weight. 


3. You may use the fact that 
0(Z) = S~ exp(niZ[g]) 
gEZ 


is a modular form (Proposition 7.8). What is its weight? 


3. Again, you may use the fact that 


is a modular form. Show that 


S> (-1)" exp(miZ[g}) 


gEZnr 


is a modular form too. 
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5. Generators for Some Modular Groups 


Recall that the group SL(2, Z) is generated by the two matrices 


(oi) me Go) 


(see [FB], Proposition VI.1.8). A variant states that it is generated by the two 


matrices 
i. al ee 1 0 
0 1 je ay 


and hence by strict triangular matrices. For a proof, one can consider the 


formula ‘ 
i 0\/1 1\~ fi 0\,_/o0 =i 
1 1 0 1 11) \1 +0 : 


In [FB], we proved this by means of the fundamental domain of the modular 
group. Because of its importance, we give another proof here. It rests on the 
following statement. 


5.1 Remark. For each pair (a,b) of integers, there exists a matrix U in the 


group o=((} ane 1) ) €SLQ,2), 


which is generated by the two given matrices, such that 


The proof can be obtained by induction on |a||d|. 
Beginning of the induction. |a||b] = 0. Then a = 0 or b=0. Since the matrix 


a ca is contained in G, we can assume that b = 0. 


Induction step. We now assume that |a||b| > 0. Multiplication by powers of 
the two generating matrices has the effect 


(3) Casten) & (°"). 


respecitvely. By means of the Euclidean algorithm, we can make |a||b| smaller. 
oO 


Besides the ring Z, we consider factor rings 
R=Z/qZ, 420. 


In the case gq = 0 we obtain Z, but in the case q > 0 we obtain a finite ring. 
When q is prime, then R is a finite field. It is clear (and follows from Remark 
5.1) that Remark 5.1 holds for R instead of Z. 
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5.2 Lemma. Let R be a factor ring of Z (and hence R= Z or R= Z/qZ, 
q>0). The group SL(2, R) is generated by the two matrices 


Proof. By Remark 5.1, there exists for a given U € SL(2, R) a matrix V €G 
with the property 


a b a O i. a 
ov=(o a= (0 a)(o 1’): 
The prove now follows from the following formula. 


5.3 Formula. We have 
& O \}_ 1 @ 0 1) /1 0 1\/1 a 0 1 
0 at} \o 1/\-1 o/ \O 1 —-1 0 0 1/\-1 O}° 


We define for each pair (u,v), 1 < p< v <n, an embedding (= injective 
homomorphism) 


Gy  SL(Z, HN) —+ SL, A), 
1 
1 
ast: b <— pth row 
a — : 
c ad : 
Cc d <— vth column 


1 


The image is called an embedded SL(2, R). We denote by 
Go = G@x(SLi2, 8), Li gpcvrsn) 


the subgroup of SL(n, R) which is generated by all embedded SL(2, R). 


We need the following seeming generalization of Gauss’s lemma. 
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5.4 Lemma. For every column g € R", there exists U € Gy with 


Proof. By means of the matrix C nals we construct matrices U € G,, such that 
the transformation g++ Ug permutes two components of g up to a sign. Hence 
we can assume that g; 4 0. Now we multiply g step by step by matrices from 
the images of a1, ...,Q12 to obtain gn, =... = go = 0. 


As an application, we prove the following proposition for factor rings R of 
Z. 


5.5 Proposition. The group SL(n, R) (n > 2) is generated by the embedded 
SL(2, R). 


Before giving the proof, we formulate two obvious consequences. 


5.6 Corollary. The group SL(n, R) is generated by (upper and lower) strict 
triangular matrices. 


5.7 Corollary. The natural homomorphism 
SL(n, Z) — SL(n, Z/qZ) 


is surjective. 


Proof of Proposition 5.5. We use induction on n. The proposition is assumed 
to have been proved for n — 1 in place of n. By Lemma 5.4, there exists a 
matrix V € G, with 


ay * ok 
0 
VU= A 
0 
We can achieve a; = 1. We then have A € SL(n—1) and hence A € G,,_1. We 
obtain 
1 0 
({ ry 6 Gx 
and 
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Such a matrix can easily be written as a product of embedded SL(2, R) matrices. 
oO 

A third corollary refers to the group GL(n, R). This group is generated by 
SL(n, R) and diagonal matrices. Making use of the formula 


(0 i)=G a) 0) 


we obtain the following result. 


5.8 Lemma. The group GL(n, R) can be generated by symmetric matrices. 
There are similar results for the symplectic group . The main-result is the 
following. 


5.9 Proposition. Let R be a factor ring of Z. The group Sp(n, R) is 
generated by the matrices 


A B 
€ a B=0 or C=0. 


Corollary 1. The group Sp(n, R) is generated by the matrices 


(“re o) (oe): 


Corollary 2. The group Sp(n, R) is generated by the matrices 


ES E 0 

0 EE)’ S E)- 
Corollary 3. The natural homomorphism 

Sp(n, Z) —> Sp(n, Z/qZ) 
is surjective. 
For the proof, we have to use the formulae 
t 
6 ) = ¢ 7) ( :) While. Saf aA Bs, 


Obviously, Formula 5.3 holds for the matrices E instead of 1 and U instead of 
a. We obtain the result that for symmetric U, 


(oo) 
(0 z) (“5 0) 


Because of Lemma 5.8, this is true for arbitrary U € GL(n, Z). 
Proof of Proposition 5.9. We use induction on n and assume that the proposi- 


tion has been proved for n—1 in place of n. The proof rests on a simple variant 
of Gauss’s lemma. 


can be expressed by 
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5.10 Lemma. For each vector g € Z?", there exists a matrix M € Sp(n, Z) 


such that 
ay 


Mg= 
0 
Furthermore, M can be found in the subgroup which is generated by the special 
matrices “B=0 or C=0”. 


The proof is similar to that of Gauss’s lemma. Hence we shall keep it short. 
The formulae 


(oo) ()= (ort) (Se 0) G) =) 


show that we can find an M such that the first component of Mg is different 
from 0. We choose M such that the first entry of Mg is different from 0 and 
has minimal modulus. If we replace M by 


E 0 be o 
(s e)(o om) ™ 


the claim can be obtained by means of the Euclidean algorithm as in the case 
of the linear group. Oo 


Now we can prove Proposition 5.9. Let M € Sp(n,Z) be given. By the 
above lemma, there exists a matrix N in the group H, which is generated by 
the special matrices, such that 


1 «*« * x 
NM = 0 Aj * By 
QO »* * x 
0) C1 * dD, 


1 


1 
duction hypothesis, this matrix is contained in H,_1. We obtain the result 
that 


We can easily check that the matrix & a is symplectic. By the in- 
1 


1 0 0 0 
“ 0 A, 0 B 
Mr 0 0 0 

OO 2 OD; 


is contained in H,. A simple calculation shows that 


an A B “ 1 x a O x 
1 _({4 & = = 
wcinu-(4 8), a-(2 1).0-(8 2) 
From the symplectic relations A'tC = C'A, AD* = E, we get C = 0 and hence 
M,'NM € Hp. This implies M € Hp. Oo 
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Congruence Subgroups of Level Two 


It is difficult to find generators for arbitrary congruence subgroups. An ex- 
ceptional case is the principal congruence subgroup of level two. In the first 
volume ((FB], Appendix to Sect. VI, Proposition A.6), we showed that the 
elliptic principal congruence subgroup of level two SL(2, Z)[2] = T'1[2] can be 
generated by the matrices 


(oi) (at) Go A). 


The proof used properties of the fundamental domain. In the exercises for this 
section, we explain an algebraic proof. 


The technique of embedded SL(2) allows to generalize this result to arbitrary 
SL(n). The restrictions of the embeddings a, define embeddings 


py : SL(2, Z)[2] —> SL(n, Z) [2]. 
We denote by 
Gale] = uw(SLQ,Z)[2)), lep<vsn) 
the subgroup which is generated by their images. 


5.11 Lemma. Let g € Z” be a column whose first component gi is odd, and 
all other components of which are even. Then there exists 
ay 
U €G,,[2] with Ug = 
0 
Proof. It is sufficient to prove this for n = 2, since then one can use embedded 
SL(2) matrices to annul g,,...,g2 successively. In the case n = 2, we can use 


G2[2] = SL(2, Z)[2]. We can assume that that g; and gz are coprime. Hence 
they can be completed to a matrix from SL(2, Z), 


U= @ 5) €SL(2,Z). 
92 ga 


Because of the determinant condition, g4 has to be odd. If g3 is also odd, we 


make the replacement 
1 1 
Ur-U (5 2 ‘ 


After that, we can assume U € SL(2, Z)[2], and U~' has the desired property. 
oO 


Now the same proof as in the case of the full modular group can be used to 
obtain the following result. 
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5.12 Proposition. The group SL(n, Z)[2] is generated by the embedded 
SL(2, Z)[2]. 


Corollary. The group SL(n, Z)|2] is generated by (upper and lower) triangular 
matrices. 


An analogous result in the case of the symplectic group states the following. 


5.13 Proposition. The principal congruence subgroup of level two, T,[2], is 
generated by the special matrices 


A B 
u=(¢ a B=0o0rC=0. 


The same proof as in the case of the full modular group works if we use the 
following variant of Gauss’s lemma. 


5.14 Lemma. Let H,,[2] be the subgroup of T,[2] which is generated by the 
special matrices 
M= G Di B=0o0rC=0. 


For each column g € Z?" whose first column is odd but the other columns of 
which are even, there exists a matrix M € H,,[2| with 


ay 


Mg= 


Proof. We decompose g: 
g= ei aceZ”, bEZ”. 


First we find U € SL(n, Z)[2] with the property 
Ua= 


Because 
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we can assume that 


ay 
0 
a=|. (ay odd). 
0 
Now we use the embedded SL(2) matrix 


a 0 b 0) 
a a b\ {0 E™Y) 0 O 
Ta egy he 0 d 0 
0 0 0 Be) 
to obtain the result that besides ag =... = ay = 0, also b; = 0. 
Now we consider, for given v € {2,...,n}, a special symmetric matrix S. 
This matrix includes the values 
$11 = Sw = $1 = 1. 
All other entries are 0. The transformations 
a\ EB 2S a d E O a 
b 0 E)\o) *™ los B)\b 
have the effect 
ai a1 + 2b, a, > a1, 
and 
by + by, by + by + 2a1, 


respectively. All other components are unchanged. The same transformation 
is obtained from 


(i) Co i) (8) me 1) (i): 


respectively. By means of Lemma 5.11 (applied in the case n = 2), we obtain 
b= 0. Oo 


Exercises for Sect. VII.5 

1. Construct a matrix M €T, with first column (2,3, 5,7). 
2. Construct a matrix from I, [2] with first row (3, 10, 14, 22). 
3. Write Co as a product of symmetric integral matrices. 

4. Show that the homomorphism 


GL(n, Z) 9 GL(n, Z/qZ), q> 2, 


is not surjective. 
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6. Computation of Some Indices 


We start with the computation of the order of GL(n,k), where k is a field of 
p elements. The first column of A can be an arbitrary vector different from 
0. There are p” — 1 such vectors. The second column is not allowed to be a 
multiple of the first column. There are p” — p possibilities for it. The third 
column has to avoid the subspace which is generated by the first two columns. 
If the first two columns are given, there remain p” — p? possibilities, and so on. 


6.1 Remark. Let p be a prime. We have 


n—-1 


#GL(n, Z/pZ) = [[ ” - pv”). 


v=0 


The homomorphism 
GL(n, Z/pZ) —> (Z/pZ)* 
is surjective; its kernel is SL(n, Z/pZ). We obtain the following result. 


6.2 Remark. For prime numbers p, we have 
1 
[SL(n, Z) : SL(n, Z)[p]] = #SL(n, Z/pZ) = poi [| @* =”). 
Similar considerations apply for the symplectic group. We know that the sym- 
plectic group Sp(n, Z/pZ) acts transitively on (Z/pZ)?” — {0}. Let 
P, C Sp(n, Z/pZ) 

be the subgroup which stabilizes the first unit vector. We have 

# Sp(n, Z/pZ) = (p?” — 1) #Pn. 
We know that 


P, — Sp(n—- 1,Z/pZ), 


Ay By Ay By 
( . 
Cy dD, 


is a surjective homomorphism. We denote its kernel by K,,. We have 


#Pr = # Sp(n 1, Z/pZ) . #Kn. 
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The elements of K,, are of the form 


A B 1 « x Ox 
(ob) 4=(5 A} BC o): 
where the symplectic relations D = At"! and ABt = BAt must hold. This 


shows that 
#K,, = 


Now we have proved the inductive formula 
#Sp(n, Z/pZ) = p??—" (p*” — 1)#Sp(n — 1, Z/pZ). 
Induction on n gives the following lemma. 


6.3 Lemma. Let p be a prime. We have 
[Pn : Tn[p]] = #Sp(n, Z/pZ) = pers HI es = =) 


Now we consider the case of a power of a prime gq = p™. Again we start 
with the case of the general linear group. The idea is to study the natural 
homomorphism 
GL(n, Z/p™Z) — GL(n, Z/p™ *Z), m>1. 
This consists of all matrices of the form 
Rag A. Ae(Z/p Zr, 
Because m > 1, we have, modulo p™ 


(E+p”™'A)(E+p™"B) =E+p™"*(A+ B). 


So, the kernel is abelian. We also observe that & + pA is invertible for all 
A€Z/p™Z. The inverse is obtained by replacing A by —A. The condition 


pga p""'b fora,b€ Z/p™Z 
means simply that the images of a and b in Z/pZ agree. Hence the groups 


—\(Z/p™Z) and Z/pZ 


are isomorphic. We obtain the following lemma. 
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6.4 Lemma. Assume m> 1. The kernel of the natural homomorphism 
GL(n, Z/p™Z) — GL(n, Z/p™ *Z) 


and the additive group 
(Z/pZ)) 
are isomorphic. 


Supplement 1. The kernel of the natural homomorphism 
SL(n, Z/p™Z) — SL(n, Z/p™ *Z) 
is isomorphic to the additive group 
A€(Z/p"Z)"™ with trace(A) = 0. 
Supplement 2. The kernel of the natural homomorphism 
Sp(n, Z/p™Z) — Sp(n,Z/p™*Z) 
is isomorphic to the set of all symmetric matrices 


N=Nte Z/p™Z@n2n), 


Only the supplements have to be proved. We restrict ourselves to the second 
supplement. We have to consider, in Z/ pm—1z2n.27) the equation 


(E+ p™ 1M)'1(E 4+ p™ 1M) = 1. 


This means 
p”™ Mtl =—-p™ IM. 


Because J‘ = —I, it is equivalent to the symmetry of N = 1M. O 


If ¢ = qig2 is the product of two coprime natural numbers, then, by the 
Chinese remainder theorem, a number a € Z is determined modulo q by its 
remainders modulo q; and qz. This means that the natural homomorphism 


Z/qZ, — Z/qZ x Z /qoZ 


is an isomorphism. This gives an isomorphism 
GL(n, Z/qZ) —> GL(n,Z/mZ) x GL(n, Z/q2Z), 


and analogously for the special linear and the symplectic group. Now we obtain 
the general index formulae. 


452 VII. Modular Forms of Several Variables 


6.5 Proposition. We have 


a) [SL(n,Z) : SL(n, Z)[q]] = #SL(n, Z/qZ) = q” “TTTG- = 


pilq v=2 


b) [Pa Dalal] = #Sr(m, 2/02) = oY TTT (1-35). 


pla v=l 


Exercises for Sect. VII.6 


1. A congruence subgroup is defined by 
T,ola] ={M €T,; C=0 mod g}. 


Compute its index inT’,. 


2. A congruence subgroup is defined by 
PagW={Mer,; C=0, A=[D= 8 mod qj. 


Compute its index inT’,. 


3. Show that the index of I,[2] in the full modular group is 720. Is there a full 
permutation group S,, of the same order? 


4. If you have a computer and, for example, the program GAP, show by computation 
that the groups S, and Sp(2, Z/2Z) are isomorphic. 


7. Theta series 


The theta functions, as they occurred in the theory of abelian functions (Defi- 
nition VI.8.1), 


0 IF] (2,2) = ST eT Aloral+2(oray"(e+0)}, 


geEZ” 


are functions of two variables Z, z. In Chap. VI, we studied them in terms 
of the variable z for fixed Z. Now we are interested in Z as a variable. It 
turns out that these series are now of special interest if z is rational, since then 
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they turn out to be modular forms. The most interesting case is z = 0, and 
8 [¢] (2,0) is called a theta nullwert. We shall try to keep our investigations 
of theta nullwerte independent of Chap. VI. 


The simplest “theta nullwert” in the case n = 1 was 
co 
+ 2 
a(z)= SD erie, 
n=—0oo 


Its obvious generalization to the case n > 1 is 


I Z=0r(Z)= yo ens, 


gEZz” 


In the following, we use the notation 


e(a) =e 


In the case n = 1, it was necessary to consider besides ?(Z) also the conjugate 


forms 
9(z) = }_(-1)"e(n?z), 
I(2) = >> e((n + 1/2)?2). 


Using the notation 


m) H (z) = So e((n + a/2)*z + b(n + a/2)), 


sof) eal: of) 


This suggests how the satellites of 0 have to be generalized: 


we obtain 


0[§] = DX Zig + ala} +o + 4/2). 


gEZ” 


Here a,b could be arbitrary vectors from C”. But for us, only integral a, b are 
of interest. This is the reason for the deviation from the notation in Definition 
V1.8.1, 


0 | (Z)=0 al (Z,0). 
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7.1 Lemma. The series 


[5] =D elzta a/2] + 540 + 0/2) 


gEZ” 


converges normally in H,, for a,b € Z” and defines an analytic function there. 
Moreover, it converges uniformly in domains of the kind Y > 6E, 6 > 0, and 
defines a bounded function there. In the case 


a'b = 1mod2, 


it 1s identically zero. In all other cases, it does not vanish identically. 


Proof. The statements about convergence are simple. In principle, they already 
have been proved in the first volume. We shall repeat the argument briefly. In 
the domain Y > 6F, we can easily verify the estimate 


|(Z[g + a/2] + b'(g +.a/2))| < eet tI), 


with a suitable positive number ¢ = ¢(0,a,b). The statements about the con- 
vergence follow from this. 


We now study the vanishing of the theta series. For this, we rewrite these 
series as Fourier series. This is possible, since 


Z\9] = 9°Zg = 0(99°Z). 


We obtain 
a 
0/§] =X anetorrzy/a), 

T=Tt 

with 
a(T)= > e(b"(g +a/2)). 
g integral 
(2g+a)(2g+b)t=T 

If we replace g by —g—a, the sums change by a factor (—1)*"°. Hence a(T) = 0 
for odd a‘tb. We now compute a(T’) for a special T. This contains only entries 
0, 1, and it suffices T = aa‘ mod 2. The equation (2g+a)(2g+b)' = T has only 
two solutions, and they satisfy g = 0 and g = —a mod 2. We get a(T) = +2 
for even a‘b. This proves Lemma 7.1. 


Up to a sign, the theta series depend on a,b only modulo 2, since it follows 
from 7 
a@=amod2, b=bmod2 


that 


*s]-corerne 


ora 
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as one can easily verify. In this context, the pair 


m:= (5) en 


is called a theta characteristic. This is frequently normalized in such a way that 
the components of m are contained in {0,1}. A theta characteristic is called 
even iff 

a‘b = 0 mod 2, 


and odd otherwise. In the case n = 1, there are three even characteristics 


_ --(9). (2): Q) 


The following lemma can easily be shown by induction on n. 
7.2 Lemma. Modulo 2, there are 
Yams Ae 1) 


even characteristics, and hence 3 in the case n = 1, 10 in the case n = 2, and 
36 in the case n= 3. 


We have to investigate the transformation behavior of these theta series under 
modular substitutions. This theta transformation formalism goes back to the 
nineteenth century. 


7.3 Proposition. Let M €T, = Sp(n,Z) be a modular substitution of degree 
n. For each characteristic 
m € {0,1}?”, 


there exists a characteristic 
M{m} € {0,1}2” 
and an eighth root of unity v(M,m) such that the transformation formula 
0[M{m}](MZ) = v(M, m) det(CZ + D)'/?0[m](Z) 


is valid. 


Of course, v(M,m) depends on the choice of the square root of det(CZ + D). 


It is sufficient to prove Proposition 7.3 for generators of the modular group. 
Hence Proposition 7.3 follows from the next statement. 
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7.4 Lemma. We have 


a — pmiSlal/4 a 
1) of] z+s) e ls. s045,| 2 


where So is the column built from the diagonal of S. 


2) 0{§] toy =» ye, | 2 
3) rt) H (—Z71) = emia"b/2.9 "| (2), 


Proof. The proof of the first two formulae is very simple: 
1) We observe that 


S[o+ 54] = Sia] + (Sa)'g + 5 Sla] 


and note the congruence 


nm 


S[g| = Ss Sig gi +2 s Sif GiGi = Sig mod 2. 


i=1 <j 


2) In the series of Y[m](Z[U]), we perform the transformation g++ U~! of the 
summation variable. 

3) It is sufficient to prove the formula for purely imaginary Z, and hence for 
matrices of the form Z = Sz, S real, z € H. It is then a consequence of the 
theta transformation formula for theta series with respect to quadratic forms 
on the usual upper half-plane ([FB], Theorem VI.4.7). Oo 


One can work out an explicit formula for m+> M{m}. 


7.5 Lemma. Let m = @ € {0,1}°" and M € Sp(n,Z). If we define 
M{m} € {0,1}2” by 


u{oh = Mt" (5) + Cae mod 2, 


then Proposition 7.3 holds. 


For the generators of the modular group, this follows from Lemma 7.4. For 
this reason, it is sufficient to show the following. 
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7.6 Lemma. If we define, for m € (Z/2Z)?” and M € Sp(n, Z), 


M{m} = uf oh = Mt (5) + Ges € (Z/2Z)*", 


we have 
(MN){m} = M{N{m}}. 


Proof. It is sufficient to assume that M is an arbitrary modular matrix and 
EOS 


0 EF} the statement is 


N a generator. For example, in the case N = 


equivalent to 
C89 =(C'CS), and ASp = (A‘tAS)o. 


This follows from x? = x (mod 2). O 


7.7 Lemma. The set 
Tro i={M€ET,, CD" and AB' have even diagonal} 


is a congruence subgroup. 


We call [,,9 the theta group of degree n. It generalizes the theta group intro- 
duced in [FB], Appendix to Sect. VI.5. 


Proof of Lemma 7.7. The set T,,,9 is characterized by the condition M{0} = 0. 
The claim follows from Lemma 7.6. Moreover, [9 D T,[2]. Oo 


The next proposition now follows from Proposition 7.3. 


7.8 Proposition. The theta series 


HZ) = 9[0](Z) = S> evils 


geEZz” 


is a modular form of weight 1/2 with respect to a certain multiplier system vg 
for the theta group Vn,9. 


The multiplier system 
Us : ey) —-? Cc’ 


is called the theta multiplier system. It is the most important multiplier system 
of nonintegral weight. 
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7.9 Lemma. Every even theta characteristic m € {0,1}?" can be written in 
the form m = M{0}. The stabilizer of m in the full modular group 


Tn(m):={MeET,, M{m} =m} 
is conjugate to the theta group: 
T(m) = MT,9M~! (M{0}=m). 
We have 
Ym] € [E,»(m), 1/2,0™]. 
Here v™ denotes the conjugate multiplier system of vg. 


Proof. Only the statement about transitivity remains to be proved. This 
statement says that for two 
a,be Z” 


with atb = 0mod 2, there exists a modular matrix M € IT, with the property 
Ci (CD")o, b= (AB*)o. 


We argue by induction on n and decompose 


a= ee ,a€Z,a€Z""', and correspondingly 6 = & : 
2 2 


In the case a,b; = 0, the characteristic is even. Using the induction 


a2 
be 
hypothesis, we reduce the problem to the case ag = bg = 0. Now it is enough 
to apply a suitable embedded SL(2) matrix. 


In the case a,b; = 1, there must exist a further index v such that a,b, is 
odd. Now we can easily construct a translation matrix such that 


(oe) tes 


suffices for the assumption of the first case. Oo 


The product of all theta series is of special importance. The next proposition 
follows from Proposition 7.3. 


7.10 Proposition. The product 


(nm) — 7 
AM =|[e Hl 
of all theta series is a modular form of weight 2°~?(2” +1) for the full modular 
group with respect to some multiplier system v™: 
AY elt "0" 4-1),0"|, 


In the case n > 2, the weight is integral. Hence, in this case, v is a character 
on Ty. 
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It is possible to show that this character is trivial for n > 3. 


Exercises for Sect. VII.7 
1. Verify by means of generators that the character of A?) is trivial. 


2. What is the connection between A‘ and the discriminant A from the theory of 
elliptic functions? 


3. Show that 0(Z) is positive for real imaginary Z and use Lemma 7.9 to prove that 
the theta series with even characteristics do not vanish. 


8. Group-Theoretic Considerations 


We consider the set of all left cosets 
T/T ={ME nw, MET py}. 
By the definition of T’,,,9, the map 


T/T — {m= (5) € {0,1}", a‘b even}, 

MYT n.9@ —> M {0}, 
is well defined and injective. By Lemma 7.9, it is also surjective. This shows 
the following. 
8.1 Remark. The theta group has the index 2"~1(2” +1) in the full modular 
group. 
The theta group is not normal in T’,,. On the contrary, the following is true. 
8.2 Remark. The 2”~!(2" +1) conjugate groups 

Tn(m), me {0,1} even, 

of the theta group are pairwise distinct. 


Proof. It suffices to show that T,,(0) and T’,,(m) are different. Therefore we 
have to show that if m € Z?” and if 


Mm=mmod2 for all M ET n,9, 


then m = O0Omod2. In the case n = 1, this is obvious; in the case n > 1, we 
consider embedded SL(2). O 
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Some Exceptional Isomorphisms 


We now investigate the group Sp(n, Z/2Z) for small n. We make use of the 
action of Sp(n, Z/2Z) on (Z/2Z)?". An element m= (¢) of (Z/2Z)?” is said 
to be even, if a’b = 0 (in Z/2Z). 


Let M be an element which fixes all m € (Z/2Z)?”. Then M fixes 0: 


M{0} = M**-m. 
It follows that M is the unit matrix. But we have further results, as below. 


8.3 Lemma. 
1) If M is an element which fires all even m € (Z/2Z)?", M{m} = m, then 
M is the unit matric. 


2) Letn>1. If M is an element which fires all odd m € (Z/2Z)?", then M 
is the unit matrix. 


Proof. 1) If M fixes all even m, then M fixes 0. Because M{0} = Mt". m, 
the sum of two even characteristics is fixed. But we can easily show that each 
odd element of (Z/2Z)?” is the sum of two even elements. In the case n = 1, 
this follows from the formula 


1 1 0 
(1) = (0) (2). 
The general case can be reduced to this case. 


2) So, let n > 1. There then exist two odd m, n such that m+n is odd. The 
general rule 


M{m+n}=m+n-+ M{0}, 


together with the assumption 
Mim}=m, M{n}=m, M{m4+n}=m+n, 


shows that M{0} = 0. Again it follows that the sum of two odd elements is 
fixed. But in the case n > 1, each element of (Z/2Z)?” is the sum of two odd 
characteristics. 


An immediate consequence of the first part of Lemma 8.3 is the following. 


8.4 Proposition. The intersection of the conjugates of the theta group is the 
principal congruence subgroup of level two. 
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There is an other way to look at Lemma 8.3. We order the even and odd 
elements of (Z/2Z)?". Their numbers are denoted by g = g(n) and u = u(n), 
respectively. The operation m+> M{m} permutes these elements and can now 
be considered as a permutation of the digits 1,...,g or 1,...,u, respectively. 
This gives homomorphisms 


Sp(n,(Z/2Z)) — S, and Sy. 


It follows from Lemma 8.3 that the first of these homomorphisms is always 
injective, and that the second is injective in the case n > 1. We are interested 
in the cases where such a homomorphism is an isomorphism. It turns out that 
this happens in exactly two cases. 


An injective homomorphism of finite groups is an isomorphism iff the orders 
agree. Hence we compare the orders. 


1) We have #SL(2,(Z/2Z)) = 6. On the other hand, g(1) = 3 and #53 = 6. 


2) By our index formulae, # Sp(2,(Z/2Z)) = 720. On the other hand, u(2) = 
6 and #5, = 720. 


We obtain the following result. 


8.5 Proposition. 
1) The group #SL(2,(Z/2Z)) is isomorphic to Ss. 
2) The group #Sp(2,(Z/2Z)) is isomorphic S¢. 


The isomorphisms are realized through the action of these groups on the even 
elements of (Z/2Z)? and the odd elements of (Z/2Z)*, respectively. 


Exercises for Sect. VII.8 


1. Show that in the case n < 2, the modular group I’, admits a subgroup of index 
two. 


2. Show that in the case n > 3, the images of [,, in S, and S., are contained in the 
alternating group. 


3. Find an element in I’, such that its image in S, is a transposition. 
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9. Igusa’s Congruence Subgroups 


Igusa’s congruence subgroup [,,,[g, 2g] (¢ € N) is a generalization of the theta 


group (compare [FB], Sect. VI.3). 
9.1 Remark. The set 
1 
Tn [¢, 24] := {Mw ET, [d, a) = 


1 
q 
is a congruence subgroup. 


Because 
T'lq] > Pala, 2¢] > T,,[2¢], 


it is sufficient to show that T',,[¢,2q] is group. For odd q, we obviously have 


r, [q, 2q] = rT, [q| a) | ee 


Hence we can restrict ourselves to the even case. In this case, we have 


q? =0 mod 2g, 


(AB‘) =0 mod2 } 


which will be used frequently in the following. If we write a matrix M € T,,[q| 


in the form 


M= A BY | E+qA qB 
“\C Di} qc E+qD i)’ 


we obtain i 
— AB' = Bt mod 24g. 
q 
Hence the condition which defines T’,,[¢, 2q] inside T,,[q] is simply 


Bo = Ds mod 2. 


Now Remark 9.1 is consequence of the following statement. 


9.2 Remark. Assume that q is even. The map 
n:Tn[q] — (Z/2Z)*", 


A B _ 1/ Bo 
C D q\ Co)’ 
is a surjective homomorphism. Its kernel is T,[q, 2q]. 


Corollary. We have the index formula 
[Pala] : Pla, 2q]] = 2°”. 


The homomorphy property 7(MN) = n(M) + 7(N) follows easily from q? = 
0 mod 2q. For the surjectivity, we use special matrices where A = D = E, 


B=0, or C=0. 


Oo 


We know that the theta group [,,9 = I'[1,2] is not normal in T,,. But, 


remarkably, we can make the following statement. 
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9.3 Remark. Let q be even. The group T,|q,2q| is a normal subgroup of the 
full modular group. 


For the proof, it is sufficient to show that MT,,[q,2q/M~' C Inq, 2q] for the 
generators of the modular group. The simple computation will be skipped 
here. O 


Because of Remark 9.3, the group I’,,[2q, 4g] is normal in T’,, [gq]. 


9.4 Lemma. The group 
DP, [2]/Tnl4, 8] 


is abelian. 


Proof. We have to show that the commutator of two elements of T,,,[2] is 
contained in T’,,[4, 8]. It is enough to verify this for the generators, and easy to 
do so. o 

We want to determine the group which occurs in Lemma 9.4 when we take 
the quotient by the subgroup +8, since we are interested only in the mapping 
groups. Hence we consider the group 


r,[4,8] =',[4, 8] U(—Tn[4, 8)), 
which also is normal in [’,,[2], and consider 
Gulley la Sl 


In the first volume ({FB], Lemma VI.6.2), we have shown in the case n = 1 
that 
G, = Z/4Z x Z/AZ. 


We have to generalize this result. We make use of our knowledge of the gener- 
ators of the principal congruence subgroup of level two, 


ES E 0 UE 0 

0 E}’ S Ef}? G: yt 
For the sake of simplicity, we restrict ourselves to the case n = 2, since we shall 
not use the case n > 2. 


The matrices S which we have to use are, in the case n = 2, only 


s=(5 o)- (02) ( 0) 


and, since we know the generators of SL(2, Z)[2] and hence of GL(2, Z) [2], we 
need the matrices U only in the cases 


v=(0 i), (a) (o S)-me Go 4): 
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Hence we obtain 2-3+4 = 10 generators of I'[2]. Since we factor out {+£0”)}, 
the negative unit matrix can be canceled. So, 


Go =V9[2]/T214, 8] 


can be generated by nine elements. Since Gz is abelian, this means that we get 
a surjective homomorphism 
Zz —?> Go. 


In the following, we denote the generators by 
T1,T,T1, 12, Ts, T3, Pi, Po, Ps, 


where 
and ( 
( 
( 


The homomorphism is given by 
(a1, by, a2, bo, a3, bs, C1, C2, c3) i? Toe er ee eee 


The images of the first four matrices have order 4; the other five have order 2. 
So we obtain a surjective homomorphism 


(2/42)! x (2/22)® —+ P2{2] B14, 8]. 
This turns out to be an isomorphism. 
9.5 Lemma. The map 
(a1, bi, a2, b2, ag, bg, €1, C2, 3) KH» Ta TPs 792 The Pos Tes por poz pes 
(mod T2[4,8]) induces an isomorphism 


(Z/4Z)* x (Z/2Z)> — 42] /T 2/4, 8]. 


For the proof, it is sufficient to compare the orders of the two groups. The index 
formulae, in particular, that in Remark 9.2 show that they are equal. O 
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Decomposition into Eigenspaces 


Let IY CT be congruence subgroups and let I’ be a normal subgroup with an 
abelian factor group G:=I'/T’. Assume that a multiplier system v of weight 
r/2 on the larger group I is given. Then the map 


f— v(M)~" det(CZ + D)~" f(MZ) 


associates each M € I with an endomorphism of [I’,r/2,v]. This linear map 
depends only on the image of M in G. So, it defines an action of G on this space. 
Since G is abelian, we can decompose the space into eigenspaces (compare [FB], 
Remark VI.6.4). In the following, we identify characters of G with characters 
on TI which are trivial on I’. We obtain 


[r’,7r/2,0] => 07/2, 0x1, 


x 
where x runs through all characters of G. We shall use this decomposition in 


the special case I’ = I'9[2] and I = [2[4,8]. As in [FB], Sect. V1.6, we have 
the following lemma. 


9.6 Lemma. We have 


[P2/4, 8], 7/2, v5] = ) 2), 7/2, vpx1, 


where x runs through all characters of Gz = T'[2|/T[4, 8]. The characters x are 
determined by their values on 


T;,T2,T,T2,T3,T3, Py, Po, Ps. 


On the first four matrices, they can be arbitrary fourth roots of unity, and on 
the rest they can be +1. So, there are 2048 such characters. 


The group ['2/4, 8] is generated by the commutators of I’2[2], the fourth powers 
of the first four, and the squares of the remaining five. The multiplier systems of 
two Y[m] differ only by a character. This character is trivial on all commutators. 
One can easily check that it is trivial on the other nine generators. This gives 
us the following result (compare [FB], Lemma VI.6.2): 


9.7 Proposition. The multiplier systems of the ten theta series agree on 
T2[4, 8]. In particular, they are contained in eigenspaces of the decomposition 
in Lemma 9.6. 
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Exercises for Sect. VII.9 
1. Determine the index of T, [g,2q] in T,[g] and in T,,. 


2. Show that in the case r = 1, at least ten of the eigenspaces in Lemma 9.6 are 
different from zero. (We will see later that there are exactly ten.) 


3. To illustrate the complexity of congruence subgroups, we ask: How many groups 
are between I'[4, 8] and ['[2]? 


10. The Fundamental Domain of the Modular Group of 
Degree Two 


The fundamental domain of the Siegel modular group was constructed by Siegel 
in his original paper of 1935. The essential tool was Minkowski’s reduction the- 
ory for the group GL(n, Z). In the case n = 2, this is essentially the elliptic 
modular group, and Minkowski’s reduction theory is equivalent to the construc- 
tion of the fundamental domain of the elliptic modular group. So, in the case 
n = 2, the theory becomes very simple. We restrict ourselves to this case. 


Let 


Ra={y=(% ny, 0<2n Sw im, 0< wh. 
Yo Y2 


10.1 Remark. Each matrix from Ry» is positive definite. In R2, the inequal- 
ities 


4 
det Y < yoye2 < g det ¥ 


hold. 


The proof is simple and will be omitted. The following lemma is a little more 
difficult. 


10.2 Lemma. For each positive 2 x 2 matrix Y € Po, there exists a unimod- 
ular matrix 


U € GL(2, Z) 


with the property 
Y[U] € Re. 
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Proof. The operation Y ++ Y[U] is compatible with the substitution Y + tY, 
t > 0. For this reason, we can restrict ourselves to matrices of determinant 
one, 


Pr(1) = {Y EP2, detY = 1}. 


For the proof, we make use of the map 


yp: H — P2(1), 


(LN DED: 


We can easily verify the following three simple facts: 
a) The map y is bijective. 

b) y(Mz) = S[M] for M € SL(2, Z). 

c) We have 


PF) ={Y € Po(1), O< |2y1| < yo < yo, 0 < yo}. 


Here ¥ is the fundamental domain of the elliptic modular group, ({FB], 
Proposition V.8.7). 
So, each matrix from P2(1) can be transformed into y(F) by means of a matrix 
SL(2, Z). Making use of the fact that the diagonal matrix with entries 1 and 
—1 is contained in GL(2,Z), we can enforce the condition y; > 0. O 


By the height of a point Z € H,,, we understand the positive number 
h(Z) = det Y. 


10.3 Lemma. Assume that a point Z € Hy» and a positive number ¢ > 0 are 
given. There are only finitely many numbers ho with the properties 

a) ho > é; 

b) ho = h(MZ) for an M €T2. 


Proof.*) Let Z* = MZ, M €T,, ho = h(Z*) > e. The height is invariant 
under unimodular transformations Z* +> Z*(U]. Hence we can assume 


yr? E Ro. 


If we denote the diagonal elements of yr by 71,72, we obtain from Remark 
10.1 
4 


4 = 
riTag det(Y*) : < ae 
The formula 


y* =Y"[(CX + D)]+Y[C 


*) A proof for arbitrary n can be found in [Fr1]. 
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shows that 
re = [Xe +d] +¥ [cq] (k= 1,2), 


where cz, dx denote the kth rows of C, D. The rows cx, dz cannot both vanish. 
Therefore rz; has a lower bound depending on Y. Since the product of the rz is 
bounded from above, both have a lower bound (depending only on Y and é¢). 
This shows that the vectors cz, dy belong to a finite set. O 


10.4 Proposition. The subset Mt Cc He defined by 


V2 
0< 21 < Yo Sy, a Sy 
is a fundamental set of the modular group of degree two. This means that for 


each Z € Hy» there exists M ET. with MZ © M. 


Proof. Let Z € Hy» be an arbitrary point. Because of Lemma 10.3, the orbit 
{MZ, M € 12} contains a point Zp with maximal height. This point satisfies 


| det(CZ + D)|~7h(Zo) = h(MZ) < h(Z). 


This means 
| det(CZ + D)| > 1. 


Since the height remains unchanged under unimodular transformations, we can 
assume that Yo € Re. Now we use the condition |det(CZp + D)| > 1 for the 
matrices 


_(A B i © ft OY a fe a _(d 0 
m=(6 pb) 4= (6 1): 8=(0 0)-o= (6 0) 2=(0 a} 


We obtain the result that the first diagonal element z of Zp satisfies the in- 
equality 
b 


|cz + d| > 1 for all (: 
c d 


) € SL(2,Z). 


This gives y > V3/2. The same argument works for the second diagonal 
element. O 


Exercises for Sect. VII.10 


1. Show that, in the case n < 2, there exists a number 6, > 0 such that the set 
defined by Y — 6, E > 0 is a fundamental set of the modular group (This true 
for arbitrary n. But the general proof needs the complete Minkowski reduction 
theory; see for example, [Fr1].) 
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2. Show that two different points of the form iyF for sufficiently large y can never 
be equivalent. Show that it follows that there is no compact fundamental set for 
Ay 


n° 


3. Let du be the Euclidean volume element on H,, and let 


dv 


nas det Y"+1° 


Show that dw is invariant under Sp(n, R), 


[ras fa 


for example for continuous functions with compact support. 


4. The set 


IS 


{Z€ H,; |p|, |24|, || < 1/2, 0< 2y, SY) < Yo; < yo} 


is a fundamental set of .,. Show that its volume with respect to dw is finite. 


Hint. Use Remark 10.1. Integration over the x-coordinates is harmless. After 
that, integrate over y,. 


11. The Zeros of the Theta Series of Degree two 


In the first volume, we saw that in the case n = 1 the theta series ¥[m] have 
no zeros in the upper half-plane ([/FB], Lemma VI.6.6). This is false for n > 1. 
But in the case n = 2, the zeros can be described by simple equations. This 
has been done by Igusa [Ig3]. A short, elementary proof can be found in [Fr3]; 
see also [Fr1]. This proof will be reproduced here. 


11.1 Lemma. Let 


Then 
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Proof. The proof follows easily from the formula 


& nn) 7] = Z,(91] + Z2[92] 


together with the Cauchy multiplication theorem for infinite series. O 


The expression in Lemma 11.1 vanishes if one of the two characteristics is 
odd. For example, 


1 
1 
1 
1 


In this section, we shall show that in some sense this describes all zeros of theta 
series of degree two. The ten even characteristics are 


0000101011 
a 0000010 t-4 1 
Gel eetere cee 

0011001001 


We now determine the zeros of the ten theta series on the fundamental set 9) 
(0 < 241 < yo < y2, V3/2 < yo). 


11.2 Lemma. 1) The eight theta series 


have no zeros in WN. 
2) The two functions 


1 
1 
0 
0 


are analytic in Hz and have no zeros in M. 


The proof rests on elementary estimates: 


1) Let a= 0. We extract from the theta series the constant term (g = 0), and 
estimate the rest by means of the series of the absolute values 


ef] deze 
g#0 
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Then we extract the terms for g? + g3 = 1 from the sums to obtain 


S- e TY Ig] < 4e (7/2) )v3 + Sve —(7/4) (9 +93) 2 
g#0 gi +93 


A numerical computation shows that the expression on the right-hand side is 
smaller than one. This shows that 


[3] @40 for ZEM. 


2) Leta = G) . First we divide the theta series by e"!*/4, and then we extract 


the constant terms which belong to g = (aa ( 0 ds The rest is estimated by 
means of the series of the absolute values, 


Ea > eM yog1 (gi t1) +41 (291 +1) 92+4293} | 


9#(0)-(o') 


By means of the identity 


(291 + 1)92 = (91 + 92 + 1)(g1 + 92) — gi(gi +1) — ga, 
we see that 
yogi(gi +1) +91 (2g1 + 1) 92 + y295 


> (yo — y1)91(91 +1) + (y2 — ys) 93 = +V3lo (a +1) + 95]. 


As in the first case, we now obtain 


v0 H AO0in M fora= @ and similarly for a = ({). 


3) It remains to consider a = (}) and a = e(}) with e = 0 or 1. A simple 
conversion of the theta series shows that 


oe aMiZlaltmizr g ‘l (Z) 


-2 : . (= )e(git92) emign (91 +1) (20-21) +m iga (gat 1) (22-21) 
g1,g220 
; verter! 4 (—ayrenie-a’a | : 
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The expression in the curly brackets can be divided by 2(1+(—1)*e™). After 
this, we bring the term for g1 = go = 0 to the left-hand side and estimate the 
rest by means of the series of the absolute values: 


2emiZ[a]/4(1 + (—1)ee71) (1) 
<-1+ 3 91,92 > 0e7 791 (91 +1) (Yo —y2)— 792 (9241) (y2—91) 


(291+1)(2g2+1)-1 


n=0 
Here we have used 
e™i(gitge+1)? a (—1)£e™i(n 92)" a1 
: (291 +1)(2g2+1)-1 . 
= eti(g1—92) “(1 ae (1h 2" C-1)" ; S- (1s tee™ 
n=0 


For Z in Mt, we immediately obtain 


The —(nrV/3/4)n(n4+1) 2 : 
2emZ[a]/4(1 + (—1)ee71) (=i) si (dc (2n +1") 


Since the expression on the right hand side is < 1, we obtain that 


3 a 
b ‘ 1 1 
—___+_-__ in the case a = ,b=e 
1+ (—1)£emz1 1 1 


has no zero in Vt. oO 


We now determine all symplectic substitutions which transform the diagonal 
into itself. For this, we recall the embedding 


SL(2,R) x SL(2,R) — Sp(2,R), 


a b 
Ce rua, 0 a B 
c d)’\y 6)" Le d 
ay ) 


The image acts on the diagonal componentwise. There is another substitution 
which transforms the diagonal into itself, namely the unimodular transforma- 


tion j 
U 0 0 1 
(Sf). o-(0 3) 


One can easily verify the following statement. 
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11.3 Remark. The set N of all matrices of the form 


1 a b 
0 0 a B 
d 0 1 Cc d 

1 0 ) T 
is a subgroup of Sp(2,R) which transforms the diagonal into itself. 


We denote by 
N(Z) = NO Sp(2, Z) 


the subgroup of integral matrices. It contains a subgroup which is isomorphic 
to SL(2,Z) x SL(2, Z). Obviously, V(Z) fixes the characteristic 


1 
fa 
aid Ie 
1 


Hence we have 


The group [2/2] is also contained in T'2(m). We shall show that I'2(m) is 
generated by both subgroups. 


11.4 Lemma. The homomorphism 
N(Z)/(N(Z) NP 2[2]) — Palm] /P [2], 
which is induced by the inclusion 
T[2] — Ta(m), 


is an isomorphism. 


Proof. It suffices to show that the orders of the groups agree. On one side, we 
have 


[P2:P2[2]}]  [T2:Te[2]] 720 


#(Ta(m)/Pol2)) = [Pa(m) :T202l] = Te my] ~ fas Tae) > 10 


and, on the other side, V(Z)/(N(Z) NT2[2]) is an extension of index two of 
SL(2, Z/2Z) x SL(2,Z/2Z). Hence the order of both groups is 72. O 
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11.5 Proposition. Let f € |[[f2[2],r/2,v] be a modular form with respect 
to the principal group of level two which vanishes on the diagonal. Then f is 
divisible by 0[m], and we have 


f 
B[m] E T2[2], 


Proof. Since IN is a fundamental set of the full modular group, it is sufficient 
to show the following: 


For an arbitrary modular substitution M € Sp(2,Z), the function 
f(MZ) /9|m\(MZ) 


is analytic in an open neighborhood of M(IN). 


We know that ?[m](17Z) equals J[M{m}](Z) up to a factor without zeros. 
The first part of Lemma 11.2 shows that it is sufficient to consider the cases 


1 
M{m} = ' and 
1 


First case. M{m} = m. Then M € [2(m). Because of Lemma 11.4, we can 
assume that M € N(Z). Like f, the modular form f(MZ) det(CZ + D)~"/? 
is a modular form of level two which vanishes on the diagonal. Hence it is 
sufficient to show that f is divisible by J[m] in a full open neighborhood of 
ym. By Lemma 11.2, this means that f(Z)/(e7*1 — 1) is analytic or that the 
functions f(Z)/(z1 — 2k) are analytic for all k € Z. This follows from the fact 
that f vanishes on the diagonal and hence on all z; = 2k. 

1 

1 

0 


0 
As in the first case, it is sufficient to consider a special M. We take 


E S . 0. 2 
m= (4 m) with s= (9 a 


So, it suffices to show that 


Second case. Mim} = 


f(Z4+8) 
(erie =e 1) 


is analytic in Hy. This follows from the fact that f(Z + 5S) vanishes on z = 
2k+1,k eZ. O 
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Exercises for Sect. VII.11 


1. Let a, 3,7, 6,€ be five integers with the property 
ad + By-e ==), 
We consider the sets 
Ja, B,y, 6,6) ={ZEH,; az) + Bz, +2 + 6(zt — 29%) +e} 


and their union 


N= U Ma, 3,7, 6,6). 
B2—d4ay—45e=1 
Show that a modular substitution M € I, permutes the sets Wt(a, 3, 7,6,€). As 
a consequence, the modular group acts on St. 


2. The diagonal is contained in St (see the previous exercise). Deduce from Lemma 
11.2 that all zeros of the ten theta series are contained in ‘t. 


3. This exercise is not quite so simple: Show that the modular group [, permutes 
the sets N(a, 3,7, 6,€) transitively. Hence Xt is the precise zero set of the function 
A) (the product of the ten theta series). 


12. A Ring of Modular Forms 


In this section, we shall give a proof of Igusa’s beautiful structure theorem 
about the ring of modular forms on the group T’2[4,8]. Igusa’s proof can be 
found in his paper [Ig3] of 1964, which we quoted at the beginning of the last 
section. A completely different and much more elementary proof was given by 
A. Lober in his Heidelberg Diplomarbeit; a published version can be found in 
[Lo]. 


We study modular forms for the principal congruence subgroup of level two, 
ie [C'2[2], r/2, v]. 
We write the multiplier system in the form 


VU =XUp, 
with a character x on T'2[2]. Now we use the fact that the substitution 


1 
P3 = = 


—1 
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is contained in P'2[2]. It acts as 


PA Aha Ae 
3\ am ze —Z 22 J 


Since the theta series [0] is invariant under P3, we have 


1/2 
1 0 
det € A) V9 (P3) = +1. 


(2 2)=xPos( 22 3). 


If x(P3) is different from 1, then f vanishes by force on the diagonal. 


So, we obtain 


12.1 Definition. The diagonal D is an enforced zero for the space 
[P2[2], 7/2, v] af 

xX(P3) #1 (vu = xvp)- 
By means of Koecher’s principle, we can now deduce the following from Propo- 
sition 11.5. 


12.2 Remark. If the diagonal is an enforced zero for ['2|[2],r/2,v], then the 
map 


1 
zit 

= bp 
1 


is an isomorphism. 
Example. If the diagonal is an enforced zero for the space [I'2[2], 1/2, v] and if v 
is different from vm, then this space is the zero space, since any modular form 
of weight 0 for a nontrivial multiplier system does not vanish. This argument 
shows that the space [[2[2],1/2,v], v = vex, vanishes for at least 1023 of the 
2048 characters. 

If f € [['2[2],r/2, v] does not vanish on the diagonal, we can consider one of 
the conjugate forms 

(f|M)(Z) = det(CZ + D)~"/? f(MZ) 
instead of f. The form belongs to a conjugate multiplier system 
f|M € [C2[2], pee |. 


It may happen that the diagonal is an enforced zero for this space. In this case 
we can divide f by 


vim], m= M 


Fee ee 


These considerations lead to the following definition. 
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12.3 Definition. The space [I'y[2|,r/2,v] has an enforced zero if there ex- 
ists a matrix M € Sp(2,Z) such that the diagonal is an enforced zero for 
Ps[2],1/2,0™. 


These considerations show the following. 


12.4 Proposition. [If the space 


[2 [2], r/2, v| 
has an enforced zero, then there exists a characteristic m such that the map 
r—-l ov , 
rf], =, —| — [Pala 5, of, 
22], S*, 2] — fra. 5 e 
fr vim, 


is an isomorphism. 


How can one decide whether a space [['3[2],r/2,v] has an enforced zero? From 
now on, we consider only multiplier systems of the form v = vjx, where x is 
one of the 2048 characters. As we know, each conjugate multiplier system v™” 
is again of this form, i.e. 


uM = u5X. 
The character ¥ depends on M and r, but on r only mod 4. We write 
X = Gor) ; 


12.5 Remark. Consider M € Sp(2,Z) andr € Z. By means of 


(Mr) _ (vx) 


xX ve? 


? 


we obtain a permutation of the 2048 characters. This map depends only on the 
coset '2[2|M and on r mod 4. 
We now formulate some simple rules which rest on the formula 

(viv2)% = vf 09", 
which is valid for two multiplier systems v1, v2. If v is a multiplier system of 
even weight (a character), we have 


vM@(N) =v(MNM~—}). 
12.6 Remark. We have 


‘ (u,)™ 
iM, = Uy 
Ud 


Here 
x™@(N) := x(MNM—). 


By the way, x = y(“-°), From Remark 12.6, we can conclude the following. 
y y, X x 
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12.7 Remark. 1) If r is even and yx is the square of one of the 2048 
characters, then x‘“-") is the square of one these characters too. 


2) If M ET n,9 is an element of the theta group, then 


yer) _ yoo) =xM 


for all r. 


Character squares will play an important role in what follows. 
We recall that [['2[2],7/2,v] has an enforced zero if 


yi Pai 1 


for some M. Because P} = E, characters can have only the values +1 on P3. 
Hence character squares have the value 1. If r is even and y is a character 
square, then y(“:") is a character square by Remark 12.7. Hence we have no 
enforced zero in this case. Fortunately, in all other cases we have an enforced 
zero. 


12.8 Proposition. The space [I'3[2],r/2,v4,x| has an enforced zero, if one of 
the following conditions is satisfied: 


1) r is odd. 


2) r is even and x is not a character square. 


Proof. We have use the formula 


Min) (Py) = Ge 


Up (P3) 


) x(MP3M~"), 


For this, we need some information on 
<(M) = vl! (P3)/v0(Pa). 


We shall extract this information only from the fact that uit is the multiplier 
system of a well-known modular form, namely the theta series ?[m] with m = 
M {0}. More exactly, 


dfm|(Z) 


= (M)50Z) 


We know how theta series transform under P3. The transformation formula 
shows that ¢(/) takes only the values +1 and that both values actually occur. 


For the proof of Proposition 12.8, we have to distinguish between two cases: 


First case. x is a character square. Then, by assumption, r is odd and 


x") (Ps) = e(M)" 
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takes both values +, in particular —1. 


Second case. x is not a character square. In this case, we construct M from 
the theta group, such that y("")(P3) = —1. For M in the theta group, we 
have ui = VU and hence 


x6") (Ps) = x(MP3M~"). 


We have to exhibit an element M of the theta group such that this expression 
is —1. What does it mean that y is not a character square? Character squares 
are 1 on squares of elements and, conversely, each element with this property 
is a character square. In our case, this follows easily from the isomorphy of G2 
and its character group with (Z4Z)* x (Z/2Z)°. Since x is assumed not to be 
a character square, we must have 


x(N) #1. for some M € {T?,T?,T?,T?,T3,T3, P;, Pr, Ps}, 


since these elements generate the subgroup consisting of elements of order < 2. 
So we have to show that each of them can be written modulo I'[4,8] in the 
form MP3;M~—!, with some element M of the theta group. This can easily be 
verified. O 


Now we investigate the case where r is even and x is a character square. 
For this, we recall the embedding 


1; [2] x 1[2] — T2[2], 
a b 


a Ob a a B 
( Cc 4) ; ( y 6 ) Oe d 
This induces an embedding 


Gi xG1—>Go (Gn =Tn[2|/Tnl4, 8]). 


The “restriction” of a character y on Go is a character on G, x G,. This 
corresponds to a pair of characters (x1, 2) of G1. We write 


(x1, X2) = xlGi x Gi. 


We have 
b 


a 
a b a £B 0 a cm a b a p 
Mleae ale a [ela a) a) 
é Y 


The map x + (x1, X2) cannot be injective. But we have the following fact. 
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12.9 Lemma. The map 


xX (x1, X2) = xXlGi x Gi 


is a bijection between the set of all character squares of Go and the set of pairs 
of character squares of Gy. 


The proof follows from the explicit structure: we shall give only a hint. The 
group of characters of Gp is isomorphic to (Z/4Z)* x (Z/2Z)°, and hence the 
group of character squares is isomorphic to (Z/2Z)*. On the other hand, the 
group of characters of G; is isomorphic to (Z/4Z)*. The group of its squares 
is isomorphic to (Z/2Z)?. Oo 


12.10 lemma. Let y be a character of Gz and let 
f € (P2[2], 7/2, vpx]- 
Then iG) is a finite sum of functions 
filo) fo(z2) with fL € (Ti[2],7/2,05xv] (vy = 1,2). 
Here, (x1,X2) = x|G1 x Gi. 


Proof. We use the transformation behavior of f under the elements of the image 
of T'; [2] x T'y[2] — T'2[2]. We can see that paceas for fixed zp as function of za, 
is contained in [I[2],r/2,v4x2], and conversely. We choose a basis g1,..., 9m 


of [T; [2], r/2, v,x2]. We have 


| & >) = $7 hi(z0) 9:(22) 


with certain functions h; € [[';[2],r/2,v5x1]. Oo 


Now we use the fact that the structure theorem is known in the case n = 1. 
The functions f, € [['1[2],r/2,v5x,] are linear combinations of monomials 


ry r2 T3 
LP oT ef]. vere 


where the characters have to satisfy the condition 


1 2) _ on iO) cas 
Xv 0 1 — 7 Xv 9 il ~~ * 


This formula shows that if vy is a character square, then rg and rg both have 
to be even. Also, if r is even, then rz has to be even. Now we make use of the 
formula 


to obtain the following lemma. 
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12.11 Lemma. Let y be a character square of Gz and 
(T'2[2], 7/2, vyx], 7 even. 


Then there exists a linear combination g of monomials in the squares of theta 
series V[m] with the following properties: 


20 0 -_ Z0 0 
2) If X is the character which belongs to this monomial, then 


XIG1 X Gi = x|Gi X Gi. 


For trivial reason, the characters corresponding to theta squares are character 
squares. We obtain the following result from Lemma 12.9. 


Supplement. We have x = y. So, we have proved the following proposition. 
12.12 Proposition. Let x be a character square of Go and 
(T'2[2], 7/2, vyx], 7 even. 


Then there exists a linear combination of monomials in the theta squares which 
are all contained in the space [['2[2],r/2,vx] and are such that 


Z0 0 _ Z0 0 
(3 2)=9(0 2): 
Induction on r now gives our main result: 
12.13 Theorem. The space 


(P'2[4, 8], r/2, v9] 


is generated by the monomials of degree r in the ten theta series. 


Exercises for Sect. VII.12 
1. Show that the ten theta series are linearly independent. 


2. Show that the 55 functions ¥[m]v[n] are linearly independent. 
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3. The function 0(2Z)? (observe the factor 2) is a modular form of weight one with 
respect to [’,[2]. Verify this by means of generators. 


4. Show that the multiplier system of 0(2Z)? is trivial on T',[4, 8]. 


5. By the structure theorem, 0(2Z)? must be expressible as a linear combination of 
the J[m]¥[n]. Compute this combination explicitly. 


Hint. It is enough to take the ten squares J[m]?. 


VIII. Appendix: Algebraic Tools 


1. Divisibility 


Here, we collect together the basic notions of divisibility. In the following, 
R is an integral domain, i.e. an associative and commutative ring with unity 
1 40 which is free of zero divisors: 


a:-b=0 > a=Oorb=0 (a,beE R). 


Fields are examples of integral domains. Every integral domain is a subring of 
a field AK. One can arrange that K consists of all fractions a/b with a,b € R, 
b #0. This field is unique up to isomorphism and is called the quotient field 
of R. The construction of the quotient field is standard. We define a/b to be 
the equivalence class of (a,b) with respect to an obvious equivalence relation. 


The polynomial ring in n variables R[Xj,...,Xn] was introduced in 
Sect. V.3. It consists of all formal finite sums 


an Un 
5 (a, Cf XD ? Oy, ...Un = R, 


with the usual rules for addition and multiplication. The base ring R is em- 
bedded into the polynomial ring. The element a € R is identified with the 
polynomial whose zero coefficient equals a and whose other coefficients vanish. 


The case n = 1 is of special importance. By the degree d of an element 
P € R[X] which is different from zero, we understand the index of the highest 
nonzero coefficient of P in the representation 


PSagX? 4.4 OX +00, a;€ Rforl<i<d—-1, ag#0. 
Additionally, we define 
deg(0) := —co. 


If R is an integral domain, which we will assume from now on, we have 


deg(PQ) = deg(P) + deg(Q). 


Hence R[X] is also an integral domain. By induction on n, using the isomor- 
phism 
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we can prove that the polynomial ring in arbitrarily many variables is an inte- 
gral domain. An element ¢ is called a unit in R if the equation 


ex =1 


can be solved in R, i.e. if e~! exists in R. The set R* of all units is a group 
under multiplication. 

Examples. 

1) Z*={H+1}. 

2) If K is a field, then K* = K — {O}. 

3) Let R[X1,...,Xn] be the polynomial ring in n variables. Then 


RUG, 3 SR" 


4) Let R= C{z,..., Zn} be the ring of convergent power series in n variables. 
Then 
R* ={P€C{z,...,2n}; PO) 4 O}. 
(P(0) is the constant term of the power series.) 


One can make use of the fact that a convergent power series with nonzero 
constant term defines an analytic function f without zeros in a small open 
neighborhood of 0. The function 1/f is also analytic and can be expanded into 
a power series. 


We recall the notion of a greatest common divisor gcd(r, s) of two elements 
r,s of an integral domain R. We assume that r and s are not both 0. An 
element d € R is called the greatest common divisor of r and s, 


d= gcd(r, s), 


if r and s are both divisible by d and if any element s which divides r and s is 
also a divisor of d: 


(a) d|r and d|s; 
(b) tirandt|s => d(lt. 


It is easy to see that the greatest common divisor, if it exists, is uniquely 
determined up to a unit. 


1.1 Definition. An element a € R— R* is called 


a) indecomposable if 
a=be => borcis a unit; 


b) a prime element if 
albe = > alboral|c 
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(alb means that the equation b = az is solvable in R). 


Of course, prime elements are indecomposable, but the converse is usually 
false. 


Example. Let R = C[X] be the polynomial ring in one variable over C and let 
Ro be the subring of all polynomials without a linear term. The element X°? is 
indecomposable in Ro but not a prime: X°|X?. X¢. 


2. Factorial Rings (UFD rings) 


2.1 Definition. The integral domain R is called a factorial ring or UFD 
ring if the following two conditions are satisfied: 


1) Each element a € R— R* can be written as a product of finitely many 
indecomposable elements. 

2) Each indecomposable element is prime. 

In factorial rings, the decomposition into primes is unique in the following 


sense. Let 
a= Uy°...°*Un = U1°...° Um 


be two decompositions of a € R — R* into primes. Then we have: 
a) M=n. 


b) There exists a permutation o of the digits 1,...,m such that 
Uy =EvUo(v), Ev ER" forl<v<n. 


It is easy to prove this by induction. 


Examples of factorial rings. 

1) Every field is factorial. 

2) Z is factorial. 

3) By an important theorem of Gauss, the polynomial ring R[X,,..., Xn] over 
a factorial ring is factorial too. 


2.2 Theorem (Gauss). The polynomial ring R|X] over a factorial ring is 
factorial too. 


Because of the great importance of this theorem, we shall give a proof here. It 
rests on the Euclidean algorithm for polynomials: 


Let Q € R[X] be a normalized polynomial, i.e. the highest coefficient of Q is 
1. Then any polynomial P € R[X] admits a unique decomposition 


P=AQ+B8B, deg B<degQ (division with remainder). 
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A simple proof can be given by means of induction on the degree of P and 
will be skipped. Of course, “division with remainder” holds already if the 
highest coefficient of Q is a unit (not necessarily 1). Since, in a field, any 
nonzero element is a unit, we can divide with remainder through any nonzero 
polynomial. This has the effect that divisibility in a polynomial ring of one 
variable over a field is very simple. Hence we shall now prove Proposition 2.2, 
in an initial step, for a field K instead of R. 


2.3 Lemma. In the polynomial ring of one variable over a field K, there al- 
ways exists the greatest common divisor of two elements P,Q. This greatest 
common divisor can be obtained by combining P and Q, 1.e. it is of the form 


D=RP+SQ (R,S € K[X]). 


Sketch of the proof. We consider the set 
a={RP+SQ|R,S € K[Xx}} 


and choose from it an element D 4 0 of minimal degree. By means of division 
with remainder, we can show that 


a= D- KX]. 


It is easy to see that D is the greatest common divisor of P and Q. O 


2.4 Corollary. The polynomial ring in one variable over a field is factorial. 
Proof. We restrict ourselves to the essential part: each indecomposable element 
is prime. So, let P be indecomposable. But we assume that 
P\IRS, PR, PIS. 
From Lemma 2.3, we obtain the result that the equations 
PX+RY=1 and PX+SY=1 


are solvable. Taking the product of the two equations, we obtain P|1. This 
contradicts P {R. Oo 

Two elements of an integral domain are called coprime if the only common 
divisors are units. 


2.5 Corollary. Let K C L be a subfield L and let P,Q be two polynomials 
from K|[X]. The two polynomials are coprime in K[X] iff they are coprime in 
the larger ring L{X]. 

The prove follows from Lemma 2.3 and the simple fact that 

PAINE KX], QE KX], and Q/PEeL|[X]) =— Q/Pe K(X]. 

Now we consider, instead of a field, an arbitrary factorial ring R. The prime 
factorization shows that in a factorial domain, the greatest common divisor 
always exists. Slightly more generally, we can define the greatest common 


divisor of n elements which are not zero and show that it exists in factorial 
rings. It is unique up to a unit. 
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2.6 Definition. The content of a polynomial P € R[X]| which is differ- 
ent from zero over a factorial ring R is the greatest common divisor of all 
coefficients of P: 


Z(P) = ged(ao,...,@n) for P= an X” + ...+ ao. 
Of course, the content is determined only up to a unit. 


2.7 Lemma. Let P,Q be two polynomials (in one variable) over a factorial 
ring R; then 
L(PQ) ~ T(P)- £(Q). 


Here the symbol “~” means “equal up to a unit”. Two elements which differ 
by a unit are also called associated. 


” 


We leave the proof of this lemma to the reader as a not quite simple exercise. 
All that one has to show is 
T(P)~1, Z(Q)~1 => T(PQ) ~1. 
Lemma 2.7 is a tool to compare divisibility in R[X] and in K[X], where ik 
denotes the field of fractions of R. 


A polynomial P 4 0 € R[X] is called primitive if its content is a unit. For 
example, normalized polynomials are primitive. 


2.8 Lemma. Let R be a factorial ring with a field of fractions K, and let 
P € R[X] be a primitive polynomial. Let Q € R[X] be a further polynomial 
over R. We then have 


P|Q in R[X] —> P|Q in K(X]. 
This lemma is an easy corollary of Lemma 2.7 if we take into account the 


fact that every polynomial over K can be transformed, by multiplication by a 
suitable nonzero element of R, into a polynomial over R. O 


We have now collected together everything that we need to prove Gauss’s 
theorem. All that we have to show is: 
Every irreducible (= indecompasable) polynomial P £4 0 € R[X] is prime. 
First case. deg P = 0, i.e. P € R. Obviously, an element r € R is indecompos- 
able (or prime) in R if it is so in RLX]. Hence the claim follows from the fact 
that R is factorial. 
Second case. deg P > 0. Since P is indecomposable, P must be primitive. We 
assume 

P|QS in R[X] (Q, 5 € R[X]). 
We then obtain 
P\QS in K(X], 
and hence 
P|IQ or P\|Sin K[X] 


(because of Corollary 2.4). The claim follows from Lemma 2.8. O 
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3. The Discriminant 


Let K be a field and let 
Pak hak Ps. 


be a normalized polynomial over Kk. It is well known that there exists a splitting 
field for P. This is a field Z which contains Kk as a subfield and in which P 
decomposes into a product of linear factors, 


P=(X —aj)-...-(X — an). 
(The elements a1,...,Q@,, are the zeros of P.) The discriminant of P is defined 
as 
ee Ap = [It = a;)?. 
t<j 


3.1 Remark. For each natural number n, there exists a unique “universal 
polynomial” 
AM) 2 Tiss 205 Deel 


inn variables over Z, such that for each normalized polynomial 
PSR tig easily 
over an arbitrary field the relation 
Ap= A (ao, +++, @Qn—1) 
holds. 


We should mention here that the elements a of an abelian group can be mul- 
tiplied by elements of Z: 


—VTV—_—_——ra . 

a+...¢a ifn>0, 
—(—n)a ifn <0, 
0 ifn =0. 


Na i= 


As a consequence, in a polynomial over Z, we can substitute the variables by 
elements of an arbitrary commutative ring with unity (and obtain an element 
of this ring again). 

We now indicate the proof of Remark 3.1. As is well known (and trivial), 
the coefficients a; of P are, up to a sign, the elementary symmetric polynomials 
in the roots a1,...,@n. The expression 


[[ (es - a)” 


i<j 
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is a symmetric polynomial in a1,...,a@,. Now the claim follows from a well- 
known result about elementary symmetric polynomials, which states that every 
symmetric polynomial with integral coefficients can be written as a polynomial 
with integral coefficients in the elementary symmetric polynomials. O 


By means of the discriminant, we can characterize the square-free normal- 
ized polynomials in one variable over a field or, more generally, over a factorial 
ring. Here an element r € FR is called square-free, if 


x*|r = x is a unit. 


3.2 Proposition. Let P € R[X] be a normalized polynomial over a factorial 
ring R. Then the following two statements are equivalent: 

1) P is square-free in R[X]. 

2) Ap £0. 


Proof. Let K be the quotient field of R. It follows from Remark 3.1 that P is 
square-free in R[X] iff P is square-free in K|X]|. Hence we can assume that 


R=K (field). 
For the proof of Proposition 3.2, we need the derivative of a polynomial 
P=a,X"+...+ a9 € K[X]. 

This is defined formally by 

P!’=na,X" 1+...+a1. 
We can verify the usual rules 

(P+Ql=P'+Q, 

(P-Q! =P'-Q+P-Q. 
Now we show that a polynomial over a field K (of characteristic zero) is square- 
free if and only if P and P’ are coprime. 


Proof. 1) Assume P = SQ. Then S$ is a common divisor of P and P’. 


2) Now assume, conversely, that S is a common divisor of P and P’. We can 
assume that S is a prime element. We define Q by 


P=SQ. 
Then 
P'=S'Q+ SQ. 
It follows from S|P’ that S|S’Q and hence S|Q. This shows that P is not 
square-free. Oo 


For the proof of Proposition 3.2, we can replace K by a splitting field LD of 
P. (The statement “gced(P, P’) = 1” does not change if we replace K by L.) 
So we can assume that P decomposes, 
P=(X—-—a)...(X — ay). 


But then Proposition 3.2 is trivial, since P is square-free iff it has no multiple 
roots, and this means that the discriminant is different from zero. Oo 
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4. Algebraic Function Fields 


Let Kk be a subfield of the field Q. For a subset M C Q, we use the following 
notations: 


a) K(M) is the smallest K-subvector space of Q which contains M. 
b) K[M] is the smallest subring of Q which contains kK and M. 
c) K(M) is the smallest subfield of 2 which contains K and M. 


We are mainly interested in the case where 
M = {21,...,%m} 


is a finite set. Then 


A) BiG vivety) = 3% hee 
b) K[a1,...,%m] = {P(m1,...,%m); PE K[X1,...,Xm]}; 
C) Rigi. ite) SO be Kit, 2c OO 


(This field is naturally isomorphic to the field of fractions of K[a1,...,2m].-) 
We call Q finitely generated as a ring over K if 


Q= K[x1,...,¢ml, 
and finitely generated as a field over K if 
Q = K(21,...,£m) 


for suitable elements 71,...,2m.- 


Definition. The field 2 is called an algebraic function field over K if it is finitely 
generated as a field over K. 


The Transcendental Degree. 


Let £1,...,%m be elements of Q. There is a natural homomorphism of the 
polynomial ring in m variables into Q, 


K[X1,...;Xm] — Q, Pr > Pla,...,2m). 


Its image is K[x,...,@%m]. The elements 2,...,%m are called algebraically 
independent if this homomorphism is injective. Then K[21,...,2m] is isomor- 
phic to the polynomial ring. The field K(21,...,2%m) is then isomorphic to the 
field of rational functions (This is the quotient field of the polynomial ring.) 


By the way, all of the homomorphisms which we consider here keep K 
elementwise fixed. 
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4.1 Lemma. n+1 polynomials in n variables over a field K are always 
algebraically dependent (which means not algebraically independent). 


This lemma is not deep, but it is not trivial. We skip a proof of it. O 


The next statement follows from 4.1. 


4.2 Lemma. If a field Q can be generated over K by m elements, 1.e. 
Q= K(ax,...,%m), then m+1 elements of Q will be algebraically dependent 
over K. 


As a consequence, in an algebraic function field there exists a maximal number 
of algebraically independent elements. This maximal number is called the 
transcendental degree of the function field, 


n= tr(Q/K). 


So, we can say that in an algebraic function field of transcendental degree 
n, there exist n algebraically independent elements. n+ 1 elements are alge- 
braically dependent. A system of n algebraically independent elements is called 
a transcendental basis of 0/K. 


Not quite obvious (but not deep) is the following fact. 


4.3 Lemma. Let 
SAGs cat otay 


be an algebraic function field. Any maximal algebraically independent subsystem 
Of %1,.--,L%m 1s a transcendental basis. 


Algebraic Extensions 


An element x € (2 is called algebraic over K if there exists an equation of the 
kind 
oP te 0” Pia Pap HO, a, ER, Oe = x: 


A field extension 0./K is called algebraic if each element is algebraic over K. 
It is called a finite (or finite algebraic) extension if, in addition, 2 is finitely 
generated over K. This means that a finite algebraic extension is the same as 
an algebraic function field of transcendental degree 0. 


4.4 Remark. The following two statements for a field extension QD K are 
equivalent: 

a) Q is a finite algebraic extension over K; 

b) Q is a finite-dimensional K-vector space. 
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Proof. 

a) = 6). Let Q = K(a1,...,2%m). The elements x, (1 < v < m) satisfy 
polynomial equations of some degree < N. It is easy to show that the K- 
vector space 2) is generated by the elements 


Ce te, OS jen N- 
b) > a). Let  €Q. The powers 


ee ee eearerire H 


are linearly dependent if m is large enough. O 


We call 
[(Q.: K] := dimg 2 


the degree of the finite algebraic extension. If it is monogenous, i.e. Q = K[z] 
for a suitable x € Q, then [Q : K] is the minimal degree of a nonzero polynomial 
with root x. 


The characterization b) shows the following. 


4.5 Remark. Let kK CL and L CQ be two finite algebraic extensions; then 
K CQ is also a finite algebraic extension and we have 


[(Q: OL: KK] = [Q: Ky). 


The following theorem is an important result of elementary algebra. 


4.6 Theorem (theorem of the primitive element). Let QD K be a 
finite algebraic extension, and let K (and then also Q) be of characteristic 0 
(n-140 fornée N). Then this extension is monogenous: 


Q=K[a], « €Q suitable. 
An important consequence of the theorem of primitive element states the fol- 
lowing. 


4.7 Proposition. Let QD K be an algebraic field extension of characteristic 
0. Assume that there exists a number N € N such that each x € Q satisfies a 
polynomial equation of degree < N. Then Q/K is a finite algebraic extension. 


If Q/K is an algebraic function field and x1,...,2,, a transcendental basis, then 
QD K(a1,..-,%n) 


is a finite algebraic extension. Using the theorem of the primitive element, we 
obtain the following result. 
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4.8 Proposition. An algebraic function field of transcendental degree n over 
a field K of characteristic 0 can be generated by n+ 1 elements. 


Final Remarks 


Let Q = K(2o,...,2%n) be a function field of transcendental degree n; then 
there exists an irreducible polynomial P (= prime element) in the polynomial 
ring of n+ 1 variables with the property 


PG Gj.++5¢hn) aU 


This polynomial essentially determines the field extension, since Q is isomorphic 
to the quotient field of the factor ring 


K[Xo,..-,Xn}/(P). 


But P depends on the choice of the generating system. 


Even in the case n = 1 and K = C it is a complicated problem to decide 
when two polynomials lead to the same function field. For each function field 
of transcendental degree one, there exists a compact Riemann surface X and 
an isomorphism 


K — M(X) = field of meromorphic fucntions on X, 


which fixes C elementwise. Two function fields of transcendental degree one 
over C are isomorphic if and only if the corresponding Riemann surfaces are 
biholomorphically equivalent. Torelli’s theorem says that this the case if and 
only if the corresponding period lattices are equivalent (in a sense which has 
to be made precise). This, historically, was the starting point for the interest 
in abelian functions and higher modular functions. 
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